
Theoretical Issues in Quantum Information Technologies

by

Kenneth Ray Brown

B.S. (University of Puget Sound) 1998

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Chemistry

in the

GRADUATE DIVISION

of the

UNIVERSITY OF CALIFORNIA, BERKELEY

Committee in charge:
Professor K. Birgitta Whaley, Chair

Professor Robert Harris
Professor Dan Stamper-Kurn

Spring 2003



The dissertation of Kenneth Ray Brown is approved:

Chair Date

Date

Date

University of California, Berkeley

Spring 2003



Theoretical Issues in Quantum Information Technologies

Copyright 2003

by

Kenneth Ray Brown



1

Abstract

Theoretical Issues in Quantum Information Technologies

by

Kenneth Ray Brown

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor K. Birgitta Whaley, Chair

Quantum theory offers a glimpse into a world very different from the world that we

daily experience. Quantum particles behave in ways that defy common sense. An important

question is whether one can use the quantum aspect of nature to gain a technological ad-

vantage over the classical world. The answer is a resounding yes, and quantum information

technologies attempt to exploit these quantum properties. Quantum information technolo-

gies offer advantages in computation, cryptography, and precision measurements. In this

thesis, I explore theoretical and physical challenges to implementing these techniques. I first

explore the possibility of using decoherence-free subspaces for the storage of quantum in-

formation. I approach the question theoretically and show that decoherence-free subspaces

exist for a large array of collective errors. I also approach the question from a physical

standpoint and show how one can design a quantum computer using trapped ions that

exploits a decoherence-free subspace to avoid common errors in ion traps. I then examine
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whether or not is possible to implement the solid state analogue of an ion trap quantum

computer. Specifically, I explore the possibility of entangling quantum dots indirectly via

the quantized motion of a rod to which both dots are attached. I then study the effects

of defective oracles on continuous-time quantum algorithms. In particular, I show that the

quantum search algorithm is quite sensitive to oracles with phase errors, while other algo-

rithms are quite robust to the same noise. I then show how to deterministically produce

N photons from N atoms in a cavity. N -photon states can be used for quantum computa-

tion, quantum cryptography and precision measurements. Thus, this thesis explores many

aspects of quantum information technologies within the context of both reasonable physical

models and fundamental theoretical questions.

Professor K. Birgitta Whaley
Dissertation Committee Chair
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Chapter 1

Introduction

The challenge of a theoretical chemist is to explain experimental facts and to cre-

ate models which predict future experiments. A great example of the success of theoretical

chemistry is the field of quantum chemistry. Quantum chemistry attempts to calculate the

energy structure and properties of molecules from first principles. With modern techniques

like Density Functional Theory and Multi-Configuration Self Consistent Field Theory, quan-

tum chemistry has moved from being applicable to only molecular dimers to a large number

of organic and inorganic molecules [1, 2]. As computers get faster, it would seem at first

glance there is no limit to what molecular properties can be computed using quantum chem-

istry techniques. Unfortunately, this is not the case. The number of states that we need to

include in our computation for exact results grows exponentially with the number of elec-

trons. Therefore, unless computational power grows exponentially fast, there will always

be problems outside of our reach. Currently computational power does grow exponentially

fast. However, this growth (often referred to as Moore’s Law [3]) will reach a physical limit
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in the year 2020. Therefore, theoretical chemists know that there is a limit to what size

of molecule can be quantum simulated within a reasonable time. Traditionally, theoretical

chemists have attempted to break this boundary by making approximations that reduce

the exponential growth. For example, one can assume that electrons are localized in the

molecule; the electrons associated with a methyl group stay on the methyl group. This

reduces the scaling to a polynomial with respect to the number of electrons[4]. While the

general validity of such approximations remains an open question, this area of research has

allowed quantum chemists to make many useful predictions at the cost of giving up the ab

initio character of their calculations.

Another possible solution to the scaling problem is to rework our computational

model. In particular, what would occur if we calculated not with classical bits but instead

with quantum bits? Quantum computers are devices designed to compute using quantum

bits. Quantum computers offer a possible exponential speed compared to some classical

algorithms. The most widely touted advance of quantum computation is its ability to fac-

tor numbers exponentially faster than a classical computer [5]. A less well known result

is that quantum computers are also able to simulate quantum systems exponentially more

efficiently. The simulation of quantum systems was the original motivation for thinking

about computers made of quantum objects [6]. Therefore, the advent of a quantum com-

puter would be extremely useful for physical scientist and, in particular, theoretical chemist.

Unfortunately, quantum computers are difficult to produce. Therefore, theorists, including

theoretical chemists, are needed now to help overcome these difficulties.

In this introduction, I will first introduce the main concepts of quantum compu-
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tation and briefly discuss applications for a quantum computer. I will then discuss the

question of what constitutes a quantum computer and some of the challenges. Finally, I

will discuss why the study of quantum computation is useful even if a quantum computer

is never built.

1.1 Introduction to Quantum Computation

Quantum computation is the scalable control and storage of quantum information.

Just as classical information can always be encoded into bits, quantum information can be

encoded into quantum bits (qubits). A qubit is a two level quantum system. In analogy with

classical computation, we denote the two states |0〉 and |1〉. Unlike classical computation, a

qubit can be in any superposition, c0|0〉+ c1|1〉, or probabilistic mixture of superpositions.

In classical computation, there are many models of computation. One commonly

used model is the circuit model. In the circuit model, one needs only single bit operations

(a NOT gate) and two bit operations (OR or AND or NAND) to compute any function.

These operations are denoted by truth tables. Common truth tables are shown in Figure

1.1a.

The same is the case for quantum computation in the quantum circuit model.

Generally, one assumes that in order to compute one need to be able to perform any unitary

gate on a single qubit and one two qubit unitary between neighboring qubits. Traditionally,

this two qubit gate has been the quantum equivalent of the classical gate Controlled Not

(reversible XOR or CNOT). A common set of universal gates for quantum computation

are the operators CNOT, the Hadamard, H, and the π/8 or T gate. The truth table
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Xin Xout YinXin Xout

0
1

1
0

0   0
0   1
1   0
1   1

0
0
0
1

YinXin Xout

0   0
0   1
1   0
1   1

0
1
1
0

YinXin Xout

0   0
0   1
1   0
1   1

1
1
1
0

YinXin Xout

0   0
0   1
1   0
1   1

0    0
0    1 
1    1
1    0

Yout

a) Classical Logic Gates

NOT AND OR XOR CNOT

lXin>

l0>
l1>

l1>
l0>

l0>l0>
l0>l1>
l1>l0>
l1>l1>

b)Quantum Logic Gates

NOT Hadamard T (p/8) CNOT

lXout> lXin>

l0>
l1>

(l0>+l1>)
(l0>-l1>)

lXout>

† 

1
2

† 

1
2

lXin>

l0>
l1>

l0>
 l1>

lXout>

† 

ei(p / 8)

† 

e- i(p / 8)

l0>l0>
l0>l1>
l1>l1>
l1>l0>

lXin>lYin> lXout>lYout>

Figure 1.1: a) Truth tables for common classical logic gates. The controlled-NOT or CNOT
gate is equivalent to a reversible XOR. The second output bit contains the information from
the XOR and the first qubit contains the information necessary to reverse the operation.
b) Truth tables for common quantum logical gates. One notes that the CNOT and NOT
gates are identical to the classical case. However, the Hadamard and T gate, allows one
to make any arbitrary superposition state of single qubits. That is the Hadamard and the
T gate are two rotations on a single qubit that can generate any rotation on that qubit.
This power when coupled with the classical looking CNOT gives one the ability to quantum
compute.

representation of these gates are shown in Figure 1.1b. In general, one needs an operation

that entangle qubit pairs, e.g. CNOT, and the ability to do arbitrary rotations on a single

qubit, i.e. a spin 1/2 particle. As an example, H and T are two rotations on a single qubit
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that can be applied and combined multiple times to perform any rotation on a single qubit.

Already in Figure 1.1b we see a hint of the potential power of quantum computa-

tion. The H and T gates perform operations that do not make any sense classically. The T

gate is most interesting because when one ignores the phase, it appears to do nothing to the

qubit. Yet, the H and CNOT gates alone are insufficient to quantum compute. Note that

this standard set is sufficient but not necessary. The necessary conditions will be discussed

briefly in the next section.

In classical computation, there is a central theorem, the strong Church-Turing the-

sis, which states that any reasonable model of computation can be simulated by any other

reasonable model of computation with only a polynomial increase in operations [7]. Quan-

tum computation appears to break this thesis. In particular, for specific algorithms that

require an exponential number of operations to compute classically there exists quantum

algorithms that require only a polynomial number of quantum operations. The best known

example is Shor’s quantum factoring algorithm which can factor an n digit number in n3

steps [5]. The most efficient classical algorithm requires exp(n) steps. The less well known,

but more important example, is the efficient computation of physical quantities. This can

be done either by the application of Shor’s ideas to physical problems, e.g., the calculation

of thermal rate constants, [8], or the natural speed up resulting from the direct simulation

of quantum systems, e.g., the simulation of fermionic systems[9].

The dilemma in computer science is that it is difficult to prove tight bounds. In the

future, it may be possible that a brilliant computer scientist will find a classical algorithm

that can solve factoring and quantum mechanics problems efficiently. This will show that
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the strong Church-Turing thesis is indeed correct. However, there are reasons to believe this

is unlikely. The reason that appeals to me is that Church and Turing made their arguments

based on logic derived from the classical world that we live in. The speed up of quantum

computation comes from taking advantage of the quantum world and its mysterious logic

that forced otherwise reasonable scientists to invent words such as ”complementarity” [10].

Mathematically, the power of quantum computation derives from quantum superpositions

and their behavior under measurement.

An analog or wave computer also allows for superpositions. A classical superpo-

sition upon measurement can reveal all of its components. On the other hand, a quantum

superposition yields only a single component. Therefore, the quantum superposition in some

senses can only contain an amount of information equal to describing a single mode. This

difference results in an exponential saving of resources, because classically one would need

at least N particles to have a superposition of N modes whereas a single quantum particle

can be in a superposition of N modes. This argument is a bit simple and does not take

into account scalability (see Section 3.4). In a scalable architecture, we have M quantum

particles with N modes yielding a superposition over NM possible modes. Classically, one

would require NM particles to produce a superposition over NM modes. Consequently, the

classical computer when questioned contains information about all NM modes. Therefore,

the classical computer contains exponentially more information than the quantum superpo-

sition which returns information about only a single mode in the superposition. The trick in

quantum computation is to design algorithms such that operations on the whole superposi-

tion eventually yield an answer that is expressed by a single mode (or small set of the total
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possible modes). Thus, although every quantum computing algorithm has an equivalent

wave or analog algorithm, the analog algorithm requires exponentially more resources to

contain the information in the superposition over all the modes (e.g., see [11]).

1.2 Universality, Scalability and Fault Tolerance

To determine if a quantum system is a useful quantum computer one needs to ask

three questions: 1) is it universal? 2) is it scalable? and 3) is it fault tolerant?

1.2.1 Universality

Universality is the most important attribute of a quantum computer. The com-

puter science definition of universality is that a set of operations on n-qubits is universal

when combinations of the operations can be used to compute any function on those n-

qubits. Physically, the question is equivalent to whether or not one can create an arbitrary

superposition of the 2n states in a 2n-dimensional Hilbert space. This is a question about

operators. Specifically, creating an arbitrary superposition is the same as being able to ap-

ply an arbitrary unitary operation on a 2n-dimensional Hilbert space. One can reformulate

this in terms of Lie groups. Namely, do the operators at one’s disposal generate all elements

of the Lie group SU(2n)? A related question in quantum control is complete controllability.

Huang, Tarn, and Clark showed that if a given set of Hamiltonians form, via commutation,

the Lie algebra su(N), then one has complete controllability over an N dimensional Hilbert

space, i.e., one can create any unitary in SU(N) [12]. Their result comes from the one to one

correspondence between Hamiltonians and Lie algebras and unitaries and Lie groups. For
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an introduction to Lie groups and algebras, see [13]. Quantum computation was originally

formulated in terms of unitary operations not Hamiltonians. So universality is the question

of whether or not a given set of unitaries form a set of generators for the Lie group SU(2n).

This definition of universality has been the foundation on which quantum computation has

been built.

Recently, there have been two new definitions of universality. The first is encoded

universality [14]. Often times, the set of controllable interactions on n qubits does not

generate su(2n). Encoded universality states that scalable computation is possible, if the

interactions generates the 2n/k-dimensional irreducible representation of su(2n/k) where k

is some constant. One then defines logical qubits that are composed of superposition of the

physical qubits. This encoding will require k physical qubits for each logical qubit. This

overhead is constant and, therefore, in the computational sense does not represent a dis-

advantage. For specific instances, these encodings can also have favorable error prevention

properties as explained in Chapter 3. We will examine a specific example of one such system

in Chapter 4.

The second new type of universality includes operations other that unitary op-

erations. Michael Nielsen was able to show that one could quantum compute using only

measurement [15]. Knill, Laflamme, and Milburn were able to show that linear optics and

single photon measurement were sufficient to quantum compute[16]. Also, Raussendorf and

Briegel were able to show how to quantum compute using a single multiple qubit unitary

followed by only single qubit measurements [17]. Currently, there is no general theory of

the universality of measurements and unitaries.
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1.2.2 Scalability

Scalability is the question of how the resources required to create a quantum com-

puter scale with the size of the computer. A system is scalable if the resources required

to have n qubits scales polynomially with n. As mentioned in Section 1.1, resource re-

quirements are the main separation between a classical analog computer and a quantum

computer. The same is true when distinguishing between Hilbert spaces. All 2n-dimensional

Hilbert spaces are mathematically equivalent to n qubits. However, these spaces are not

physically equivalent and, therefore, can require vastly different amounts of physical re-

sources. For example, one could attempt to make an n qubit quantum computer out of

the first 2n motional states of the electron in the hydrogen atom. From statistical and

quantum mechanics, we know that a volume of phase space, V , define phase space, con-

tains V/~ distinguishable states. Therefore, 2n distinguishable states would require a phase

space volume of ~2n. Thus, the system is not scalable since the electron has only three

degrees of freedom and either the momentum and/or the position in at least one of these

degrees of freedom would grow exponentially with the size of the computer. This argument

is explained in detail for various types of quantum particles in [18]. However, scalability is

in many ways a classical question.

Imagine you are given a set of ladders and a flag for each ladder. Numbers are

represented by placing the flag on the kth rung. Given a single ladder and a single flag,

in order to represent all numbers 0 through 2n − 1, one would need a ladder that is 2n

rungs tall. On the other hand, one could use n ladders with n flags. Then using a binary

representation, each ladder would only need to have 2 rungs to represent 2n numbers. The
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total amount of ladder needed is then only 2n rungs. We see that the number of rungs is

reduced by using a binary representation thus saving space. If the rungs are made out of

gold, the binary representation also saves cost, Figure 1.2. 1

Some quantum scientists will argue that in quantum computing the ”rungs” occur

naturally since ~ limits the number of distinguishable states. However, when one looks at

analog classical computing, one sees that there is a practical limit on the precision, e.g.

the number of distinguishable Fourier modes depends critically on ones ability to spatially

separate these modes. A quantum scientist would argue that in principle one could create

some sort of crystal that could distinguish these modes to arbitrary precision. Practically,

however, there always exists a finite temperature or precision for classical conditions that

defines the ”rungs”. Furthermore, classical mechanics is only an approximation and inap-

propriate in the limit of infinite precision.

1.2.3 Fault Tolerance

Fault tolerance is the ability to compute with arbitrary reliability given a base error

rate. The theory of fault tolerance is quite involved but the basic notion is that at each level

of encoding one can reduce the probability of error. In a series of papers, researchers have

found that for a quantum computer with uncorrelated single qubit errors, one needs an error

rate of a single error every ten thousand gate operations[19, 20]. Assembling a quantum

computer with such precise logic operations is quite a difficult challenge. In general, there
1We can attempt to reduce the cost further by minimizing the number of rungs. Representing 2n numbers

with ladders having m rungs requires k ladders such that mk ≥ 2n. The total number of rungs is then k×m.
Oddly, to minimize the total number of rungs, it is best to use three rungs per ladder. Historically, it is
easier to distinguish between ”on” and ”off” voltages. Thus, computers always use binary. The reason that
3 is more efficient is that 3 is a better approximation of e than 2. This is another example of the deep
connection between the natural logarithm and information.
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Figure 1.2: Numbers represented by flags on gold ladders. By using a binary representation,
one can save the number of gold rungs one needs. We imagine representing all the numbers
between 0 and 15. A unary representation requires a ladder with 16 rungs. A binary
representation requires only 8 rungs. In the graphic, the number 9 is represented in both
representations. In general, to represent the numbers 0 through 2n− 1 requires 2n rungs on
a single ladder or n two rung ladders (for a total of only 2n rungs). If the rungs are made
of gold, then the binary representation is clearly the cost-efficient choice.



12

are three ways to approach this problem: 1) design or find physical systems that meet

this requirement, 2) use new error correction and prevention techniques that can shift this

bound in general and 3) focus on a specific system and develop fault tolerant techniques

geared specifically towards that system. My work has focused on approaches 1) and 2)

(see Chapters 2, 3, and 4). Unfortunately, I have yet to find a system that is provably

fault tolerant. I have started working with my fellow graduate student, Neil Shenvi, on a

new approach towards fault tolerance. The idea is to create algorithms that are naturally

resistant to errors. As a first step, Mr. Shenvi and I have began exploring the ”natural”

robustness of certain quantum algorithms. Mr. Shenvi has focused on algorithms in the

quantum circuit model. I have chosen to explore the continuous time quantum computation

model suggest by Farhi and Gutmann [21, 22]. The results of my work on this subject are

described in Chapter 5.

1.3 Beyond Computation

For myself, the attraction of quantum computation is the chance to study the

control of a relatively simple yet multi-particle quantum system. It also provides a useful

stepping point from which to explore other possible technological uses of quantum states

and information. Quantum computation in many ways grew out of earlier work in quantum

cryptography [23]. Similarly, quantum computation has already given birth to a new field of

quantum simulation. Certain systems, in particular, atom-optical systems, are not universal

quantum computers yet offer the possibility of simulating some of the most intriguing solid-

state physics including fractional particle effects and superconductivity [24, 25].
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An example of how studying quantum computation can lead to new results in

quantum physics is shown in Chapter 6. Interested in the quantum computation scheme

of Knill, Laflamme, and Milburn that required single photon generation, I began to study

ways in which to create single photons with Keshav Dani, Professor Stamper-Kurn, and

Professor Whaley. From this study, we were able to develop a way to deterministically

generate N photons from N atoms in an optical cavity [26]. N photons currently have

no direct quantum computation application. However, they are extremely useful for high

precision interferometry. We suspect that generalizations of this scheme can be used to

generate other forms of non-classical lights such as entangled states which have a variety of

applications to both fundamental quantum mechanics and quantum cryptography.

Quantum computation promises two opportunities for physical scientist. If a quan-

tum computer can ever be built, our ability to simulate physical system will be greatly

enhanced. More immediately, quantum computation is teaching us about fundamental

questions of quantum mechanics. Quantum computing not only asks what does it mean to

have a quantum superposition or entanglement, but what can we scientists do with these

quantum properties. I expect that the legacy of quantum computation will not be the cre-

ation of a quantum computer but a useful series of ideas and techniques that will change

the way we examine and manipulate quantum properties.

1.4 Statement of Work

The bulk of my graduate work has been devoted towards finding ways to create

reliable quantum computers. Under the guidance of Professor Whaley, I have worked on a
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number of collaborative projects towards this goal. All of the work presented in this thesis

represents work for which I was the lead graduate student.

When I first joined the Whaley group, there was a large effort lead by post-doctoral

fellow Dr. Daniel Lidar to study theory of decoherence-free subspaces. Graduate students

Dave Bacon and Julia Kempe worked with Dr. Lidar to develop the theory in a series of

papers [27, 28, 29, 14] culminating in the dissertations of Dr. Bacon [30] and Dr. Kempe

[31]. In this environment, I learned the language of decohernce-free subspaces and, over

the course of my graduate career, I have noted a few extensions to the theory developed by

Bacon, Kempe, and Lidar. These extensions are described in Chapter 2 and represents my

independent contributions to the theory of decoherence-free subspaces.

Initially, my graduate work focused on developing a proposal for a novel solid-

state analogue of an ion trap quantum computer. Under the guidance of Dr. Daniel Lidar,

I optimized the fidelity of this physical implementation by material selection, state selection,

and pulse shaping. This work resulted in a publication in Physical Review A [32] and is

described in Chapter 4.

Later, I examined a method for performing ion trap quantum computation on

a decoherence-free subspace using the multi-ion operations suggested by Sorensen and

Molmer. This method has lead to a proposal for a scalable ion trap quantum computer

where the main source of noise, ambient fluctuating magnetic fields, has been eliminated.

This work was a collaborative effort between myself and Dr. Jiri Vala and resulted in a

publication in Physical Review A [33] and is discussed in Chapter 3.

In analogy to superconductivity, I worked with Dave Bacon on trying to find a
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system with a natural energy gap that would protect a quantum computer from single

qubit errors while retaining the symmetries necessary to protect the quantum computer

from collective errors. The idea of using both symmetry and an energy gap to suppress

decoherence should prove useful for a variety of systems. This work was published in

Physical Review Letters [34] and is described in Dr. Bacon’s dissertation [30].

I also analyzed the robustness of continuous time algorithms when the oracle

Hamiltonian has a line width. In particular, I examined the continuous time quantum

search algorithm. I was able to show analytically that the fluctuations of the Hamiltonian

must scale as less than N -1/4 where N is the number of entries in the database. This implies

that for a natural system, where we would expect the fluctuations to be at best constant

with N, the algorithmic complexity of the continuous time quantum search algorithm is of

the same order as the classical search algorithm. This work combined with equivalent work

on the discrete-time quantum search algorithm by fellow graduate student Neil Shenvi has

been submitted for publication [35]. My work on the continuous time search algorithm and

similar work for another quantum algorithm, the Deutsch-Jozsa algorithm, is described in

Chapter 5.

In the last year, my graduate work has broadened from quantum computation to

other aspects of quantum technologies. In particular, I’ve become interested in the control

of the interaction between light and matter for the production of novel quantum states

of light. Recently, I lead a research project where Keshav Dani, a graduate student of

Professor Dan Stamper-Kurn, Professor Stamper-Kurn, Professor Whaley and I developed

a scheme for creating an N photon Fock state from N atoms trapped in an optical cavity.
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The method relies on the adiabatic following of dark states. A paper on this project has

been published in Physical Review A and the work is described in Chapter 6.
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Chapter 2

New Approaches to

Decoherence-Free Subspaces

Decoherence-free subspaces (DFS, noiseless subspaces or error-avoiding codes)

were developed from a desire to create stable quantum memories [36, 37, 27]. The gen-

eral approach for error correction in quantum computation is similar to that for classical

computer codes. First, one defines the most probable errors. Then one writes down states

or codes which allow these errors to be detected. Finally, one corrects the detected error.

This is a bit trickier in the context of quantum computation since direct measurement of

the system can destroy quantum coherences. However, indirect measurements make error

correction possible even in the quantum case [38, 39].

DFS introduced a new approach whereby one avoid errors by encoding the quan-

tum information into a subspace that is protected from certain errors by symmetry [36, 40,

41, 42, 43, 37, 27]. The theory of DFSs was developed in detail by Dave Bacon [30], Julia
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Kempe [31], Daniel Lidar, and K. Birgitta Whaley. In this chapter, I will briefly review

the mathematical foundation of DFS. I will then show how the general condition for a DFS

can also be derived from the Redfield Equation. Finally, I will examine novel examples of

collective DFSs.

2.1 Definitions and Motivations

Since the inception of quantum mechanics, there have been many definitions of

decoherence. The traditional definition of decoherence is the loss of off-diagonal matrix

elements in the density matrix written in the basis of energy eigenstates. This definition

presupposes that there is a preferred basis of energy eigenstates. Since quantum computa-

tion assumes no ”natural” Hamiltonian, there is no preferred basis. Therefore, we take a

wider view of decoherence that includes both dephasing and dissipation.

We define the decoherence of the system as any interaction between the system

and the ”environment” that leads to an non-unitary and/or unknown unitary evolution of

the system. The ”environment” consists of everything that interacts with our system that

is beyond our control. The classical example of an ”environment” is a bath of harmonic

oscillators that are in thermal contact with the system. A decoherence-free subspace (DFS)

is defined as a subspace of the system that does not evolve under the system-environment

interaction except to develop a trivial global phase.

The dynamics of a system in an environment can be quite complicated. In general,

physical scientists have attempted to overcome this obstacle by developing various approx-

imations. The most common methods are master equations such as the Lindblad equation
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[44], and the Redfield equation[45]. In general, these equations are second order Markovian

approximations to the full evolution of the system and the environment. An interesting

question is whether or not DFSs are independent of method.

The most generic positive transformation that a density matrix can undergo can

be represented by the operator sum representation (also known as Kraus operators or OSR)

[46]. One can derive the Kraus operators directly from a system bath Hamiltonian. These

operators are time dependent. The Lindblad and Redfield equations are estimations that

allow one to calculate the evolution of the reduced density matrix based only on certain

coupling parameters, bath correlation times, and the current value of the reduced density

matrix. This yields relatively simple differential equations. However, both methods can be

derived as approximations of the OSR operators. Historically, the general condition for a

DFS was first described for the Lindblad equation [27] and then for the OSR[47]. At the

same time as others were working on the OSR approach, I was examining the case for the

Redfield equation (which can be derived from the OSR).

Below, I will define DFSs in terms of the OSR. In the next section, I will show

how dissection of the Redfield Equation leads to the same results.

The OSR of a system interacting with an environment is derived from the as-

sumption that all evolution is unitary. One assumes that initially the density matrix of the

system and environment is separable, ρ = ρs ⊗ ρe where ρs(e) is the density matrix of the
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system (environment). A Hamiltonian is then defined as

H = Hs + He + V (2.1)

V =
∑
α

Sα ⊗Eα (2.2)

where Hs(e) is the system (environment) Hamiltonian and V is the interaction Hamiltonian.

V can always be rewritten as a sum of products of system and environment operators, i.e,

such product operators form a basis for all operators, much as product states from a basis

for all system-environment states, including entangled states. We choose to write V such

that the Eα are linearly independent. For clarity, assume that the system is completely

controlled, i.e. we can choose Hs. Initially, we will set Hs=0. We now examine the

evolution of the system and environment. We assume that He and V are time independent.

This is always possible by the addition of fictitious dimensions to the Hilbert space of the

environment to remove the time dependence. In other words, a time-varying potential on

the environment can be written as a time independent interaction between the environment

and a fictitious moving particle. One assumes that the fictitious particle is so massive

that the interaction with the environment does not effect the motion of the particle. More

fundamentally, all known physical interactions are time independent and a time dependent

interaction is the result of ignoring part of a larger physical system. Our evolution is then

ρ(t) = exp(−it(He +
∑
α

Sα ⊗Eα))ρs(0)⊗ ρe(0) exp(it(He +
∑
α

Sα ⊗Eα). (2.3)

where ρs(e)(0) is the initial density matrix if the system (environment) and ~ = 1. In the

OSR, we trace away the environment and look at the reduced dynamics of only the system.
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This yields

ρs(t) = tre[ρ(t)] =
∑
µν

Aµν(t)ρsA†
µν(t) (2.4)

Aµν =
√
ρeν 〈µ| exp(−it(He +

∑
α

Sα ⊗Eα)) |ν〉 (2.5)

where |ν〉 are the eigenvectors of ρe(0) with eigenvalue ρeν and |µ〉 are any set of basis states

of the environment.

Recall that our goal is to find a stable quantum memory that does not depend

on the state of the environment. This is possible if there exists a subspace of states such

that Sα |Ψ〉=cα |Ψ〉 where |Ψ〉 is any state in the subspace. Assume that our initial system

density matrix, ρs, is composed solely of states in the DFS. Applying Equation (2.3), we

see then that the evolution is simply

ρ(t) = ρs ⊗ exp(−it(He +
∑
α

cαEα))ρe(0) exp(it(He +
∑
α

cαEα) (2.6)

(2.7)

We can then calculate the reduced density matrix.

ρs(t) = tre[ρ(t)] =
∑
µν

Aµν(t)ρsA†
µν(t) (2.8)

=
∑
µν

ρeν 〈µ| exp(−it(He +
∑
α

cαEα)) |ν〉 ρs 〈ν| exp(it(He +
∑
α

cαEα)) |µ〉 (2.9)

= ρs
∑
µν

ρeν 〈ν| exp(it(He +
∑
α

cαEα)) |µ〉 〈µ| exp(−it(He +
∑
α

cαEα)) |ν〉 (2.10)

= ρs
∑
ν

ρeν (2.11)

= ρs. (2.12)

The system is unchanged and, therefore, the system is in a DFS. The prescription



22

for finding the DFS involves finding states such that all the Sα act like identity. Alge-

braically, this means the DFS is defined by the states that span the degenerate 1 dimensional

irreducible representations of the Lie algebra formed by Sα [27].

Now we add back in the system Hamiltonian. If the Hamiltonian commutes with

all the Sα over the subspace, then we can apply it without harm. We quickly calculate the

evolution of the reduced density matrix again assuming that the system is initially in the

DFS.

ρs(t) = tre[ρ(t)] (2.13)

= tre[exp(−it(He + Hs +
∑
α

Sα ⊗Eα))ρs(0)⊗ ρe(0) (2.14)

× exp(it(He + Hs +
∑
α

Sα ⊗Eα)]

Since Hs commutes with the Sα over the DFS, we can rewrite the equation as

ρs(t) = tre[exp(−itHe) exp(−it(He +
∑
α

Sα ⊗Eα))ρs(0)⊗ ρe(0) (2.15)

× exp(it(He +
∑
α

Sα ⊗Eα) exp(itHe)]

= exp(−itHs)ρs exp(itHs) (2.16)

For special cases, the commuting Hamiltonians can provide enough control to quantum

compute, e.g. Ref. [48]. If the Hamiltonian doesn’t commute, there are two cases. In

the first case, the Hamiltonian is a member of the algebra generated by the Sα. Then the

Hamiltonian acts simply as the identity over the subspace. Our system will then allow for

only a quantum memory, since our Hamiltonians do not cause any evolution of the DFS. In

the second case, the Hamiltonian will end up taking our state out of the DFS and degrade

our quantum memory by mixing states that are decoherence-free with states that are not.
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Even in this last situation it is still possible to gain an advantage from encoding in a DFS.

In Chapter 3, we will see how one can use two Hamiltonians that don’t commute with the

Sα to approximate quantum computation in a DFS.

In the next section, we will repeat these arguments in terms of the Redfield equa-

tion. In the final section of this chapter, we will present a series of example decoherence-free

subspaces .

2.2 Redfield Equation and the Decoherence-Free Condition

DFSs are dependent on the interaction of the system and the environment and a

quantum computer scientist needs to understand those interactions. A satisfactory theory

of the quantum dynamics of a system coupled to an environment should have a reduced

density matrix that remains positive at all time, approaches equilibrium at long times, and

be translationally invariant (the interaction of a system with a translationally invariant

environment should be independent of its position in the environment). Kohen, et al. have

shown that none of the current Markovian theories satisfy all three criteria for any initial

state [49]. Kohen has also shown that the difference between approximations can be related

to which two of the three criteria are used. Theories which use translational invariance and

approach towards equilibrium are equivalent to the Redfield equations in the appropriate

limit. Theories which insist on complete positivity are related to Lindblad’s semi-group

equation. Lindblad’s equation must violate either translational invariance or the approach

to thermal equilibrium. The necessary and sufficient condition for DFSs for the semigroup

equations have been shown [27]. In this section, we will examine the necessary conditions
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for generic DFSs for the Redfield Equations. These conditions can then be extended to

Redfield-like equations.

2.2.1 Redfield Equations

The evolution of a quantum system coupled to an environment evolves under the

Hamiltonian

H = Hs + He + V, (2.17)

where Hs, He, and V are the system, bath, and interaction Hamiltonians, respectively.

The Redfield approach assumes that the correlation time of the environment is short when

compared to the rate of change of the system and that the environment is in thermal

equilibrium, ρe = ρeqe where ρeqe is the equilibrium density matrix of the environment.

Following Blum [50], the Redfield equation is written as

d

dt
ρ(t) = −i[Hs, ρ(t)] + Rρ(t) (2.18)

where R is the dissipative Redfield-Liouville tensor and ρ(t) is the reduced density matrix

(ρs in the previous section). Expansion of (2.18) in terms of the eigenstates of Hs yields a

set of linearly coupled differential equations

d

dt
ρij(t) = −iωi,jρij(t) +

∑
k,l

Rijklρkl(t) (2.19)

Rijkl can be written as

Rijkl = Γ+
ljik + Γ−ljik − δlj

∑
r

Γ+
irrk − δik

∑
r

Γ−lrrj (2.20)

where
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Γ+
ljik =

1
~2

∫ ∞

0
dτe−iωikτ 〈Vlj(τ)Vik(0)〉e (2.21)

Γ−ljik =
1
~2

∫ ∞

0
dτe−iωljτ 〈Vlj(0)Vik(τ)〉e. (2.22)

Where Vij(τ) = eiHeτVij(0)e−iHeτ and the brackets represent the trace over the

thermalized bath: 〈A〉e ≡ tre[Aρ
eq
e ]. The system bath interaction can be rewritten as a sum

of products of system operators, Sα and environment operators, Eα,

V =
∑
α

Sα ⊗Eα. (2.23)

When the initial density matrix is written as a product state ρ(0) = ρs(0)
⊗
ρeqe , it follows

from Equation (2.23) that Equation (2.21) and Equation (2.22) can be rewritten as

Γ+
ljik =

1
~2

∑
α,β

(Sα)lj(Sβ)ik(Θ+
α,β)ik,

Γ−ljik =
1
~2

∑
α,β

(Sα)lj(Sβ)ik(Θ+
α,β)lj (2.24)

where

(Θ+
α,β)ij =

∫ ∞

0
dτe−iωijτ 〈Eα(τ)Eβ(0)〉e,

(Θ−
α,β)ij =

∫ ∞

0
dτe−iωijτ 〈Eα(0)Eβ(τ)〉e. (2.25)

Equation (2.18) can be rewritten

d

dt
ρ = − i

~
[Hs, ρ(t)] +

1
~2

∑
a

([S+
αρ,Sα] + [Sα, ρS−α ]) (2.26)
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where

(S+
α )ij =

∑
β

(Sβ)ij(Θ+
α,β)ij ,

(S−α )ij =
∑
β

(Sβ)ij(Θ−
β,α)ij . (2.27)

2.2.2 Decoherence-Free Subspaces for the Redfield Equation

What are the generic conditions for a DFS in the Redfield equation approach?

Generic solutions are solutions which do not depend on fine-tuning the decoherence process

and avoid a dependence on initial conditions. Let |i〉Ni=1 be a basis set for an N dimensional

DFS. We can express states in this subspace as a density matrix

ρ̃ =
N∑

i,j=1

ρ̃ij |i〉〈j|. (2.28)

The action of the error generators on the basis state can be written as

Sα|i〉 =
N∑
j=1

cjiα|j〉

S+
α |i〉 =

N∑
j=1

djiα |j〉

S−α |i〉 =
N∑
j=1

fjiα |j〉. (2.29)

Note that by (2.27)

djiα =
∑
b

cjiβ (Θ+
α,β)ji

fjiα =
∑
b

cjiβ (Θ−
β,α)ji. (2.30)

The condition for a DFS is that

∑
α

([S+
α ρ̃,Sα] + [Sα, ρ̃S−α ]) = 0. (2.31)
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Combining (2.29) and 2.30 yields

∑
α

N∑
ij,mn=1

σ̃ij(dniαcjmα|n〉〈m| − cmnαdniα |m〉〈j| (2.32)

+cαnifjmα|n〉〈m| − fjmαcmnα|i〉〈n|) = 0

The terms in the parentheses should vanish independently for each a to avoid fine tuning

noise parameters. Also, in order to avoid initial condition dependence, the projection op-

erators should be the same. The least restrictive choice is cjiα = ciα. It follows from (2.30)

that djiα = diα and fjiα = fiα. Then (2.31) becomes

N∑
ij

σ̃ij|i〉〈j|(diαcjα − ciαdiα + ciαfjα − fjαcjα) = 0 (2.33)

It follows directly that

(cjα − ciα)(diα − fjα) = 0 (2.34)

One sufficient condition for a generic DFS is if cjα=ciα . This result is analagous to that

obtained for the Lindblad equations [27]. What are the conditions such that (djα−fiα) = 0?

We can expand the equation using (2.30)

∑
β

(ciβ(Θ+
α,β)ii − cjβ(Θ−

β,α)jj) = 0. (2.35)

Recall from (2.33) that

(Θ+
α,β)ii =

∫ ∞

0
dτ〈Eα(τ)Eβ(0)〉β . (2.36)

The trace over the thermal bath can be written out explicitly yielding

(Θ+
α,β)ii =

∫ ∞

0
dτ
∑
µ

〈µ|e
i
~HβτEα(0)e−

i
~HβτEβ(0)ρeqe |µ〉β (2.37)
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where the states µ are energy eigenstates of the bath and ρeqe is the density matrix for

the environment in thermal equilibrium. The equilibrium density operator is diagonal in

the energy eigenstates: ρeqe =
∑

µ
e−β~ωµ

Z |µ〉〈µ| where β = 1
kT , T is the temperature, k

is Boltzmann’s constant, Z is the
∑

µ e
−β~ωµ , and ~ωµ is the energy of |µ〉 which is an

eigenstate of He.

Therefore, we can write our expression as

(Θ+
α,β)ii =

∫ ∞

0
dτ
∑
µ

〈µ|eiωµτBα(0)e−
i
~HβτEβ(0)|µ〉e

−β~ωµ

Z

=
∫ ∞

0
dτ
∑
µ

∑
ν

〈µ|eiωµτEα(0)e−iωντ |ν〉〈ν|Bβ(0)|µ〉e
−β~ωµ

Z

=
∑
µ

∑
ν

〈µ|Bα(0)|ν〉〈ν|Bβ(0)|µ〉e
−βEµ

Z

∫ ∞

0
dτeiωµντ (2.38)

where ωµν = ωµ − ων . A similar calculation yields

(Θ−
β,α)jj =

∑
µ

∑
ν

〈µ|Eβ(0)|ν〉〈ν|Eα(0)|µ〉e
−β~ωµ

Z

∫ ∞

0
dτeiωνµτ . (2.39)

In order for our solution to be generic, we need each term in (2.35) to disappear indepen-

dently for each α and β. Thus,

∑
µ

ciβ
e−βEµ

Z
〈µ|Bα(0)|ν〉〈ν|Bβ(0)|µ〉

∫ ∞

0
dτeiωµντ (2.40)

=
∑
µ

cjβ
e−βEµ

Z
〈µ|Bβ(0)|ν〉〈ν|Bα(0)|µ〉

∫ ∞

0
dτeiωνµτ

The dominant contribution to the sums over µ and ν comes from the terms with

µ = ν. Thus, neglecting all other terms yields again:

ciβ = cjβ (2.41)

Thus the condition Sα|i >= cα|i > is also necessary in the Redfield equations.

This condition is the same condition that was found for the OSR in Section 2.1.
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2.3 Collective Decoherence-Free Subspaces: Variations on a

Theme

The existence of a DFS of dimension greater than 1 requires that the error oper-

ators have some symmetry. The simplest symmetry condition occurs when all the environ-

mental degrees of freedom couple identically to all the qubits. Errors with this symmetry are

known as a collective errors. They occur quite frequently in nature. For example, the fluc-

tuation of long wavelength magnetic fields can lead to dephasing in trapped atoms. These

fluctuations cannot distinguish between neighboring atoms. A DFS that takes advantage

of this indistinguishability has been demonstrated experimentally [51]. This demonstration

was the motivation for the quantum computation scheme explored in Chapter 3. The en-

coding into a DFS always requires taking a number of physical qubits and encoding them

into a single logical qubit. The cost of this encoding, i.e. the number of physical qubits per

encoded qubit, varies significantly dependent on the error model and the system size.

As discussed in Section 2.1 and Section 2.2, the DFS condition relies on finding

degenerate subspaces for a set of error operators, Sα. In this Section, we will look at a

variety of error models. For each error model, we will label the error model by a letter,

e.g., a, and we will sequentially name the error operators, Sa1,Sa2,Sa3, etc. We will then

describe the DFSs for the error model and when possible explicitly state the size of the

DFS.
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2.3.1 Canonical Examples

The first DFS classified [36] was with respect to the collective dephasing error

operator. This is also known as weak collective dephasing. Defined over n spins, we have

Sw1 = 2gJz =
n∑
i=1

gσi
z (2.42)

where Jz is the total angular momentum operator on the z-axis and g is the coupling

strength, and σi
z is the Pauli z operator on the ith qubit.

With error operator in hand, we now need to find the DFS. Given the form of the

error operator, it seems natural to begin with the total angular momentum basis, |j,mz, λ〉

where j is the total angular momentum, mz is the total angular momentum along the z

direction, and λ labels the degeneracy. The degeneracy arises from the addition of the

angular momentum of multiple particles. For example, with 3 qubits ( 3 spin 1/2 particles)

there are two ways to create states with total spin 1/2.

Recall that the DFS condition is that given a state |k, l〉, where k is the label

of the state and l is the subspace, Sα|k, l〉 = cαl|k, l〉. Applying S1 to |j,mz, λ〉, yields

2gm|j,mz, λ〉. We see then that m defines the DFS and J and λ label the state within

the subspace. Some subspaces such as m = n/2 are trivial and contain only a single

state. Trivial subspaces are useless for storing quantum information. The other subspaces

are of a size determined by the binomial distribution. The DFS, defined by a total angular

momentum along the zaxis ofm, contains n!
(N/2+m)!(N/2−m)! states. We see then in n physical

qubits, we can store log2(
N !

(N/2+m)!(N/2−m)!) qubits of information in the DFS.

In nature, it is unlikely that such a collective error would exist for large numbers

of qubits. However, for a small numbers of qubits this type of error is common. As
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mentioned at the beginning of this section, trapped ions experience a random energy shift

due to ambient fluctuating magnetic fields. These ambient fields create errors that are well

described by the collective dephasing error operators [51].

The next DFS discovered was the generalization named total collective decoherence

or strong collective decoherence[42, 27]. In this case there are three collective decoherence

operators,

Ss1 = 2gxJx (2.43)

Ss2 = 2gyJy (2.44)

Ss3 = 2gzJz (2.45)

This type of error has not yet been observed experimentally. However, one could

imagine situations where this type of error could be important. For example, the system

could couple to three electromagnetic fields of different wavelength and polarized in either

the x̂ , ŷ,or ẑ direction. Another possibility is phonon modes in a solid state system of equal

wavelength but with all three polarizations. These fields fluctuate but may be of such a

wavelength that the atoms in a small spatial region, i.e., the size of the quantum computer,

all see effectively the same field. Each field represents an orthogonal environment operator

so the DFS must protect against all three errors individually.

Therefore, one needs a state that is an eigenstate of all 3 total angular momentum

operators. The only states for which this is true are the states where m = 0 and J = 0,

the singlets. For 2n qubits there are 2n!
(n+1)!(n)! single states. This subspace of singlets can

then be used to quantum compute [14]. For an odd number of qubits one can apply a
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generalization of decoherence-free subspaces that will be briefly discussed at the end of this

chapter.

2.3.2 DFS Menagerie

In this subsection, we explore a series of possible variations on the collective oper-

ators. We start first with variations on the case of weak collective decoherence where there

is only one error operator.

We define a generalized weak collective decoherence error.

Sa1 =
∑

giσ
i
ηi

(2.46)

where ση equals η̂ · ~σ and is the operator that measures the spin of the qubit in the η̂

direction. Since −σi
η = σi

−η, we can assume all gi are positive without loss of generality

(see Figure 2.1).

To motivate a more generalized DFS, we start with a model where the error op-

erator acts with the same strength but opposite sign on neighboring qubits. This model

could result when a set of qubits interact in a spatially periodic way with the environment.

The error model is

Sb1 =
∑

g(−1)iσi
η =

∑
gσi

(−1)iη. (2.47)

For concreteness, we choose η = z We now try to relate S1 to the canonical weak collective

error operator 2gJz, Equation 2.42. We see that these two errors can be related by the

unitary operator that flips the spin of every odd qubit,V =
∏
i=odd σi

x. Explicitly,

Sb1 = 2gVJzV†. (2.48)
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Unitary operations are equivalent to basis transformations. Therefore, our new DFS states

are the old DFS state simply transformed, V|j,mz, λ〉. Again explicitly, we see that

Sb1V|j,mz, λ〉 = 2gVJzV†V|j,mz, λ〉 = gmV|j,mz, λ〉. (2.49)

Therefore, our states V|j,mz〉 satisfy the DFS condition for a given m. The error operators

Sw1 and Sb1 are represented graphically in Figure 2.1.

We now generalize this result when gi = g and write that

Sc1 =
∑

gσi
ηi

=
∑

gUJzU† (2.50)

where U a unitary operation that describes the set of single qubit rotations that make the

equality true. Our DFS states are then defined as |j,m, λ, U〉 = U|j.mz, λ〉. This error is

described graphically in Figure 2.2.

For constant error models, there are two obvious new error models where our

description can be used to define the DFSs. First, since we define our states in terms of

total angular momentum, collective error operators acting not on qubits (spin 1/2 systems)

but qudits (spin d/2 systems) have DFSs that can be described by exactly the same notation.

Second, we note that we can describe the DFS even when U contains not just single qubit

rotations but also multiple qubit operations. This type of error is not described by an

error of type Sa1, Equation (2.46). These DFSs could result from collective errors that

entangle multiple qubits and are generally considered unphysical. DFSs for a different set

of multi-qubit errors were studied in Ref. [52].

Now we examine variations in gi. We want to develop DFSs that do not depend

on the ratios or actual values of gi. We simply sort the gi by their value (recall that we have
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Figure 2.1: Examples of collective error operators. gi is the interaction strength for each
qubit i and ηi represents the error operator on the ith qubit, σi

ηi
. The dashed line represents

gi = 0. a) A graphical representation of the collective dephasing operator Sw1 =
∑
gσi

z.
Each qubit interacts equally strong with the bath mode and sees an effective magnetic field in
the same direction. b) A graphical representation of the error operator Sb1 =

∑
(−1)igiσi

z.
We see that there are two equivalent representations. In one the interaction changes sign.
In the other, the direction of the interaction changes sign. This equivalence allows us to
always treat gi as positive.
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assumed all the gi are positive). So let k be a set of qubits i such that gi = fk. We then define

total angular momentum states over the set k as |jk,mzk, λk, 〉 where Jzk|jk,mzk, λk, 〉 =

m|jk,mzk, λk, 〉. The total angular momentum operator along the z direction for all the

qubits is then Jz =
∑

k Jzk.

We can write our collective error operator Sa1 as

Sa1 =
∑
k

∑
i∈k

fkσ
i
ηi

(2.51)

=
∑
k

∑
i∈k

fkUkJkzU
†
k

Our DFS states are then simply the tensor product of the DFS for each k,

⊗
k

|jk,mk, λk, Uk >=
⊗
k

Uk|jk,mk, λk > . (2.52)

We find then that

Sa1
⊗
k

|jk,mk, λk, Uk >=

(∑
k

fkmk

)⊗
k

|jk,mk, λk, Uk > . (2.53)

Therefore the largest DFS would be defined by all states such that (
∑

k fkmk) is

constant. However, this definition depends on the values of fk. Therefore, we prefer to

define the DFS by a single list of mk. This type of error and the collection of spins to form

the DFS is shown graphically in Figure 2.2.

We can now apply these techniques to the strong collective case. We start by

writing the most general three collective operators

Sp1 =
∑

gi1σ
i
ηi1

(2.54)

Sp2 =
∑

gi2σ
i
ηi2

(2.55)

Sp3 =
∑

gi3σ
i
ηi3

(2.56)
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Figure 2.2: Further examples of collective error operators. gi is the interaction strength for
each qubit i and ηi represents the error operator on the ith qubit, σi

ηi
. The dashed line

represents gi = 0. a) A graphical representation of the collective operator Sc1 =
∑
gσi

ηi
.

Each qubit interacts equally strong with the bath mode and sees an effective magnetic field
in some direction. The DFS can be defined by taking the DFS states for collective dephasing
and then performing single qubit rotations (see text). b) A graphical representation of the
error operator Sa1 =

∑
giσ

i
ηi

. To find the DFS, we first collect terms of equal gi. The
qubits surrounded by ellipses are one set; those surrounded by rectangles form the other.
We then find the DFS for the operator Sc1 over each set of qubits. The DFS is defined as
the tensor product of these spaces.

The usual total collective decoherence, Equation (2.43), occurs when gi1 = gx,

gi2 = gy, gi3 = gz, σi
ηi1

= σi
x,σ

i
ηi2

= σi
y, and σi

ηi3
= σi

z. Recall from the discussion above,

the DFS for this case is simply the singlet states |j = 0,mz = 0, λ〉.
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As above, we first look at the class of operators were giα = gα. We then write

down our new error operators

Sp1 =
∑

g1σ
i
ηi1

=
∑

g1U1JxU
†
1 (2.57)

Sp2 =
∑

g2σ
i
ηi2

=
∑

g2U2JyU
†
2 (2.58)

Sp3 =
∑

g3σ
i
ηi3

=
∑

g3U3JzU
†
3 (2.59)

If U1 = U2 = U3, then the DFS is simply defined by the states |0, 0, λ, U〉 =

U|0, 0, λ〉. As discussed for the weak case, this type of construction works with higher

dimensional spins and certain error operators that contain multiple qubit errors.

Can a DFS exist when U1 6= U2 6= U3? The answer is yes, but the possible forms

do not lend themselves to easy characterization. Here we present a simple example. We

choose the following error operators

Sq1 =
∑

g1σ
i
η(−1)ix

=
∑

g1U1JxU
†
1 (2.60)

Sq2 =
∑

g2σ
i
η(−1)iy

=
∑

g2V JyV † (2.61)

Sq3 =
∑

g3σ
i
η(−1)iz

=
∑

g3V JzV † (2.62)

U1 cannot equal V due to the local angular momentum commutation relations.

We can however rewrite the error operators as
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Sq1 =
∑

i=even

g1σ
i
ηx
−
∑
i=odd

g1σ
i
ηx

(2.63)

Sq2 =
∑

i=even

g2σ
i
ηy
−
∑
i=odd

g2σ
i
ηy

(2.64)

Sq3 =
∑

i=even

g3σ
i
ηz
−
∑
i=odd

g3σ
i
ηz
. (2.65)

This closely resembles the situation where g varies for the weak case. We simply

group the odd spins and the even spins and write down the DFS states,

|jodd = 0,mzodd = 0, λodd〉|jeven = 0,mzeven = 0, λeven〉. (2.66)

We note that this only works if the total number of spins is a multiple of 4 (we need two

sets containing an even number of qubits). We also note that there is a reduction in the

size of the subspace compared to the strong collective error subspace for all n qubits from

n!
(n/2+1)!(n/2) states to

(
n/2!

(n/4+1)!(n/4)

)2
. Furthermore, this implies that our general approach

for varying gi explored for the weak case yields the same results for the strong case when

gi1 = fk1, gi2 = fk2 and gi3 = fk3 with the caveats that each set k contains an even number

of spins and that the each operator can be described by the same sets of qubits, k.

The condition of k containing an even number of qubits can be lifted if instead

of decoherence-free subspaces one uses noiseless subsystems [53]. Noiseless subsystems or

decoherence-free subsystems are the generalization of decoherence-free subspaces. In Section

2.1, we noted that the DFS spans the degenerate 1 dimensional irreducible representations

of the Lie algebra formed by the error operators. A noiseless subsystem is an encoding into

degenerate multidimensional irreducible representations of the error operators (for the de-

tails please see [53] or [30]). Although noiseless subsystems are generalizations of DFSs, our
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techniques used here to define DFSs for collective operators, namely collection of terms of

equal strength and unitary transformation, applies directly to noiseless subsystems without

modification.

We end this chapter with two comments. First, it is intriguing that despite dif-

ferent approaches for describing the interaction of a system with an environment, the DFS

condition remains the same. The reason is that the DFS is defined with respect to the first

order interaction of the system and environment. Therefore, it is not effected by the order

of expansion or the coefficients in front of the various powers of the error operators. The

second comment is that the tools developed for collective dephasing and collective strong

decoherence can be applied to cases with reduced symmetry. The most interesting exam-

ple is that a collective error operator of constant magnitude but an interaction angle that

varies with qubit can be reduced to the collective dephasing error using only local unitary

rotations.
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Chapter 3

Approximating Decoherence-Free

Quantum Computation in Ion

Traps

3.1 Introduction

Quantum computation is capable of solving some hard problems of both classical

computation and quantum physics [54]. However, it meets non-trivial difficulties on its way

to physical implementation [55]. One persisting source of troubles is decoherence, which

smears out the results of the quantum computation and removes any potential algorithmic

advantage. One promising physical implementation for quantum computation that possesses

relatively low decoherence uses trapped ions [56, 57]. In this chapter, we present an approach

for doing quantum computation with trapped ions that allows one to use only pairwise
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interactions and to stay also in a subspace that is protected against errors due to collective

dephasing [36, 58, 43, 27]. This subspace is a decoherence-free subspace (DFS), namely a

subspace of states whose symmetry makes particular error operators act like the identity

on the subspace. A different DFS, one that protects an ion trap quantum computer in a

cavity from errors due to collective photon emission, was studied in Ref. [59]

For ion traps, where the physical qubit is often two hyperfine states [56], an im-

portant source of errors is ambient magnetic field fluctuations at low frequency [51]. For

neighboring groups of ions such magnetic fields act as a collective phase error. A DFS exists

for the collective phase error which has been studied by several groups. [36, 43, 14]. Ex-

periments have demonstrated the usefulness of these subspaces for protection of two-qubit

[60, 51, 61] and three-qubit systems [62]. Kielpinski et al. [51] demonstrated that these DFSs

are important in the context of ion traps, showing experimentally that an increased phase

coherence time is obtained when one logical qubit is encoded into the collective dephasing

DFS that is constructed from two physical qubits. Recently, Kielpinski et al. [63] have

developed a method to perform computation on this DFS that uses entangling operations

between groups of both two and four physical qubits.

In this chapter, we show a different way to perform universal computation on

a collective dephasing DFS defined for linear ion traps, using only entangling operations

between two physical qubits. This work was first reported in Ref. [33] and the text of this

chapter closely follows that paper. In Section 3.2 we briefly describe the physical system

of ion traps and Sørensen-Mølmer-type gates [64]. In Section 3.3, we show how Sørensen-

Mølmer type gates can be used to efficiently perform universal quantum computation using
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a three qubit encoding into a collective dephasing DFS. In Section 3.4, we compare our

scheme to the scalable array-based proposal of Kielpinski et al. [63]. In Section 3.5, we

conclude with some remarks about the feasibility and generality of our scheme.

3.2 Effective Exchange Interactions in Ion Traps

Our system is a string of N two level ions in a linear ion trap [57, 56]. In a linear

trap the confinement in the radial direction is stronger than the confinement in the axial

direction. For small displacements of the atoms one can treat the motion of the system as

N coupled one-dimensional harmonic oscillators. Detailed calculations of the normal modes

for a large number of atoms in experimentally realizable traps are now widely available [65].

The scheme we outline below requires that each atom be individually addressed by a control

laser.

Coupling between atoms is brought about by coupling the internal state of the

ions to the motional mode of the string of ions. A variety of gates have been suggested to

achieve this coupling [57, 64, 66, 67]. For our purposes, the coupling gate introduced by

Sørensen and Mølmer [64] proves most useful.

The Sørensen-Mølmer gate, described in [64], couples two ions via a two photon

process that virtually populates the excited motional modes of the ion string. We briefly

summarize their scheme here. By applying two lasers of opposite detuning to two ions, i

and j, one creates the following effective Hamiltonian:

H1 =
~η2Ω2

∆
σi
xσ

j
x, (3.1)
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where Ω is the on-resonant Rabi frequency of each atom, η is the Lamb-Dicke parameter, ∆

is the detuning (expressed as a frequency), and σi
x is the Pauli spin operator x on atom i.

The Lamb-Dicke parameter η is defined as the ratio of the width of the zero point motion

of the ion divided by the wavelength of applied field. In terms of the ion trap parameters,

η =
√

~
2NMω

1
λ cos θ, where ω is the frequency of the trap, M is the mass of the ion, λ is the

wavelength of the driving field, and θ is the angle between the wavevector of the light and

the axial direction of the trap [56].

By changing the phase of the incoming laser pulses by π/2, one can also apply the

slightly modified Hamiltonian,

H2 =
~η2Ω2

∆
σi
yσ

j
y (3.2)

Note that H1and H2 commute. Therefore, by applying H1 followed by H2 for equal times,

τ , one can perform the following unitary transformation

U = exp
[
−iτη2Ω2

∆
(σi

xσ
j
x + σi

yσ
j
y)
]

= exp(−itHij). (3.3)

Hij = σi
xσ

j
x+σi

yσ
j
y is an example of an anisotropic Heisenberg exchange interaction (often

referred to as the XY Hamiltonian) and t is time in dimensionless units, t = τη2Ω2

∆ . Previous

work in our group [14, 48, 68, 69] has shown that such two-body exchange Hamiltonians can

be utilized to perform universal quantum computation on encoded qubits. A key difference

in this work is that the Hamiltonians H1 and H2 cannot be applied simultaneously to

the ions and the effect of alternating between the Hamiltonians must then be carefully

considered.
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3.3 Encoded Universality in Ion Traps

3.3.1 Universality of Anisotropic Exchange Interaction

It has recently been shown by Kempe et al. [48, 68] that the anisotropic exchange

(XY) interaction is sufficient to generate universal encoded single-qubit and two-qubit op-

erations. In particular, these universal gates may be generated over encoded subspaces

spanned by either of the following sets of three code states consisting of three physical

qubits: CI = {|001〉, |010〉, |100〉} or CII = {|110〉, |101〉, |011〉}. The anisotropic exchange

interaction between two physical qubits within either of these encodings generates the full

su(3) algebra, and hence also the SU(3) group, over the code space. Since SU(2) ⊂ SU(3),

selecting two states, a qubit, out of the three code space states results in universal single

qubit operations, as long as the full su(3) algebra is preserved [68]. The encoded one and

two-qubit operations required for universal computation have also been shown to be effi-

ciently generated from the anisotropic exchange interaction [68, 69]. Details of the discrete

gate sequences that allow one to perform encoded σz and controlled phase flip operations

can be found in Ref. [68]. We note that the encoded controlled phase flip requires only 5

separate pairwise operations. As an example and for concreteness, we will employ here the

logical qubit to be defined by |0〉L = |011〉 and |1〉L = |101〉.

3.3.2 Encoded Space is a Decoherence-Free Subspace

The encoded space we employ here is a DFS with respect to collective dephas-

ing (see also Section 2.3.1). An operator corresponding to this error model is defined as

Sw1 =
∑n

k=1 σk
z , reflecting that all physical qubits of the computer simultaneously gather
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an identical random shift in the relative phase between their ground and excited level.

Thus, states which have the same number of ions in the excited state will gather the same

random phase. The codespaces CI and CII are composed of states with the same number of

excited atoms and, consequently, the collective dephasing operator generates only a trivial

global phase over each codespace. Furthermore, the XY Hamiltonian commutes with the

collective dephasing operator, Sw1, and thus preserves the DFS, i.e., the XY Hamiltonian,

Hij = 2(σi
+σj

− + σi
−σj

+), conserves the total number of excited ions.

In the present case, we implement the XY interaction in steps, alternating the

σi
xσ

j
x and σi

yσ
j
y operations as noted above. During this alternation, we could fall out of the

DFS because the interactions σi
xσ

j
x and σi

yσ
j
y do not commute with the collective dephasing

operator, Sz. This departure from the DFS can however be minimized by rapidly switching

between the σi
xσ

j
x and σi

yσ
j
y Hamiltonians. This method of avoiding decoherence is similar

to proposed bang-bang schemes [70]. To illustrate this mechanism and show its feasibility,

we make a simple argument here to show how the decoherence is reduced by alternation.

Assume we would like to apply the Hamiltonian Hij for a dimensionless time T.

One could imagine first applying σi
xσ

j
x for a time T, then applying σi

yσ
j
y for a time T. Or

one could apply both operators n times, each for a time T/n:

Û = e−i(σ
i
xσ

j
x+σi

yσ
j
y)T = (e−iσ

i
xσ

j
xT/ne−iσ

i
yσ

j
yT/n)n (3.4)

Assuming only collective decoherence, a simple population model, described below,

shows a radically improved decoherence time. Assume that the states outside of the DFS

decay with some rate γ. We expect that the total decoherence will be proportional to the

integral over time of the product of γ and p(t), where p(t) is the population outside of the
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DFS. An upper bound for the total decoherence is obtained by assuming that the population

p(t) is equal to its value when there is no decoherence.

Let us examine the unitary operator exp[iσi
yσ

j
yt] = cos(t)I + i sin(t)σi

yσ
j
y. If this

operator was applied to a state in the DFS subspace, i.e. a qubit taken from either CI or

CII , the identity would of course preserve this codespace and the population that has left the

codespace, p(t), would then be proportional to sin2(t). The integrated external population

from 0 to t, P (t) =
∫ t
0 p(t) would then be proportional to t

2 −
1
4 sin(2t). Following this

operator by the application of exp[iσi
xσ

j
xt] will return us completely to the subspace, and

by symmetry leads then to a total integrated external population proportional to P (t) =

t− 1
2 sin(2t).

Returning to Eq. [4], we see that by applying our operators for a time T/n, we

can achieve a total integrated population loss from the DFS proportional to nP (T/n) =

T − n
2 sin (2T/n). For n large compared to T , the decoherence is simply proportional to

T 3

3n2 . Therefore, one can expect a quadratic reduction in the integrated population outside

of the DFS, and hence in the total decoherence, as the number of alternation steps, n, is

increased. This is illustrated in Figure 1.

To test this simple model, we calculated the evolution of the density matrix as-

suming collective decoherence and a Hamiltonian that alternates n times between σi
xσ

j
x

and σi
yσ

j
y. We then evaluated the fidelity, f = tr

√√
ρaρb

√
ρa, between the evolved density

matrix, ρb, and the expected density matrix resulting from direct application of the XY

Hamiltonian, ρa. Figure 2 shows that a fit of the operation error, 1 − f , on a π pulse as

a function of n does indeed show a quadratic improvement as n increases, as predicted by
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Figure 3.1: A graphical demonstration of the difference in the population outside the DFS,
p(t), obtained by using a series of 2 n alternating pulses, from that obtained by applying
the σxσx interaction followed by the σyσy interaction once (n=1). t is dimensionless time,
t = τη2Ω2

∆ (see text). One can clearly see that the total integrated population outside of the
DFS,

∫
p(t)dt, will be reduced as one increases the number of alternations, n.

the simple population model described above.

3.4 Array-Based Architecture

Our scheme is scalable when one assumes the array-based architecture proposed

by Kielpinski et al. [63]. In that scheme single encoded qubits are held in individual traps.
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Figure 3.2: The evolution of the density matrix for a single encoded qubit, consisting of three
physical qubits (CI or CII), was calculated using the Lindblad equation [44] and assuming
only collective dephasing. The resulting system density matrix ρa was then compared with
the expected density matrix, ρb, if instead one could apply the XY Hamiltonian directly.
The plot shows operation error, 1-f , as a function of the number of steps, n, where f is the
fidelity, f =

√√
ρbρa

√
ρb. The strength of the collective decoherence, γ, was set equal to

the strength of the driving Hamiltonian, η
2Ω2

∆ , in this example. The fidelity was calculated
after a time τ = π∆

η2Ω2 . A fit of the data for n > 16 yields the expected 1/n2 dependence
(dashed line) predicted by our simple population model (see text).

Pairs of encoded qubits are then moved from the single qubit traps into the same trap in

order to perform two qubit operations. The advantage of the array-based architecture is

that one can avoid the unfavorable downward scaling of the two qubit interaction strength
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as one puts more ions into the same trap [57]. Furthermore, by encoding the ions into a

DFS, qubit coherences are protected when moving the ions from trap to trap.

We would employ exactly the same architecture and take advantage of the same

properties of the DFS. However, there are several differences based on the encoding and

how one performs an encoded two qubit operation. The proposal of Ref. [63] encodes one

logical qubit into two physical qubits, with encoding |0〉K = |01〉 and |1〉K = |10〉. When we

compare these states to our encoded states, we see that our states correspond to the product

of these logical states together with an ancillary qubit, |0〉L = |0〉K |1〉 and |1〉L = |0〉K |1〉.

In the scheme of Kielpinski et al. [63], single qubit operations are performed

employing two qubit Sørensen-Mølmer type Hamiltonians

Hθ,φ =
~η2Ω2

∆
(cos(θ)σi

x + sin(θ)σi
y)(cos(φ)σj

x + sin(φ)σj
y). (3.5)

By applying Hamiltonians with different values of θ and φ one can perform any operation

on the single encoded qubit. In practice, only two Hamiltonians are needed H0,0 = H1 and

H0,π/2. Assuming that the ions are initially in the state |0〉, Ref. [63] requires single qubit

operations to initialize pairs of ions into either logical qubit state. From the perspective

of experiment, the implementations of single qubit operations is relatively straight forward

[56].

In our scheme, the ancillary qubit is necessary to perform any single encoded

qubit operation using only the Hamiltonians H1 and H2. Again, assuming that the ions are

initially prepared in the same state |0〉, one can use either H1 or H2 to initialize the three

qubits to the logical |0〉L state. Hence, we can perform quantum computation including

initialization, with pairwise interactions only as claimed.
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For two qubit operations, Ref. [63] places two encoded qubits into the same trap

and then applies a Hamiltonian that operates on all four physical qubits at once, e.g.

H4 = σ1
xσ

2
xσ

3
xσ

4
x. However, results from four-qubit operations similar to H4 have been

experimentally shown to be more sensitive to noise than two qubit entangling operations

like H1 [71].

Our encoded two qubit operation results from applying only pairwise interactions

using the pulse sequence described in [68]. This requires that the ions be individually

addressable. We note that the encoded two qubit operations requires pairwise operations

between the parts of our logical qubits that are equivalent to the encoded qubits of Ref.

[63]. This means that the ancillary qubit in our code states can be left in the single qubit

trap. Thus, although at first glance it seems that our larger codewords would require the

trapping of six ions to perform quantum computation, we require only four ions to be

trapped together to perform encoded two-qubit operations. From an encoded perspective,

only three ions need to be trapped together [68]. However, the DFS requires that the two

ions encoding the quantum information are exposed to the same environment and, therefore,

must be moved together.

One could also imagine a hybrid proposal in which the qubits are stored in pairs

of ions. Single qubit operations are performed using the scheme of Kielpinski et al. [51, 63].

Then when the qubits are brought together to do two qubit gates, one can entangle the

qubits only using pairwise interactions as described here. This hybrid approach may offer

greater flexibility to implementation of quantum computation in protected subspaces within

ion traps.
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3.5 Conclusion

We have presented a scheme for a universal ion trap quantum computation on

decoherence-free subspaces using the Sørensen-Mølmer two-body Hamiltonian. The DFS

consisting of three physical qubits used here is protected against collective dephasing. Rapid

alternation of two control pulses differing in phase generates an effective two-body inter-

action which approximates the anisotropic exchange (XY) Hamiltonian. This ensures uni-

versal quantum computation over DFS protected qubits, as a result of the anisotropic

exchange interaction universality properties over logical qubits encoded into three physical

qubits [48, 68, 69].

The decoherence time improves quadratically with the number of alterations, n,

for a given total pulse duration T . In ion traps, the collective dephasing rate, approximately

10−2 − 10−3 MHz, is much slower than the operation frequency, ηΩ2

∆ ∼ 5 MHz [51]. Con-

sequently, in practice only a small number of alternations, n < 10, will be needed in order

to achieve a high fidelity under current experimental conditions. However, our method of

alternating pulses is of wider generality and is suitable for conditions far less favorable than

current experimental conditions in ion traps. As shown in Figure 3.2, one can use a large

number of alternations to perform reliable operations even when the collective dephasing

rate is equal to the operation frequency.

Our scheme complements the recent proposal by Kielpinski et. al. [63] and of-

fers experimentalists options for scalable array-based ion trap quantum computer. It also

provides another example of how encoded universality and DFS can prove useful for the

physical implementation of a quantum computer.
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Chapter 4

Quantum Computing via

Quantized Mechanical Motion

In this chapter, we examine the possibility of making a solid state analog of a

quantum computation scheme originally proposed for the gas phase, namely the Cirac-

Zoller scheme for trapped ions [57]. This work was first reported in Ref. [32] and this

chapter closely follows the text of that paper. As discussed in Chapter 3, ions in a trap

can be entangled by coupling the center of mass motion of all the ions with the internal

state of the specific ions. Here we extend this idea to entangle quantum dots via a shared

quantized mechanical mode. The quantum dots serve as ”color centers” that allow one

to conditionally excite the mechanical mode using a laser pulse. The mechanical mode is

chosen to be the phonon modes of the substrate that the quantum dots are attached to.

One purpose of making such a study is to undertake a critical assessment of both

the benefits and the disadvantages which arise on translation of an architecture designed for
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atomic states coupled by phonons, to the corresponding architecture for condensed phase

qubits. Our proposal uses quantum dots (semiconductor nanocrystals) and quantum linear

supports (polymers or nanorods) in an ultracold environment. It relies on recent advances

in the ability to chemically attach nanocrystals to polymers in precisely defined locations.

Quantum dots are coupled through quantized vibrations of the linear support that are

induced by off-resonance laser pulses and information is stored in exciton states of the dots.

Internal operations on exciton states are accomplished using Raman transitions. We provide

here a detailed analysis that allows evaluation of the merits and demerits of a condensed

phase rather than gas phase implementation.

Semiconductor nanostructures are known as “quantum dots” (QDs) when their size

is of the order of or less than the bulk-exciton Bohr-radius. In such “zero-dimensional” QDs

the electron-hole pairs are confined in all three dimensions and the translational symmetry

that holds for bulk semiconductors is totally lost. As a result of this quantum confinement

the energy-level continuum of the bulk material changes into a discrete level structure. This

structure is very sensitively dependent on the QD radius and shape, crystal symmetry, rela-

tive dielectric constant (compared to the surrounding medium), surface effects, and defects.

This sensitivity can be used to create and control a wide range of optical effects [72]. In gen-

eral, the term “quantum dot” is used to refer to both “0-dimensional” semiconductor struc-

tures embedded within or grown on a larger lattice, i.e., lattice bound, and to individual,

chemically assembled semiconductor nanocrystals [73]. QDs can be created in a larger crys-

tal structure by confining a two-dimensional electron gas with electrodes [74], or by making

interface fluctuations in quantum wells [75]. A number of promising proposals for quantum
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computation have been made using the lattice-bound dots [76, 77, 78, 79, 80, 81, 82]. We

consider here instead the chemically assembled semiconductor nanocrystals. In the remain-

der of this chapter the term QD will therefore be implicitly understood to refer specifically

to chemically assembled nanocrystals.

A large amount of theoretical and experimental information about nanocrystal

QDs exists. Nanocrystals have been studied for their photoluminescence properties, lin-

ear absorption properties, and non-linear spectroscopy, using a variety of models and

techniques[83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103,

104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119]. For reviews see,

e.g., [120, 121, 122]. These studies clarified the roles of size-dependence, lattice structure,

surface effects and environment on the exciton spectrum. However, little attention has been

paid so far to the possibility of using nanocrystal QDs for quantum computing. One reason

may be the difficulty of coupling nanocrystals. Direct interactions between separate dots

are small and difficult to engineer, so that the route to scalability is not obvious. In the

only other study to date that proposed to use nanocrystals for quantum computing, Brun

and Wang considered a model of nanocrystals attached to a high-Q microsphere and showed

that the interaction between QDs can be achieved by using whispering gallery modes of the

microsphere to entangle individual qubits [123]. One problem with realization of this model

is that only a few QDs can be placed on each microsphere. Therefore, scalability would

depend on the ability to connect the microspheres by optical wires.

An exciting route to bypass the coupling problem for quantum dots is suggested

by the recently demonstrated ability to attach QDs to polymers by chemical methods at
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well-defined locations [124]. We show below that at sufficiently low temperatures, the QD-

polymer system has quantized vibrational modes that can be used to couple electronic

excitations in quantum dots in a controlled and coherent manner. This “quantum infor-

mation bus” concept derives from the ion trap implementation of quantum computation

proposed by Cirac and Zoller [57]. Ion trap schemes take advantage of addressable multi-

level ions that are trapped in harmonic wells. The ions are then coupled through interaction

with their collective vibrational modes [57].1 This scheme can be extended to any system of

multilevel quantum objects bound by coupled quantum harmonic oscillators. We apply this

approach here to a series of nanocrystal QDs attached to a linear support. The excitonic

states of the QD act as carriers of quantum information which are coupled to the vibra-

tional states of the linear support. A linear support is a one-dimensional material (e.g., a

stretched polymer or a clamped nanoscale rod) that is connected at each end to a wall. The

support is contained in either a vacuum or a non-interacting condensed phase matrix such

as liquid helium.

The main advantage of using quantum dots rather than ions is the ability to control

the optical properties of quantum dots by varying the size, shape and composition of the

dot. On the other hand, a disadvantage is that the analysis for quantum dots is complicated

by the fact that they are complex composite objects and are not naturally “clean”. For

example, defects and surface effects can influence the electronic properties [125]. Our model

presupposes that nanocrystals which are sufficiently “clean” will ultimately be available, so

this puts some severe demands on the experimentalist.
1 In the original Cirac-Zoller proposal [57] the ions are coupled using the motional ground state, but it

was shown later that this requirement can be relaxed [64].
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Section 4.1 gives an outline of the proposal, describing the basic physics and the

formal similarities with the ion trap scheme. Section 4.2 describes the physics of the qubits,

namely the electronic states of quantum dots, and the quantum linear support which pro-

vides the information bus between qubits. A summary of the necessary requirements of

the qubit states is given here. In Section 4.3 we then show how one-qubit and two-qubit

operations can be performed in this system of coupled quantum dots. Section 4.4 discusses

the feasibility of undertaking quantum logic, with a detailed analysis of the constraints

imposed by decoherence and physical parameters. Quantitative estimates are made for

several specific candidate systems in Section 4.5, followed by conclusions and discussion in

Section 4.6.

4.1 Theoretical Overview

We outline here the basic elements of the quantum dot-quantum linear support

scheme for quantum computation. The proposed system consists of semiconductor nanocrys-

tal QDs attached at spacings of several tens of nanometers to a quantum linear support (a

string or rod). Each QD supports one qubit through a certain choice of excitonic states.

Single qubit operations are executed by optical transitions between these states. QDs are

coupled by the linear support in analogy to the ion trap scheme [57]. Thus, one uses detuned

laser pulses to excite a phonon of the quantum linear support, which can then be used to

cause conditional interactions between different dots. The system is depicted schematically

in Figure 4.1. The distance between the quantum dots is assumed to be large relative to

their size (see also Section 4.2.2 and 4.2.3.) In the presence of external driving fields, the
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Figure 4.1: Schematic visualization of N quantum dots attached to a linear support com-
posed of a nano-scale rod or molecular string. Each quantum dot is addressed by a different
laser. The absorption of the dots can be tuned by varying their sizes, allowing selective
addressibility with lasers of different wavelengths.

full Hamiltonian can be written as the sum of three contributions

H = H0 + HC + HI , (4.1)

where H0 is the free Hamiltonian, HC is the coupling Hamiltonian, and HI is the Hamil-

tonian describing the interaction between the system and the applied laser fields.

H0 =
N∑
n=1

∑
j

~ωenj |Ψj〉n〈Ψj |+
N∑
n=1

∑
k

~ωdnkb
†
nkbnk +

∑
m

~ωsma†mam +
∑
l

~ωfl c
†
l cl. (4.2)

These four terms represent the energies of the excitons, of the QD phonons, of the linear

support phonons, and of the external electromagnetic field, respectively. Here n is the QD
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index, |Ψj〉n is an exciton eigenstate in the nth QD, bnk is an annihilation operator of the

kth phonon mode of the nth QD, am is an annihilation operator of the mth linear support

phonon mode, and cl is an annihilation operator of the lth mode of the quantized external

electromagnetic field. The phonon frequencies of the support are denoted by ωs, and those

of the quantum dot by ωd. The existence of the QD phonons is an important differences

between this scheme and the original ion trap proposal [57]. The QD phonons provide

an extra ”environment” that can reduce the coherence of the excitonic states. Methods to

minimize the interaction of the excitons with the QD phonons are described in Section 4.4.1

and Appendix A.

The coupling Hamiltonian, HC , is given by

HC =
∑
njkl

βnjkl|Ψj〉n〈Ψk|c†l +
∑
njkl

γnjik|Ψj〉n〈Ψi|b†nkH.c. (4.3)

The first term is responsible for radiative decay of exciton states. The most important

radiative decay pathway is the recombination of the electron and the hole. The second

term describes the exciton-QD phonon interaction. The motion of the nuclei in the QD

results in a deformation of the potential that the exciton experiences. In this chapter, we

are only concerned with the linear coupling between the exciton states and the phonon

modes. This coupling gives rise to both pure dephasing and to non-radiative transitions

between exciton states. This is discussed in more detail in Section 4.4.1.

The interaction Hamiltonian HI describes the coupling of the excitons to single-

mode plane-wave lasers in a standing wave configuration. We treat the laser fields semi-

classically. A QD has a permanent dipole moment due to the different average spatial

locations of the electron and hole. In the dipole limit, we can write
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HI = D ·E (4.4)

=
∑
~kijn

[n〈Ψi|e(~rne −~rnh)|Ψj〉n|Ψi〉n〈Ψj |] ·
[
ε~kE~k sin(~k ·~rncm + φx)cos(νkt− φt)

]
.

Here ~rne and ~rnh are the position vectors of the electron and hole in the nth QD respectively;

rncm is the center of mass location of this QD; ε~k , E~k and ν~k are, respectively, the polarization,

electric field amplitude, and frequency associated with the field mode ~k; φx and φt are the

spatial and temporal phases of the field. The dipole limit is valid here since a typical

energy scale for single-particle electronic excitations in QDs is 0.1− 1eV, corresponding to

wavelengths 1/k ∼ 0.1− 1µm. For a typical dot radius R ≤ 5 nm, the electric field is then

almost homogeneous over the dot. In analogy to ion trap schemes [57], the center of mass

of the nth QD, ~rncm, is decomposed into its constituent phonon modes,

~rncm =
∑

~cmnqm =
∑

~cmnq0m(a†m + am), (4.5)

where qm are normal modes and q0m is the zero-point displacement for the mth normal

mode, q0m =
√

~/2Mωm, where M is the mass of the mode, and ωm is the mode frequency.

For low phonon occupation numbers, where the motion of the center of mass of the QD is

small compared to the wavelength of the light, the Lamb-Dicke regime is obtained, i.e.,

η
mn~k

= ~k · ~cmnq0m � 1. (4.6)
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Therefore, we can expand HI to first order in the Lamb-Dicke parameter η:

HI = 2~
∑
~kijn

gijn~k
|Ψi〉n〈Ψj |cos(ν~kt− φt)

(
sinφx +

∑
m

η
mn~k

(a†m + am)cosφx

)
. (4.7)

Here

gijn~k
= n〈Ψi|

eE~k
2~

ε~k · (~r
n
e −~rnh)|Ψj〉n (4.8)

is the resulting coupling parameter between the carrier states in the nth QD. The second

term in Eq. (4.7) transfers momentum from the laser field to the QD, thereby exciting

phonon modes of the linear support. This term allows us to perform two-qubit operations,

as described below. Manipulation of the spatial phase φx allows us to selectively excite

either the carrier transition, i.e., a change in the internal degrees of freedom of the QD

without changing the vibrational state of the support (φx = π/2), or a side band transition

in which the internal degrees of freedom of both the QD and the vibrational mode of the

support are changed (φx = 0), depending on whether our QD is located at the antinode

or node of the laser, respectively [65]. Experimentally the precise control of the spatial

phase can be quite difficult but is unnecessary for this scheme. Instead, one can select the

transitions spectrally at the expense of having slower operation times. In this chapter, we

assume the control of the spatial phase in order to find an upper-bound on how well the

scheme can work.

Now, let Ω = 2π/τop be the Rabi frequency of our desired quantum operations

[see Section 4.3], and let T be the temperature. Our system must then satisfy the following

set of basic requirements:
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1. τop < τrec, where τop is the single gate time andτrec is the time scale for exciton

recombination. Typically τrec = 10−3 − 10−6sec [94, 126].

2. Ω < ωs1, where ωs1 is the first harmonic of the linear support spectrum. This require-

ment must be met in order to resolve the individual support modes.

3. kbT < ~ωs1. This ensures that only the ground state phonon mode is occupied. This

requirement comes from the Cirac-Zoller ion-trap scheme[57], where the motional

ground state is used as the information bus.

4. Dephasing and population transfer due to exciton-QD phonon coupling must be min-

imized, or preferably avoided altogether.

We now discuss the details of our system in light of these requirements.

4.2 Qubit and Linear Support Definitions

4.2.1 Definition of Qubits

In analogy to the Cirac-Zoller ion trap scheme [57], three excitonic states will

be used, denoted |0〉n, |1〉n, and |2〉n. Very recent advances in ion trap methodology have

allowed this requirement to be reduced to only two states [66] (see also [127]). However, for

our purposes it suffices to use the more familiar three state scheme. The states |0〉n and

|1〉n are the qubit logic states, and |2〉n is an auxiliary state that is used when performing

two-qubit operations. These three exciton states must possess the following properties:
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1. Dark for optical recombination: This is required so that we will have long recombina-

tion lifetimes.

2. Dark for radiative relaxation to other exciton states: This is required to prevent

leakage to other exciton states.

3. Degenerate: The energy separation is required to be smaller than the lowest energy

internal phonon, in order to suppress nonradiative transitions between states. We

wish to make transitions between vibronic eigenstates, rather than creating oscillat-

ing wavepackets which would dephase as they move on different potential surfaces.

Obtaining a large amplitude for moving between vibrational eigenstates of two sur-

faces depends on the existence of two features (i) large Frank-Condon overlap [128]

between these eigenstates, which will be the case for degenerate exciton potential

energy surfaces; and (ii) very narrow-bandwidth laser pulses which can selectively

address the required states. These transitions are described in Section 4.3.1. The

degeneracy will need to be broken in order to perform certain operations.

In order to choose states which satisfy the above requirements, detailed calculation

of the exciton wavefunctions and fine structure of the quantum dots is essential. We employ

here the multi-band effective mass model which has been employed by a number of groups

for calculation of the band-edge exciton fine structure in semiconductor QDs made of direct

band gap semiconductors [86, 94] . For larger nanocrystals, possessing radii R > 20Å, multi-

band effective mass theory is generally in reasonably good agreement with experiment as

far as energetics are concerned [107]. It has been used extensively for CdSe nanocrystals
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by Efros and co-workers [95]. While the effective mass approximation (EMA) has known

serious limitations [121], and has been shown not to provide quantitative results for smaller

nanocrystals [107], it nevertheless provides a convenient, analytically tractable description,

with well defined quantum numbers for individual states, and will allow us to perform an

order of magnitude assessment of the feasibility of our scheme.

To explain the exciton state classification resulting from the multi-band EMA, it

is necessary to consider a hierarchy of physical effects leading to an assignment of appro-

priate quantum numbers. These effects are, in decreasing order of importance: (i) quantum

confinement (dot of finite radius, typically smaller than the bulk exciton radius), (ii) dis-

crete lattice structure (iii) spin-orbit coupling, (iv) non-spherical nanocrystal geometry, and

facetting of surfaces, (v) lattice anisotropy (e.g., hexagonal lattice), (vi) exchange coupling

between electron and hole spin. The electron-hole Coulomb interaction is neglected: detailed

calculations show that this may be treated perturbatively over the range of nanocrystal sizes

for which the EMA is accurate [111, 129]. These effects lead to the following set of quantum

numbers: ne (nh) the principle electron (hole) quantum number, Je (Jh) the total electron

(hole) angular momentum, Le (Lh) the lowest angular momentum of the electron (hole)

envelope wavefunction, Se (Sh) the electron (hole) Bloch total angular momentum, and the

total angular momentum projection

Fz = mK +ms, (4.9)

where mK = ±1/2,±3/2,±5/2, .. refers to the projection of the hole total angular mo-

mentum Jh, and ms = ±1/2,±3/2,±5/2, .. is the projection of the electron total angular

momentum Je. State multiplets are classified by neLeJe nhLhJh
, e.g. 1S1/21P3/2, and states
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within the multiplet are labeled by Fz. For a II-VI semiconductor such as CdSe, the Bloch

states for the valence band hole states possess total angular momentum Sh = 3/2, 1/2, de-

riving from coupling of the local orbital angular momentum 1 in p-orbitals, with hole spin

1/2. The corresponding Bloch states for the conduction band electron states have total an-

gular momentum Se = 1/2, deriving from coupling of the local orbital angular momentum

0 in s-orbitals, with electron spin-1/2. We consider here only states within the band edge

multiplet, for which Le = Lh = 0, and Se = 1/2, Sh = 3/2. Hence the total electron and

hole angular momenta are given by Je = 1/2, Jh = 3/2, respectively and there are a total of

eight states within this multiplet. It follows from Eq. (4.9) that there is one Fz = 2 state,

two Fz = 1 states, two Fz = 0 states, two Fz = −1 states, and one Fz = −2 state in this

1S1/21S3/2 multiplet. States within a doublet are distinguished by a superscript (L or U).

The eigenfunctions, linear absorption spectrum and selection rules for dipole transitions

from the ground state to this lowest lying EMA multiplet are calculated in Ref. [94]. For

spherical QDs the following results were found:

• Hexagonal crystal structure: The Fz = ±2 states constitute degenerate exciton ground

states. The Fz = ±2 states and one of the Fz = 0 states (denoted 0L) are optically

dark in the dipole approximation.

• Cubic crystal structure: The Fz = 0L,±1L,±2 states constitute degenerate exciton

ground states, and are all optically dark.

We consider here explicitly a nanocrystal made from a direct band gap ma-

terial with cubic crystal structure. An exciton wavefunction of the 1S1/21S3/2 multi-

plet, ΨFz(~re, ~rh), can be expanded in terms of products of single-particle wavefunctions
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ψS1/2,ms
(~re) and ψS3/2,mK

(~rh) [86, 94]. In order to satisfy the requirement of optically dark

qubits (recall condition 1 above), we construct our qubit from the Fz = −2, 0L states:

|0〉 ≡ |Ψ0L(~re, ~rh)〉 =
1√
2

[
|ψS1/2,−1/2(~re)ψ

S
1/2,+1/2(~rh)〉 − |ψ

S
1/2,+1/2(~re)ψ

S
3/2,−1/2(~rh)〉

]
|1〉 ≡ |Ψ−2(~re, ~rh)〉 = |ψS1/2,−1/2(~re)ψ

S
3/2,−3/2(~rh)〉. (4.10)

The auxiliary level for cycling transitions is taken to be the Fz = 2 state:

|2〉 ≡ |Ψ+2(~re, ~rh)〉 = |ψS1/2,+1/2(~re)ψ
S
3/2,+3/2(~rh)〉. (4.11)

Explicit expressions for the electron and hole wavefunctions are given in Appendix B. The

states |0〉, |1〉, |2〉 are degenerate and have equal parity [determined by (−1)Fz ].

Naturally, for nonspherical, noncubic, and/or indirect band gap materials, other

states may be more appropriate. It is only essential that they satisfy the requirements

above. In this chapter we shall use primarily the EMA states described above for cubic

nanocrystals of direct gap materials, because they illuminate in an intuitive and quantifi-

able manner the difficulties associated with our proposal. However, in the discussion of

feasibility (Section 4.4), we will also present results obtained with qubit states obtained

from tight binding calculations for nanocrystals constructed from an indirect band gap

material (silicon).

4.2.2 Quantum Linear Support

In order to determine whether quantum computation is possible on such a system

we need to examine also the properties of the linear support. The support is made out of
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K small units, e.g., unit cells or monomers. We can write the displacement of each unit as

a sum of normal modes,

xk =
∑
m

~dmkqm =
∑
m

~dmkq0m(a†m + am). (4.12)

The zero point displacements for a homogeneous support are

q0m =
√

~/ (2λlωm), (4.13)

where λ is the linear mass density and l is the length of the unit. The lowest energy modes

will be long-wavelength transverse modes. Since the wavelengths of the modes of interest

are large compared to the separation between neighboring units, we can approximate the

support as being continuous.

In many cases, a sparse number of attached QDs will have only a small effect

on the normal modes of the support. The validity of this assumption depends on the

materials chosen and will be discussed more thoroughly below. For now we will calculate

all of the relevant properties assuming point-like, massless quantum dots, consistent with

our assumption that the spacing between the dots is larger relative to their intrinsic size.

For the nth point-like QD attached to unit cell k, with one dot per unit cell, we can identify

the dot and cell normal modes expansion coefficients. We then have ~cmn ≡ ~dmk, where ~dmk

and ~cmn are, respectively, the coefficients relating the displacement of the kth unit cell and

nth QD to the displacement of the mth normal mode [Eqs. (4.5) and (4.12), respectively].

For a continuous support, the set of ~dmk becomes a function ~dm(x) that is the normalized

solution to the wave equation on the support. Any specific value of ~cmn can now be written

~cm(xn), where xn is the position of the nth QD.
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The two most common types of linear continuous systems are strings and rods.

Strings

In a string, the resistance to transverse motion comes from an applied tension, ϑ.

The dispersion relation for the frequency of a string in mode m is

ωsm =

√
ϑ

λ
km,

where λ is the linear mass density and km is the wavenumber. The normalized solution to

the transverse wave equation with fixed ends is given by

~cm(x) =

√
2l
L

sin(kmx)ŷ,

where km = mπ/L, l is the unit length, ŷ is a unit vector in the transverse direction, and

L is the string length.

Rods

In a rod, the resistance to transverse motion results from internal forces. This

leads to a different dispersion relation and, consequently, to a different solution cm(x). The

transverse modes of a rod can be defined in terms of the length L, density ρ, the Young’s

modulus Y , the cross-sectional area A, and the second moment of A (or the massless moment

of inertia of a slice of the rod), ~I. As shown by Nishiguchi et al. [130], the long wavelength

phonon modes (λ ≥ 1000 Å) are well described by the classical dispersion equation

ωsm = k2
m

√
Y Iz
λA

.

where Iz is the moment in the direction of the displacement.
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The transverse normal modes for a clamped rod are well known [131], resulting in

the solution

~cm(x) = Nm [sin(kmL)− sinh(kmL)] [cos(kmx)− cosh(kmx)]

− [cos(kmx)− cosh(kmx)] [sin(kmL)− sinh(kmL)] ŷ.

Here Nm is a normalization constant proportional to
√

1/L and ŷ is a unit vector in the

transverse direction. The values of km are not known analytically, but can be shown to be

proportional to 1/L.

4.2.3 Approximations

The important parameters characterizing the support are ωs1, the frequency of its

first harmonic, and the product

~Snm ≡ ~cnmq0m. (4.14)

This product is the quantum dot displacement resulting from the zero point motion of mode

m of the support. We shall refer to it as the dot modal displacement. The above discussion

of vibrations in the support assumed massless QDs, motivated by the assumption that

they have negligible spatial extent relative to the distance between them. To investigate

the effect of the finite mass of the quantum dots, we computed numerical solutions of the

coupled vibration equations for strings and rods having finite mass increments located at

discrete points, simulating the attachment of finite mass quantum dots. These numerical

calculations show that for sparsely spaced dots of mass small enough that the total weight

is the same order of magnitude as the weight of the support alone, the resulting value of

Snm remains unaffected to within a factor of 2 by the presence of the dots (see Figure 4.2).
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A simple way to approximate the presence of the QDs and retain an analytic solution is

then to replace the linear density of the support by the average combined linear density of

QD and support.

Since we are interested here in order of magnitude estimates of feasibility, we will

approximate ~cm(xn) by
√

2l/L. This approximation corresponds to the maximum value of

~cm(xn) for a string, and to approximately the maximum value of ~cm(xn) for a rod. Since

the larger the dot displacement, the larger the coupling between dots, this means that our

estimations of number of operations will be an upper bound.

These approximations combined with Eq. (4.6) yield the following equation for the

Lamb-Dicke parameter,

η
m′n~k2

= ~k2 · ~Snm = k2Snm cos θ = k2

√
~

Mωm
cos θ, (4.15)

where θ is the angle between the modal displacement and the direction of the laser beam,

and M is the total support mass: M = Lλ. Note the inverse power dependence on M in

Eq. (4.15). We shall see in Section 4.4.2 that the massive nature of the linear support and

the resulting small value of the Lamb-Dicke parameter provides the major limitation for

our system.
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Figure 4.2: The addition of a sparse number of quantum dots to the linear support has
relatively little effect on the dot modal displacement Snm. Here we present results for S11,
the dot displacement resulting from the first harmonic of the support, for a system with two
QDs attached to a string of length L = 2000 nm. The QDs are centered at 499 and 1501
nm. Each QD is represented as an increased density that is distributed over a length of 2
nm, e.g., 499 ±2 nm. Each dot experiences a displacement which is affected by the addition
of the second dot on the support. The dot displacement measured relative to the value
obtained from a homogeneous string (S0), is plotted as a function of log(λd/λs), where λd
is the linear density increment due to the dot and λs the linear density of the string. The
solid line guides the eye through the exact solution, the dotted line through the solutions
obtained for a homogenous density equal to the average density. One sees that the value
of S11 changes by less than a factor of 2 over three orders of magnitude change in λd for a
fixed λs.
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4.3 Qubit Operations

4.3.1 One-qubit Operations: Coupling of Dots to Light

Derivation of the Interaction Hamiltonian in the Rotating Wave Approximation

While dipole transitions in QDs are similar in principle to dipole transitions in

atomic systems, the strong coupling to internal phonon modes adds an additional complex-

ity. Consider the modifications of Eqs. (4.2)-(4.5) for a single QD unattached to a linear

support, interacting with a single laser field, with the QD located at the anti-node of the

field, i.e., with the sin(~k ·~rncm + φx) term in Eq. (4.5) vanishing. Thus, omitting the linear

support term:

H =
∑
j

~ωej |Ψj〉〈Ψj |+
∑
k

~ωdkb
†
kbk (4.16)

+
∑
ijk

~γjik|Ψj〉〈Ψi|
(
b†k + bk

)
+
∑
ij

2~gij~k |Ψi〉〈Ψj | cos(ν~kt− φt).

We separate this Hamiltonian into two parts, H0 and HI :

H0 =
∑
j

~ωej |Ψj〉〈Ψj |+
∑
k

~ωdkb
†
kbk +

∑
jk

~γjjk|Ψj〉〈Ψj |(b†k + bk) (4.17)

HI =
∑
i6=j,k

~γjik|Ψj〉〈Ψi|(b†k + bk) +
∑
ij

2~gij~k |Ψi〉〈Ψj | cos(ν~kt− φt) (4.18)

The “free” Hamiltonian H0 may be diagonalized by a displacement transformation. Let

Dk(α) be the unitary displacement operator:

Dk(α) ≡ eαb
†
k−α

∗bk = Dk(−α)†.

The displaced phonon operator djk is defined as

djk ≡ Dk(−αjk)bkDk(αjk) = bk + αjk,
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and satisfies standard boson commutation relations:

[djk,d
†
j′k′ ] = δkk′

[djk,dj′k′ ] = [d†jk,d
†
j′k′ ] = 0.

Note that for real αjk we have αjk(b
†
k+bk) = d†jkdjk−αjk

2−b†kbk. Letting αjk ≡ γjjk/ω
d
k

and inserting a complete set of exciton states into Eq. (4.17), we find:

H0 =
∑
j

~ωej |Ψj〉〈Ψj |+
∑
k

~ωdk
∑
j

|Ψj〉〈Ψj |
(
b†kbk − αjk(b

†
k + bk)

)

=
∑
j

~ωej |Ψj〉〈Ψj |+
∑
jk

~ωdk|Ψj〉〈Ψj |

(
d†jkdjk −

(
γjjk

ωdk

)2
)
.

The eigenstates of d†jkdjk are labeled |njk〉 , where d†jkdjk|njk〉 = n|njk〉 and 〈njk|mj′k′〉 =

δkk′F
jj′

nmk.
2 The F jj

′

nmk are Franck-Condon factors [128], describing the overlap of vibrational

eigenstates between different excitonic states j and j′. We can then rewrite H0 as

H0 =
∑
j

~ωe+j |Ψj〉〈Ψj |+
∑
jk

~ωdk|Ψj〉〈Ψj |d†jkdjk,

where ωe+j = ωej −
∑

k

(
γjjk/ω

d
k

)2 is the renormalized electronic energy level.

We transform to the interaction picture defined by H0. To do so, it is useful

to insert into this expression two complete sets of displaced oscillator states belonging to

different excitonic states i and j:

Ii × Ij =
⊕
k

∑
n

|nik〉〈nik| ×
⊕
k′

∑
m

|mjk′〉〈mjk′ | =
⊕
k

∑
nm

|nik〉〈mjk|F ijnmk.

2 Note that n refers here to the occupation quantum number of the internal phonon modes, not to the
quantum dot index.
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Changing variables from bk to djk in Eq. (4.18), and transforming to the interaction picture

now yields, after some standard algebra:

H̃I = eiH0t/~HIe−iH0t/~ (4.19)

=
∑
i6=j,l

~γjik|Ψi〉〈Ψj |eiω
e+
ij t
⊗
k 6=l

∑
n,m

F ijnmk|nik〉〈mjk|eiω
d
k(n−m)t

⊗
l

∑
n′,m′

F ijn′m′l

(
−
γjjl

ωdl
|n′il〉〈m′

jl|eiω
d
l (n′−m′)t +

√
m′ + 1|n′il〉〈(m′ + 1)jl|eiω

d
l (n′−m′−1)t

)
+
∑
ij

~gij~k |Ψi〉〈Ψj |e−i(ν~kt−ω
e+
ij t−φt)

⊗
k

∑
n,m

F ijnmk|nik〉〈mjk|eiω
d
k(n−m)t + H.c.

where ωe+ij ≡ ωe+i − ωe+j .

While this expression appears very complicated, it can be drastically simplified

under certain reasonable assumptions. First, note that for single-qubit operations we need

to consider only two exciton states |Ψa〉 and |Ψb〉. The first term in H̃I essentially de-

scribes non-radiative transitions between exciton states due to phonon emission. Under

the assumption that the phonon modes are initially unoccupied, we can choose the states

|Ψa〉 and |Ψb〉 such that they have a negligible propensity for nonradiative transitions, i.e.,

they are protected against single phonon emission (recall condition 3. for “good” qubits in

Section 4.2.1). This means that we can effectively set all γjik to zero, thus eliminating the

first term in H̃I . This important simplification is treated in detail in Section 4.4.1 below.

Thus we are left with:

H̃I = ~gab~k |Ψa〉〈Ψb|eiφt−it(ν~k−ω
e+
ab )
⊗
k

∑
n,m

F abnmk|nak〉〈mbk|eiω
d
k(n−m)t + H.c.

We then tune our laser on resonance such that νk = ωe+ab , and make sure that the laser

spectral width is much smaller than the lowest quantum dot phonon frequency, ωd1 . This
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allows us to make the rotating wave approximation (RWA), i.e., eliminate all terms which

rotate faster than ωd1 , which leads to

H̃I = ~gab~k |Ψa〉〈Ψb|eiφt
⊗
k

∑
n

F abnnk|nak〉〈nbk|+ H.c. (4.20)

This RWA interaction Hamiltonian, Eq. (4.20), is very similar to the familiar two-level

system Hamiltonian used extensively in atomic optics [132]. However, the strength of the

interaction is modulated here by the Franck-Condon factors, F abnnk. To allow the simplifica-

tion of the Hamiltonian from Eq. (4.20) to Eq. (4.20) requires a judicious choices of laser

intensities and states. In our scheme the occupation n of all phonon modes will be initialy

zero. Using Eq. (4.8), it is useful to then introduce the factor

Ωab
~k

= gab~k

∏
k

F ab00k =

√
2παI~k

~
∏
k

F ab00k〈Ψa|ε~k · (~re −~rh)|Ψb〉, (4.21)

which corresponds to the Rabi frequency for an on-resonant transition between exciton

states a and b. I~k is the laser intensity and α = e2/ (4πε0~c) is the fine structure constant.

Raman Transitions

Since we wish to use near degenerate states of equal parity for our qubits, we

cannot employ dipole transitions. Hence we use Raman transitions. These connect states

of equal parity via a virtual transition to a state with opposite parity. Recall that parity is

determined by (−1)Fz . Suppose we start in the |1〉 = |ψS1/2,−1/2(~re)ψ
S
3/2,−3/2(~rh)〉 state, for

which Fz = −2. We can then make transitions through a virtual level |v〉 that has opposite

parity (e.g., Fz = ±1), to the state |0〉 having Fz = 0. Figure 4.3a provides a schematic
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of the coupled QD-laser field system, showing the levels |0〉, |1〉 and |v〉 together with the

fields required to cause a Raman transition. Under the assumptions that only two laser field

modes ~k1 and ~k2 are applied, and in the rotating-wave approximation, the standard theory

of Raman transitions [133] leads to the following expression for the Raman-Rabi frequency

between an initial state |i〉 and a final state |f〉:

Ωfi~k2~k1
Raman =

|Ωfj
~k2

Ωji
~k1
|

∆
. (4.22)

Here~k1 and ~k2 are chosen such that the detuning, ∆ = ωj − ωi − ν~k1 = ωj − ωf − ν~k2 , j is

the index of an intermediate exciton state chosen to provide a minimum value of ∆, Ωij
~k

is

defined in Equation (4.21). For single qubit transitions, both lasers are aligned such that

the QD is positioned at antinodes.

For QDs possessing cubic crystal structure and composed of direct band gap mate-

rials, we have found it advantageous to use the Fz = 1 and Fz = −1 states of the 1S1/21P5/2

multiplet as the intermediate state. An exciton wavefunction of the 1S1/21P5/2 multiplet

Ψv
Fz

(re, rh) can be expanded in terms of products of single-particle wavefunctions ψS3/2,ms
(re)

and ψP5/2,mK
(rh).[86, 94] The intermediate Fz = ±1 virtual states can be written:

|Ψv
±1(~re, ~rh)〉 = − 1√

3

[
|ψS1/2,∓1/2(~re)ψ

P
5/2,±3/2(rh)〉+

√
2|ψS1/2,±1/2(~re)ψ

P
5/2,±1/2(~rh)〉

]
The Raman-Rabi Frequency, ΩRaman, can then be adjusted by increasing the electric field

intensity and by reducing the detuning from the intermediate level. We will describe in

detail in Section 4.4.2 what range of values of intensity and detuning are allowed.
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Figure 4.3: Energy level scheme for a quantum dot showing the laser fields and transitions
necessary for one-qubit operations. (Energy level spacings are not to scale.) Levels |0〉 and
|1〉 constitute the qubit. The auxiliary level |2〉 is not involved in these transitions and is
not shown. The linear support modes are not involved either. Two antinodal lasers, ~k1

and ~k2, allow us to perform a Raman transition via a virtual state |v〉. Transitions occur
without changing internal phonon number, since the lasers frequency widths are smaller
than the internal phonon frequency, ωd1 .

4.3.2 Two-qubit Operations: Coupling Quantum Dots, Quantum Sup-

ports and Light

Our two-qubit operations are equivalent to those of the Cirac-Zoller scheme [57].

The use of optical Raman transitions to implement this scheme has been extensively explored.[56]
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In our case, we apply the Hamiltonian of Eq. (4.7) with two lasers k1 and k2, of frequency ν1

and ν2 respectively. For two-qubit operations, the quantum dot is centered at an antinode

of k1 and at a node of k2. Switching to the interaction picture and calculating second-order

transition probabilities to first order in η, one obtains the following effective Hamiltonian:

Hnfi
eff = −~

∑
m

η
mn~k2

(a†me
−iωmt+ameiωmt)Ωfi~k2~k1

Raman|Ψf 〉n〈Ψi|ei(ωf−ωi)te−i((ν1−ν2)t+φ2−φ1)+H.c.

(4.23)

Note that the nodal and antinodal lasers result in an effective Hamiltonian in which η

depends only on the nodal laser k2. This differs from the effective Hamiltonian derived for

Raman transitions when travelling waves are used [56]. The lasers are chosen to have a net

red detuning, ωf −ωi− υ1 + υ2 = −ωm′ . In the RWA (i.e., eliminating all terms rotating at

2ωm), with φ2 − φ1 = π, this yields

Hnfi
eff = Ωfi~k2~k1

nm′ |Ψf 〉n〈Ψi|am′ + H.c. (4.24)

where

Ωfi~k2~k1
nm′ = η

mn~k2
Ωfi~k2~k1

Raman. (4.25)

This combined QD-linear support operation transfers the nth QD from state i to f , with an

accompanying change of one quantum in the phonon mode m′ of the support. A schematic

representation of this operation for the qubit states |ψi〉 = |0〉 and |ψf 〉 = |1〉 is shown in

Figure 4.4. Choosing interaction times such that t = kπ/(2Ωfi~k2~k1
nm′ ) where k is an integer

specifying the pulse duration, we can write the unitary operator exp
(
− i

~H
nfi
eff t

)
= Unfi(t)
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Figure 4.4: Energy level scheme for a quantum dot on the linear support showing laser
fields necessary for implementation of two-qubit operations. As described in the text, the
use of nodal and antinodal lasers allows us to selectively transfer population from |0〉 to
the lowest energy phonon sideband of |1〉 (labelled |1〉|s1〉) via a Raman transition, without
transferring population to the carrier. The minimum phonon frequency is denoted ωs1. Non-
resonant transitions to higher energy phonon sidebands, (|1〉|s2〉) constitute the main source
of error in the proposed gates. For very high laser intensities, non-resonant quadrupolar
transitions to higher level states (represented by the state |q〉) also become important.

as

Unfi
k = exp

[
−ikπ

2
(|Ψf 〉n〈Ψi|a+ H.c.)

]
(4.26)

In order for the Cirac-Zoller scheme to be successful, the phonon mode of interest,

m, must start with zero occupation. The applied operations take advantage of the fact that
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the zero occupation phonon state is annihilated by the lowering operator: a|0〉 = 0. The

sequence of unitary operations UC−phase ≡ Un10
1 Un′20

2 Un10
1 then results in a controlled-

phase operation between quantum dots n and n′, i.e., it causes the second qubit n′ to gain

a phase of −1 if the first qubit n is in the |1〉 state, and no additional phase if the first

qubit is in |0〉. This is equivalent to the matrix operator I − 2|1〉n′ |1〉n n′〈1|n〈1|. The time

required to perform UC−phase is then 2×
(
π
2

)
for ion n plus 1× π for ion n′, i.e.,

τC−phase ≡ (Ωnn′
2 )−1 = π(Ωfi~k2~k1

nm′ )−1 + π(Ωfi~k2~k1
n′m′ )−1 (4.27)

Since the ions n and n′ are identical we will use the approximation that Ωfi~k2~k1
nm′ ≈ Ωfi~k2~k1

n′m′

in the remainder of this work, hence

Ωnn′
2 ≈ 1

2π
Ωfi~k2~k1
nm′ =

1
2π

Ω2. (4.28)

The inverse of the average rate Ωnn′
2 can then be taken as a measure of the gate time, i.e.,

of the time for the two-qubit controlled phase operation. We define Ω2 as the sideband

interaction strength,

Ω2 ' η
mn~k2

Ωfi~k2~k1
Raman. (4.29)

Calculation of Ωfi~k2~k1
Raman was described above in Section 4.3.1 [Eq. (4.22)]. We can obtain

the Lamb-Dicke parameter η
m′n~k2

from the decomposition in Eq. (4.15). This now allows

specific evaluation of the contribution from the linear support to the Lamb-Dicke parameter

η. As described in Section 4.2.3, we approximate η as being independent of the specific dot

and from now on will drop the dot index n.
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4.3.3 Input and Output

Since the qubit states do not include the ground state of the quantum dot, ini-

tialization will generally require a transformation from the ground state of no exciton to

the defined qubit state. This can be accomplished by applying magnetic fields which will

mix dark and light states allowing for optical transitions. If the magnetic field is then

adiabatically removed, one is left with population in the dark exciton state only. Qubit

measurements can be made by using a cycling transition, in analogy to ion traps [56].

We conclude this section by summarizing in Fig. 4.5 the relative energy scales

involved in our proposal.

4.4 Feasibility of Quantum Logic

In this section we address in detail the question of the limitations imposed on

our system by various physical constraints. We start by considering the issue of decoher-

ence due to coupling of excitons to the internal nanocrystal phonon modes, and propose

a solution to this problem. We then study the issues of scaling arising from the trade-off

between massiveness of the support, laser intensity, and the need to maintain a large ratio

of operations to exciton recombination time. We find that the allowed size of our proposed

quantum computer depends on the assumed threshold for fault-tolerant computation.

4.4.1 Decoherence

According to current analysis of experiments on nanocrystal quantum dots [134],

exciton dephasing derives predominantly from the diagonal phonon exciton coupling term
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Figure 4.5: Summary of energy scales involved in our proposal for single- and two-qubit
operations. The states |0〉,|1〉, and |2〉 appear degenerate on the scale of this figure.

of Eq. (4.3): ∑
j,k

|j〉〈j|(γ∗kjb
†
k + γkjbk). (4.30)

Here γkj is the self-coupling of an exciton state j via phonon k, and bk is the lowering

operator for the kth phonon mode in the ground electronic state. In the ground state the

coupling is zero, and all excited electronic states have potential energy surfaces which are

shifted with respect to this ground state. We desire to eliminate dephasing due to the first-

order phonon exciton interaction. In the typical experimental situations in which dephasing
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has been studied in the past, dephasing occurs on a timescale of nanoseconds for small dots

[134]. This rate is extremely rapid compared to the experimental recombination time of

dark states (∼ 10−6 s for direct band gap materials such as CdSe[94]). The reason for

such fast dephasing is twofold. First, the vibrational stationary state of the first electronic

level becomes a moving vibrational wave packet on the upper electronic surface, because

the spectral width of the pulse is too broad to distinguish vibrational eigenstates. Second,

the QD is embedded in a solid state medium where the vibrations of the nanocrystal are

then coupled to vibrations of the larger lattice. The phonons of the QD can be treated as

analogous to damped cavity modes in atomic optics[132]. In the case of strong coupling,

one finds from numerical simulation that the dephasing between any two states j and j′ is

related to the rate of phonon mode excitation. The latter is proportional to |γkj −γkj′ |2 for

each mode k [134]. This conclusion of fast dephasing agrees with the analogous result for

a leaky optical cavity[132] as well as with the results of experimental [135] and theoretical

[134] analysis for embedded semiconductor nanocrystals.

The dephasing can be reduced in three ways. First, the coupling of the QD phonon

modes to external phonon and photon modes can be reduced by judicious choice of nanocrys-

tal geometry and material. In our case the QD can dissipate phonon modes only to the

support. In the limit of no coupling to external modes, there will be no dephasing but the

time required for recurrences could limit our gate repetition rate. Although the oscillations

will be fast, the oscillations for different phonon energies will be incommensurate with one

another. This could introduce a slow quantum beating between ground and excited elec-

tronic states, which would have the undesirable consequence of requiring gate durations to
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equal a full beat cycle.

Second, one can find a set of electronic states |j〉 such that

γkj − γkj′ = 0 ∀j, j′, and ∀k. (4.31)

Physically this condition represents a set of electronic states which create the same poten-

tial energy surface for nuclear motion. This elimination of decoherence by degeneracy is an

example of a decoherence-free subspace [40, 42, 27]. The Jahn-Teller effect implies that no

two such states should exist, because there will always be a phonon mode which will distin-

guish between these states due to non-linearity[136]. However, in the linear approximation

we have

γkj = 〈j|γk(~rh) + γk(~re)|j〉. (4.32)

The deformation potential coupling operator, γk(~r), is a function of the phonon modes and

is expressed as

γk(~r) ≡ γnlm(~r) = Ed∇ · ~unlm(~r), (4.33)

where Ed is the deformation potential, and ~unlm(r) is the coordinate representation of the

normalized spheroidal phonon mode of level n with angular momentum l and projection m.

Following Takagahara [134], the spheroidal modes can be written as

~unlm(~r) =

√
~

2ρωnlm
(pnl~Llm(hnl~r) + qnl ~Nlm(knl~r)), (4.34)

where ρ is the nanocrystal density, ωnlm is the frequency of the spherical phonon nlm,

~Llm(h~r) = 1
h∇Ψlm(h~r), ~Nlm(k~r) = 1

k∇×∇ × rΨlm(k~r), and Ψ(k~r) = jl(kr)Y m
l (Ω). jl (r)
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is an lth order spherical Bessel function, Y m
l (Ω) is a spherical harmonic, kn and hn satisfy

stress-free boundary conditions at the surface, and pnl, qnl are determined by normalization.

One can then write

γnlm(~r) = −Ed

√
~

2ρωnlm
pnlhnljl(hnlr)Y m

l (Ω). (4.35)

For a cubic, direct gap nanocrystal, the states |j〉 are states of well defined angular mo-

mentum projection. Since the Y m
l in Eq. (4.35) connects states with equal projection, the

only phonon modes which can have non-zero matrix elements in Eq. (4.32) are those with

m = 0 [137]. The resulting matrix elements will be independent of the sign of the exciton

angular momentum projection Fz [Eq. (4.9)], i.e., the m = 0 phonon modes cannot distin-

guish between exciton states having Fz or −Fz. Therefore, in the linear approximation, the

states|Ψ−2(re, rh)〉 and |Ψ2(re, rh)〉 will not dephase with respect to each other. Recall that

we took these states as our qubit state |1〉 and auxilary state |2〉 states [Eqs. (4.10),(4.11)].

Third, and most importantly, one can change the way in which transitions are

made. In the above two situations, the motional wave packet of one electronic surface is

transferred to another electronic surface without changing shape, i.e., the Franck-Condon

approximation holds. However, such a transition requires either a broad laser or a fast

excitation. This is not actually the regime of relevance here. The scheme outlined in

this work requires selective excitations of sidebands whose energy separation is orders of

magnitude smaller than the quantum dot phonon energies (see Fig. 4.5). Therefore, we will

be performing transitions from one vibrational eigenstate to another vibrational eigenstate.

Such transitions were described in Section 4.3 with respect to the ground vibrational state.

Consequently, the scheme proposed in this work is not affected by fast phonon dephasing.
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Exciton states recombine and thus decay to the ground state by both spontaneous

emission of photons and phonons. We denote the recombination lifetime τre. Nanocrystals

are known to have dark state recombination times ranging from 10−6s to 10−3s, depending

on the material chosen [94, 107, 126, 129]. In our system, τre will be the fastest decoher-

ence time for individual qubits. One could potentially suppress radiative recombination by

placing the whole system in a cavity[138]. Classical calculations of Roukes and co-workers

show that nanoscale rods at low temperature have high Q values: Q ≥ 1010 [139]. This

implies that the rods are only very weakly coupled to their environments and we can there-

fore assume that in the quantum regime, the high Q will lead to favorably long decoherence

times. Another possible source of decoherence is laser scattering from the support (as op-

posed to the QDs). The magnitude of scattering is dependent on the difference between the

spectra of the quantum dots and the electronic and vibrational modes of the support. A

detailed analysis of this potentially important decoherence mechanism is beyond the scope

of this thesis, due to the many possible materials available for both linear supports and

quantum dots. Ideally, one would like to choose a support which has an optical window at

the frequencies of the lasers used to perform the qubit operations. Estimations based on the

Raman transitions proposed above suggest that this optical window needs to be between 0.1

- 1 eV and possess a minimal width of 0.1 meV. Conversely, one can take advantage of the

optical tunability of the QDs via their size to construct a QD of such size that its transitions

are compatible with a specific optical window suggested by the material properties of the

support.
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4.4.2 Parameter Space

We now explore for what range of physical parameters quantum computation is

possible within our proposed scheme, by estimating the two-qubit gate fidelity, F. This

fidelity is defined as the trace overlap between the desired final and the achieved final

state: F = minρ0 TrAρ0A
†B(ρ0), where A is the exact unitary operator for the gate, B

is a superoperator describing the actual evolution of the system which takes the initial

density matrix ρ0 to a final density matrix ρf , and ρ0 ranges over all possible input states.

For our two-qubit operations described in Section 4.3.2, the fundamental operation is the

population transfer to the red side band, A = Un10
1 [Eq. (4.26)]. B describes both the unitary

evolution caused by application of the lasers and the decoherence due to loss of quantum

information to the environment. Note that even without decoherence and unknown laser

noise, F can still be less than unity, due to deviations from the approximations used to

derive A. Most importantly, deviations from the rotating wave approximation can lead to

unwanted population in spectator states.

The resulting value of F is determined by two constraints: the decoherence time of

the system and the spectral resolution of the gate. As a result of the use of the phonon bus

in the two qubit gate construction, both this proposal and the ion trap proposals [57, 64]

have gate times that are dependent on the number of qubits. Therefore the quantity of

interest is the fidelity of a sideband operation on an array of N quantum dots. First, we

note that F is limited by the recombination time of the qubit states, τre = 1/Γ. Naturally,

the recombination time τre must be larger than the sideband operation time, τA = π/(2Ω2),

if the operation is to be successful. One can then define an upper limit on the fidelity that
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takes into account the statistically independent recombination of the exciton states of all

N quantum dots. This background fidelity assumes that τre is the same for all N quantum

dots and it does not account for errors deriving from the interactions with the driving laser

field. The background fidelity is then

F≈1− τA
τre

= 1− πNΓ
2Ω2

. (4.36)

F is also limited by the spectral resolution. We assume that the difference frequency between

the lasers is tuned to be resonant with the energy difference between the two states of

interest, Figure 4.4. The energy difference between the states includes the relative AC

Stark shift induced by both the lasers and the internal phonons. Omitting the adjustment

of the laser frequency for the AC Stark shifts will lead to gates of reduced fidelity [140, 67].

The primary concern is that the phonon modes be spectrally resolvable. As described in

Section 4.1, the use of nodal and antinodal lasers allows us to transfer population to the

vibrational sideband and at the same time forbid population transfer to the carrier, i.e., to

the excitonic states of the QD. This constrains the operation frequency Ω2 to be smaller

than the separation between phonon modes, ∆ω = ωsm+1 − ωsm. For small m, and for

∆ω ≈ ωs1, we can then write this constraint as

Ω2 < ωs1. (4.37)

The population transfer to the off-resonant state will be of the order of 4g2

4g2+(δ)2
, the result

for a two level system interacting with a periodic perturbation of strength g that is off-

resonant by a frequency difference δ [132]. In our case, g = Ω2 and δ = ∆ω ≈ ωs1. However,

numerical calculations [140] have shown that the population transfer to the off-resonant state
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for an ion trap system is more accurately estimated by 2 g2

4g2+(δ)2
. Note that in Ref. [140]

g=Ω/2, the coupling to the carrier transition, and δ = ωz, the ion trap mode vibrational

frequency. The advantage of the standing wave laser configuration is now apparent. For

the travelling wave laser configuration, the population transfer to the off-resonant state

is 2 (Ω2/η)2

4(Ω2/η)2+(ωs
1)2

≈ 2
(

Ω2
ηωs

1

)2
(or, in the notation of Ref. [140], 1

2

(
Ω
ωz

)2
). However, in

the standing wave configuration, one finds that the population transfer is 2 (Ω2)2

4(Ω2)2+(ωs
1)2

≈ 2
(

Ω2
ωs

1

)2
. Since η � 1 the off-resonant population transfer is significantly reduced when

one uses the standing wave configuration.

We note that the use of pulse shaping techniques can also reduce population trans-

fer to sidebands. For example, the Blackman pulse [141] pulse has a narrower excitation

profile than either a square or Gaussian pulse and has been used by the atomic optics com-

munity to enhance laser-cooling [142]. However, we expect these techniques to yield only a

small advantage in our case and continue our discussion assuming the error associated with

a simple square pulse.

We can now write down a fidelity which takes into account both the background

fidelity, Eq. (4.36), and the population loss to the most significant spectator state. The

fidelity per sideband operation A is then

F ≈ 1− πNΓ
2Ω2

− 2
(

Ω2

ωs1

)2

(4.38)

in the standing wave configuration. We emphasize again that if the laser fields are used in

a traveling wave configuration, the fidelity is significantly decreased due to transitions to

the carrier state, resulting in F ' 1− πNΓ
2Ω2

− 4( Ω2
ηωs

1
)2.
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One can now maximize the fidelity with respect to the coupling strength Ω2 for a

sideband operation made on an N qubit array. Since

ΩF max
2 =

(
π(ωs1)

2NΓ
8

)1/3

, (4.39)

for given Γ and ωs1, the maximum fidelity can be written as

Fmax=1− 3

(
πNΓ

2
√

2ωs1

)2/3

. (4.40)

Evaluation of the optimal operation frequency depends then only on the factors in Eq. (4.39).

Inspection of the contributions to Ω2 [Eq. (4.29)] shows that the underlying adjustable

parameters controlling the fidelity in general, Eq. (4.38), are the intensities I1, I2, the

detuning ∆, and the Lamb-Dicke parameter η. However, the schematic shown in Figure 4.4

shows that there are some additional constraints. Thus, it is essential that the inequality

ωs1 < ∆ < ωd1 be satisfied in order to avoid unwanted coupling to both the internal phonons

and the linear support phonons. In addition, we require that both |Ωji
~k1
| and η

01~k2
|Ωfj
~k2
| are

smaller than ∆, in order to avoid populating the intermediate level, |Ψj〉. Hence, the internal

phonon energies define an energy scale which also constrains our system (see Fig. 4.5).

Furthermore, combining Eqs. (4.22), (4.29), and (4.39), one finds that

|Ωji
~k1
η
01~k2

Ωfj
~k2
| = ∆

(
π(ωs1)

2NΓ
8

)1/3

. (4.41)

Analysis of three level systems has shown that in order to maximize Raman population

transfer between states |Ψi〉 and |Ψf 〉, the coupling strength between |Ψi〉 and |Ψj〉 and

|Ψf 〉 and |Ψj〉 should be equal [133]. In the atomic case this usually implies that the



90

respective Rabi frequencies between electronic states, |Ωji
~k1
| and |Ωfj

~k2
|, are equal. However,

in our case, with the use of nodal and anti-nodal lasers and coupling to the support phonons,

the equivalent condition is that

|Ωji
~k1
| = η

01~k2
|Ωfj
~k2
|. (4.42)

Therefore, manipulation of Eqs. (4.21), (4.41) and (4.42), allows us to determine the inten-

sity values, I1 and I2, necessary for maximum fidelity operations:

I1 =
~∆
2πα

(
π(ωs1)

2NΓ
8

)1/3 1

|〈Ψj |ε1 · (~re − ~rh)|Ψi〉
∏
l F

ji
00l|2

(4.43)

I2 =
~∆
2πα

(
π(ωs1)

2NΓ
8

)1/3 1
η2
01~k2

1

|〈Ψf |ε2 · (~re − rh)|Ψj〉
∏
l F

fj
00l|2

(4.44)

=
∆λL
2πα

(
π(ωs1)

5NΓ
8

)1/3 1

|~k2|2
1

|〈Ψf |ε2 · (~re − rh)|Ψj〉
∏
l F

fj
00l|2

Equations (4.40) , (4.43), and (4.44) summarize the limits to implementation of this quan-

tum dot-quantum linear support scheme. To maximize the fidelity we need to increase

the frequency of the phonon bus, ωs1. However, as this frequency increases, the increased

intensity necessary to reach the maximum fidelity will lead to unwanted evolutions not

considered in our simple fidelity equation, Eq. (4.40). These unwanted evolutions include

quadrupolar excitation to higher electronic states. Such transitions will not be removed by

the use of nodal and anti-nodal lasers [65]. Consequently, it is useful to define maximal

laser intensities, Imax
1 and Imax

2 , such that Eq.(4.40) is valid for I1 < Imax
1 and I2 < Imax

2 .

Therefore the magnitude of ωs1 is restricted and thereby imposes a constraint on the phonon

spectrum of the linear support. Furthermore, scalability is also limited by the additional
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unwanted evolutions, since the required intensity to achieve maximum fidelity also increases

with N .

There are also physical constraints on the density and length of the support. We

assume that the minimal linear density would be provided by a chain of carbon atoms,

for which we estimate λ0=10 amu/Å. The length of the support, L, is determined by the

number of QDs, N , and by the spatial width of the laser, l. Thus for identical dots, we

have L = lN . One could use QDs having no spectral overlap, obtained by making the dots

of sufficiently different sizes, in order to achieve more qubits per unit length.

Notice that when one rewrites L in terms of N that the intensity of the nodal laser,

I2, has a stronger N dependence than the intensity of the anti-nodal laser, I1. Physically,

this is due to the increased inertia of the system and is quantified by the Lamb-Dicke

parameter η. From Eq. (4.6) and Section (4.2.2), η ∝M−1/2 where M is the total mass of

the support, M = λL, so that I2 ∝ M [Eq.(4.44)]. This coupled with our expression for

the maximal gate fidelity, Eq.(4.40), yields I2 ∝ N4/3. Note that we have used the Lamb-

Dicke parameter consistent with the definition made in Ref. [140] which has an inverse N

dependence.

To determine the scalability of our system, we examine the maximum number of

QDs which can be sustained by a support having given values of ωs1 and λ/λmin, and provide

an acceptable level of fidelity for the sideband operation, A = Un10
1 . We do this by requiring

the following three constraints to be simultaneously satisfied: i) F = Fmax, ii) I2 ≤ I max
2 ,

and iii) Fmax > 1− ε, where ε can be thought of as the error rate per gate frequency. The

first condition states that maximum gate fidelity, Eq. (4.40), is achieved given the support
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and quantum dot parameters ωs1 and Γ, respectively. The second condition states that the

laser frequency I2 should not exceed the maximum allowed value (see above). Eq. (4.44)

together with the considerations in the previous paragraph shows that I2 is dependent on

the number of quantum dots N . For the range of parameters considered here, I1 is always

smaller that Imax
1 . Hence the maximum number of qubits will be determined by the intensity

threshold of the system at a node of the laser field. The third condition ensures that one

is able to perform an operations with success greater than a certain threshold value (equal

to 1− ε). Combining these inequalities leads to limits on the number of qubits for a given

system. Conditions i) and iii) can be manipulated to yield the following constraint on N :

N ≤ ωs1

(
2ε
3

)3/2 1
πΓ

. (4.45)

On the other hand, conditions i) and ii) yield a constraint with an inverse power dependence

on ωs1. One finds that:

N ≤ (ωs1)
−5/4(Imax

2 )3/4
(

8
πΓ

)1/4
(

2πα
∆λl

|~k2|2|〈Ψf |ε2 · (~re − ~rh)|Ψj〉
∏
l

F fj00l|
2

)3/4

(4.46)

One can then analyze Nmax, the maximum allowed value of N, as a function of the linear

support frequency ωs1. The combination of Eqs. (4.45) and (4.46) results in a cusped function

for Nmax and is discussed in detail in Section 4.5 for both a direct band gap semiconductor

(CdTe) and an indirect band gap semiconductor (Si).

The above discussion has focused on the fidelity for a single component operation,

A = Un10
1 , of the C-phase gate UC−phase ≡ Un10

1 Un′20
2 Un10

1 . We have termed this a sideband
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operation fidelity. Similar arguments may be made to derive the full C-phase gate fidelity,

resulting in the expression

FC−phase≈1− 2πNΓ
Ω2

− 4
(

Ω2

ωs1

)2

. (4.47)

This is lower than the sideband operation fidelity, both because of the effect of multiple

couplings to spectator states and because of an increased operation duration (τC−phase =

4τA). In the presentation of numerical results in the next section we shall refer only to the

prototypical sideband operation fidelity, F of Eq. (4.38).

4.5 Numerical Estimates for Specific Nanocrystal Systems

4.5.1 CdTe

CdTe nanocrystals are an example of direct band gap cubic crystal semiconduc-

tors QDs. Using parameters found in Landolt-Bornstein [143], we have performed the

calculations summarized in the previous sections, using previous results of Efros [94] and

Takagahara [134] for the EMA analysis. Although the dark states have infinite lifetimes

in the EMA approximation, both experimental [144] and tight binding calculations for the

analogous CdSe system [107] yield radiative recombination rates Γ ∼ 106Hz.

We analyze here nanocrystals with R = 20 Å. For this size, the frequency of the

lowest internal phonon is ωd1 = 2.45 × 1012Hz. Assuming a minimal separation of a single

order of magnitude between the energy spacings ωd and ∆, we set ∆ = 1011Hz. The energy

separation between the 1S1/21S3/2 and 1S1/21P5/2 multiplets is ∼ 0.4 eV in the EMA, which
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leads to required wave vectors k1 ' k2 ' 2.1µ m−1 for the irradiating lasers in the two-

qubit gates. For the specific CdTe states introduced above (Section 4.2.1), we calculate the

dipole moments to be 〈Ψaux
−1 (~re, ~rh)|ε2 · r|0〉 = 0.11 R , 〈Ψaux

−1 (re, ~rh)|ε1 · r|1〉 = −0.013 R

where ε2 = 1√
2
(x̂ + iŷ) and ε1 = 1√

2
(x̂ − iŷ). Furthermore we have calculated the Frank

Condon overlap to be
∏
l F

aux0
00l = 0.98 and

∏
l F

aux1
00l = 0.98. We assume that the spatial

width of our lasers is diffraction limited. A reasonable estimate of this width is then l = 3

µm. At constant frequency, an increase in the number of qubits requires an increase in the

laser intensity in order to maintain maximum fidelity operations. We estimate that Imax
2 =

1012W/cm 2 is the intensity at which the nonresonant quadrupole interactions begin to rise

in CdTe quantum dots. However, the intensity could potentially have stricter limitations

depending on the spectra of the specific support chosen. As mentioned above for the range

of parameters we have examined, the intensity of the anti-nodal laser is weak enough that

it does not lead to unwanted time evolutions.

In Figure 4.6, Nmax is plotted as a function of ωs1 for two linear support densities

and for a modest threshold of one error every ten operations (ε = 0.1). At low frequencies,

Eq (4.45) limits Nmax and increasing the values of ωs1 leads to larger values of N for a fixed

Fmax. In contrast, higher frequencies require stronger laser intensities [Eq.(4.44)] so that

eventually the limits on the intensity given in condition ii) begin to reduce the maximum

possible number of quantum dots, leading to the turnover in Figure 4.6. Figure 4.6 also

shows that the optimal value of Nmax, which we denote by Nc , is reduced for larger support

densities. In Figure 4.7, we now plot Nc as a function of the error threshold ε, for a range of

linear densities λ. We see that even for two qubit quantum devices one must allow ε > 0.02,
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or approximately one error every 50 operations. Even at the modest threshold value, ε = 0.1,

one can only support 7 qubits. Clearly, CdTe excitons are thus not a good candidate for

scalable qubits within this scheme. The underlying reason is that the recombination time

of the dark states, while longer than the operation time, is not sufficiently long to provide

high fidelity operations.

4.5.2 Si

Si and other indirect band gap bulk materials exhibit longer exciton recombination

lifetimes than direct band gap materials such as CdTe. Although EMA descriptions of Si

nanocrystals exist, many subtleties are required to obtain accurate excitonic states [96].

These have also been calculated in semi-empirical tight binding approaches [129], as well as

via pseudopotential methods [111]. The advantage of tight-binding descriptions is that the

optical properties of the nanocrystal can be determined with inclusion of realistic surface

effects [145]. We estimate the feasibility of using Si nanocrystals here using the detailed Si

excitonic band structure previously calculated within a semi-empirical description [129]. In

order to suppress phonon emission we choose states which correspond to either the exciton

ground state, or lie within the minimal phonon energy of the exciton ground state. The

minimal phonon energies ωd0 are taken from EMA calculations made by Takagahara [134],

and are approximately equal to 5 meV for a nanocrystal of 20 Å radius. One disadvan-

tage of the tight-binding description is that the states are no longer describable as states

with well-defined angular momentum, and the calculation of electron-phonon coupling is

not straightforward. Therefore, we employ the EMA analysis of Takagahara for this. The
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Figure 4.6: Dependence of the maximum number of 20 Å CdTe nanocrystal quantum
dot qubits for which quantum computation is sustainable, subject to the three conditions
determined by analysis of the two-qubit gate (see text): i)the fidelity per gate, F = Fmax,
ii) the antinodal laser intensity, I2 ≤ I max

2 , and iii) Fmax > 1− ε, where ε can be thought
of as the error rate per gate frequency. The figure shows a plot of Nmax as a function of
the frequency of the linear support phonon mode, ωs1, for two values of the linear support
densities, λmin = 10 amu/Å, λ = 10λmin and ε = 0.1. The extremum of the functions
corresponds to the maximum possible scalability achievable for 20 Å CdTe nanocrystal
qubits. For larger values of ωs1, the larger values of Fmax which are possible in principle are
offset by the need for higher intensity lasers. In this situation it is possible to support more
qubits than are shown here by relaxing the first constraint. However one thereby loses the
advantage of the increase in Fmax as ωs1 is increased.

Franck-Condon factors are estimated to be ∼ 0.9 between electronic states derived from

the same multiplet. Calculations and experiments on Si reveal dark states with recombina-
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Figure 4.7: Dependence of the optimal number of CdTe nanocrystals, Nc, (peaks in Fig
4.6) on the error threshold ε plotted for various linear support densities. λ0 = 10 amu/Å.

tion times of microseconds[129] Tight binding states lack well defined quantum numbers.

However, for spherical dots of 20 Å there are multiple dark states which satisfy our phonon

emission criteria [129]. States from these multiplets can be used to form our logic and auxil-

iary states. Calculated Raman transitions between these states have quantitatively similar

values to those obtained for CdTe above.

Given an assumed radiative recombination rate Γ = 103Hz [129], we perform an

analysis similar to the one above for CdTe. In Figure 4.8 Nmax is plotted as a function
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Table 4.1: For a given error threshold, ε, and support density λ, the table shows the optimal
value of Nmax, Nc for CdTe and Si nanocrystals. λ0 = 10 mu/Å.
-log10(ε) λ/λ0 Nc(CdTe) Nc(Si)

1 1 7 731
10 3 339
100 1 158

2 1 1 107
10 0 50
100 0 23

3 1 0 16
10 0 7

of ωs1 for a variety of densities λ and a threshold of one error every 10 gates (ε = 0.1).

Figure 4.8 implies that one could construct a quantum computer composed of 700 quantum

dots with an error threshold of (ε = 0.1). In Figure 4.9, the extremum value of Nmax,

Nc is plotted as a function of ε for a range of λ values. The results are also summarized

in Table 4.5.2. One sees that, unlike CdTe, for Si there does now exist the possibility of

building a quantum processor that possesses an appreciably lower error rate of ∼1 error

every thousand gates. Most encouragingly, it seems possible to construct a small quantum

information processor (5-10 qubits) with a larger linear support density and an error rate,

ε ≤ 10−3. Naturally, from an experimental perspective it would probably be more realistic

to use a support having a density at least ten times greater than our proposed minimal

density that was estimated for a pure carbon chain (e.g., DNA [72], carbon nanotubes,

etched supports, etc.).

Like the single trap ion trap proposal, this quantum dots and linear support scheme

is inherently unscalable since larger arrays of qubits necessarily have an increased error rate

due to the reduction in the fundamental coupling of the qubits with the vibrational mode

(Eq. 4.15). One way to make the system scalable, in spite of this limitation, would be
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to add an additional interaction that couples one small quantum processor of N quantum

dots on a linear support to another small processor of N ′ quantum dots. One could then

envisage building a large scale computer out of a series of coupled small processors. If the

error in coupling one small processor to another is similar to the gate error rate of each small

processor, the gate error rate for the entire computer of M quantum dots made out of M/N

smaller processors would depend only on the error rate of processors of size N . In order,

for such a computer architecture to be fault tolerant, the error rate for the N qubits would

need to be smaller than the fault tolerant threshold. Current estimates of fault tolerance

would require that the error threshold ε < 10−4 [146]. Examination of Figure 4.9 suggests

that the individual units need to be of size N ≤ 3. In the future, the refinement of fault

tolerance thresholds for specifc error mechanisms and error correction schemes will lead to

new error thresholds. Nc will then serve as an indicator of the maximum feasible size of

each quantum processor for the new error threshold (Figure 4.9).

4.6 Conclusions

We have developed a condensed phase scheme for a quantum computer that is anal-

ogous to the gas phase ion trap proposal and have explored the feasibility of implementing

this scheme with semiconductor quantum dots coupled by a quantum linear support con-

sisting of a string or rod. We have found that the Cirac-Zoller scheme of qubits coupled by

a quantum phonon information bus is also applicable in the solid state, and that there exist

some advantages to a condensed phase implementation. One such advantage is that there

is a potential for significantly less noise in the information bus than in the corresponding
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Figure 4.8: Dependence of the maximum number of 20 Å Si nanocrystal quantum dot qubits
for which quantum computation is sustainable, subject to the three conditions determined
by analysis of the two-qubit gate (see text): i) the fidelity per gate, i)the fidelity per gate,
F = Fmax, ii) the antinodal laser intensity, I2 ≤ I max

2 , and iii) Fmax > 1− ε, where ε can be
thought of as the error rate per gate frequency. The figure shows a plot ofNmax as a function
of the frequency of the linear support phonon mode, ωs1, for two values of the linear support
densities, λmin = 10 amuÅ and λ = 10λmin and ε = 0.1. The extremum of the functions
corresponds to the maximum possible scalability achievable for 20 Å Si nanocrystal qubits.
The degree of scalability is greater for the indirect band gap material than for the direct
band gap CdTe nanocrystals shown in Figure 4.6, and shows less dependence on the linear
support density λ.

gas phase scheme. Calculations by Roukes and co-workers[139] suggest that much higher

Q factors may be found for these structures than are currently obtainable in ion traps.
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Figure 4.9: Dependence of the optimal numer of Si nanocrystals, Nc, (peaks in Fig 4.8) on
the error threshold ε plotted for various linear support densities. λ0 = 10 amu/Å.

Clearly the extent of the usefulness of this proposal will be very dependent on the choice

of materials. To that end we have analyzed the fidelity for two-qubit operations for several

candidate systems, including both direct and indirect gap semiconductor quantum dots.

We have presented the results of numerical calculations for implementation of the scheme

with CdTe and Si quantum dots, coupled via either quantum strings or rods. While neither

of these prototypical direct and indirect band gap materials reaches the level of fidelity and

scalability required for large scale quantum computation, the indirect gap quantum dots
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(Si) do show a reasonably high fidelity with an array of a few tens of dots.

4.6.1 An Unscalable Solid State System

One very revealing result of these explicit calculations of fidelity for one- and

two-qubit gates is the limited scalability. The scheme initially appears highly scalable in

concept due to the solid-state based architecture. However the detailed analysis given here

showed that the dependence of the Lamb-Dicke parameter η on the mass of the support

is a basic problem which essentially limits the scalability to a few tens of qubits even in

the more favorable indirect gap materials. The main drawback of this condensed phase

scheme over the ion trap scheme is therefore the large reduction in η deriving from the

introduction of massive supports. Such a reduction has two important consequences. First,

the laser intensities need to be increasingly large to perform operations faster than the

decoherence time. Second, such large laser intensities necessitate the use of nodal and

antinodal lasers [65, 140]. Without these features, the probability of gate error is extremely

high due to transitions to the carrier. This means that several of the alternative schemes

proposed for ion trap computation[64, 147] would not provide feasible condensed phase

analogs (although the scheme of Childs and Chuang[66] which allows computation with

two-level ions (or quantum dots) by using both the blue and red sidebands could also be

feasible in the condensed phase).

4.6.2 Dephasing Caused by QD-Phonons can be Avoided

Additional sources of decoherence which have been neglected here (scattering off

the support, vibrational and electronic transitions in the support) will also act to limit
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the number of operations. However one source of decoherence which can be eliminated or

at least reduced, is dephasing from the coupling to phonon modes of the support. This

is a consequence of the requirement of extremely narrow band-width lasers, and therefore

implies that a similar lack of dephasing will hold for other optical experiments on quantum

dots which use narrow band-widths. One such example is the proposal to couple quantum

dots via whispering gallery modes of glass microspheres [123]. More generally, this result

offers a route to avoid dephasing for other spectral measurements on quantum dots as

explained in Appendix A.

4.6.3 The Possibility of Laser Cooling Solids

An interesting additional application for this proposal is the laser cooling of nanorods.

A single QD could be placed or even etched on a nanostructure. A laser tuned to the red

support phonon side band of a QD excited electronic state would excite the energy of the

nanocrystal, and at the same time lower the average phonon occupation of the support.

When the unstable state relaxes, the most probable transition is the carrier transition. The

net result is that the emitted phonon is blue shifted compared to the excitation pulse. The

extra energy carried away by the emitted photon is thereby removed from the motional

energy of the QD.

4.6.4 Improving the Lifetime

The essential physical problem encountered in this condensed phase realization

of the qubits coupled by phonon modes is the recombination lifetime of the qubit states,

i.e., the exciton radiative lifetime. In principle this could be ameliorated by using hyper-
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fine states of a doped nanocrystal. Recent experimental results demonstrating electronic

doping of semiconductor quantum dots offer a potential route to controlled access of these

states [148]. The feasibility study presented in this chapter does indicate that although the

detailed physics of the qubits and their coupling is considerably more complicated in the

condensed phase than in the gas phase, limited quantum computation may be possible with

phonon-coupled solid state qubits. Further analysis and development of suitable nanoscale

architectures and materials is therefore warranted.
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Chapter 5

Noisy Continuous Time Quantum

Algorithms

Issues of fault tolerance and error correction are of both theoretical and practical

interest in designing and implementing quantum algorithms. One approach to diminishing

the effects of error focuses on error correcting codes, which can be used to correct errors

once they have occurred [38, 149]. Another approach which has also proven successful

is that of decoherence-free subspaces, discussed in Chapter 2, which involves mapping a

computation onto a subspace that is relatively free from error [47]. This second approach

is of interest because it is an example of passive, rather than active, error correction. The

theoretical success of the passive approach leads to the question of whether existing quantum

algorithms are inherently robust to errors, and, if they are not, whether there might exist

modified implementations of these algorithms that are robust to certain errors, i.e. without

requiring active error correction.
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In this chapter, I analyze the robustness of two quantum algorithms, Grover’s

algorithm[150] and the Deutsch-Jozsa algorithm [151], with respect to phase error in the

oracle. Grover’s algorithm searches an unstructured database in square root of the number

of oracle calls required by a classical search algorithm. Grover’s search can be shown to be

optimal and represents a limit on the power of quantum computers to solve problems with

minimal structure. Grover’s algorithm in the discrete-time model is described in Appendix

C. The Deutsch-Jozsa algorithm was the first quantum algorithm to show a speed-up over

classical algorithms. The algorithm determines whether a function on 2n possible inputs

is constant, all outputs are either 1 or 0, or balanced, half the outputs are 0 and half the

outputs are 1. The quantum algorithm requires only a single call of the function, while the

best classical algorithm require O(n) evaluations of the function.

I have chosen to study these algorithms in the continuous-time quantum computing

model. Proposed by Farhi and Guttmann [21], the continuous-time quantum computing

model supposes that the problem to be solved is encoded in an oracle Hamiltonian. The

operator of the quantum computer is then allowed to apply any other Hamiltonian to the

system as long as that Hamiltonian does not require the solution of the problem in order

to construct it. The continuous-time model yields complexity results equivalent to the

circuit model despite the description of the algorithm in terms of Hamiltonians instead of

discrete unitary gates. These approaches are mathematically equivalent in certain limits.

The Deutsch-Jozsa algorithm is exactly the same in the continuous-time and circuit or

discrete time models. However, the Grover’s algorithm is only the same in the limit of a

large system. The effects of random phase error on Grover’s algorithm in the circuit model
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was worked out by Neil Shenvi [35]. His results and the results in this chapter show that the

discrete-time and continuous-time Grover’s algorithms behave identically when the oracle

has a random phase error [35].

5.1 Complexity for Noisy Grover Oracles

Grover’s search algorithm is the basis for a number of quantum algorithms [152,

153, 154]. Most of these algorithms involve the use of an oracle, a black box device which

takes as input a quantum state and returns as output some function of that state. Given a

perfect, noise-less oracle, Grover’s search algorithm attains a quadratic speedup over classi-

cal search algorithms. However, this speed-up is predicated upon the perfect implementation

of the oracle. Although, for the purposes of analysis, the oracle is often treated as a “black

box” whose inner workings are unknown, any physical implementation of Grover’s algo-

rithm must also include a physical implementation of the oracle and this may be imperfect.

Therefore it is of interest to ascertain what effect the accuracy of the oracle implementation

has on the overall complexity of the algorithm. We make use of this term here as it is em-

ployed in computer science terminology, namely, the complexity of an algorithm is defined

as the number of computational steps required in order to achieve a pre-determined fixed

probability of success.

Several previous papers have studied the effects of oracle noise on Grover’s algo-

rithm, using various models [155, 156, 157]. We consider here the random phase error model,

addressing it within both discrete- and continuous-time implementations of the search algo-

rithm. The effect of random phase errors on the discrete-time Grover algorithm was already
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studied numerically in [155]. In [35], we derived analytic results for this model and presented

numerical evidence verifying the validity of these results. We analyze the complexity of the

search algorithm as a function of the scaling of the errors, and arrive at bounds on the error

that must be satisfied for a constant probability of success. In particular, we find that in

order to achieve a constant success probability independent of the library size that is being

searched, the oracle error must scale at most as N−1/4 where N is the library size. We also

analyzed the effect of phase errors on a continuous-time analogue of the search algorithm.

This is found to be relatively straightforward to study within a density matrix approach.

We find that this leads to similar results for the complexity as a function of the scaling of

the errors, namely that the algorithmic complexity is O(N1/2) for δ ≥ 1/4 and O(N1−2δ)

for δ ≤ 1/4, when the error scaling goes as N−δ.

In this section, we will describe our results for the continuous-time model proposed

by Farhi and Gutmann [21]. In this model, one starts in the symmetric superposition of all

states, |η〉, and then applies the following Hamiltonian

H0 = |η〉〈η|+ |τ〉〈τ | = Hη + Hτ , (5.1)

where |τ〉 is the marked state. Note that this Hamiltonian is directly related to the Grover’s

iterate in the discrete case, Appendix C, Equation (C.1). Action of Equation (C.1) amounts

to simply applying the Hamiltonian Hη for a time π, followed by applying the Hamiltonian

Hτ for a time π. Clearly the two operators C.1 and Eq. (5.1) would be equivalent if Hη and

Hτ commuted. However, [Hη,Hτ ] = 1√
N

(|η〉〈τ | + |τ〉〈η|). Thus the two methods become

similar for large N and are formally equivalent as N approaches infinity.

Farhi and Gutmann calculated the time evolution of the system when one starts
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in the equal superposition state |η〉. They found that

e−iHt |η〉 = e−it

((
1√
N

cos
(

t√
N

)
− i sin

(
t√
N

))
|τ〉+

√(
1− 1

N

)
cos
(

t√
N

)
|η〉

)
.

(5.2)

They noticed that at time t = π
√
N

2 , the initial state, |η〉, has evolved to the

marked state, |τ〉 = |1〉. The time required to evolve to the marked state scales as O(
√
N),

matching the complexity of Grover’s algorithm with respect to an oracle. As a result, we

take the time that it takes to reach the marked state as a function of N to be the measure

of the complexity of a continuous time algorithm.

As noted above, in the limit of large N the continuous time and discrete Grover’s

algorithm are formally equivalent. Therefore, it seems useful to also evaluate the effect of

a fluctuating ”oracle” in the continuous time picture. The continuous time Hamiltonian

that models a discrete quantum search noisy oracle with phase fluctuation ε is given by

H = Hη + (1 + ξ)Hτ (5.3)

= |η〉〈η|+ (1 + ξ)|τ〉〈τ |.

Here ξ is a time-dependent stochastic variable that satisfies
∫ π
0 ξdt = ε. We shall assume

that ε fluctuates and that it can be described by a Gaussian distribution.

In order to evaluate the Hamiltonian and its effect on the initial state, it is simpler

to transform to our orthonormal two state basis |1〉 and |2〉 defined by Eqs. (C.3) and

(C.4). One can then decompose the transformed Hamiltonian into the corresponding spin



110

operators to find that

H =
(

1 +
ξ

2

)
I +

(
1
N

+
ξ

2

)
σz +

1√
N

√(
1− 1

N

)
σx. (5.4)

When the fluctuations in the time evolution operator e−iHt are now considered,

i.e., the resulting phase ε 6= 0, it is useful to approach the problem by examining the

evolution of the density matrix. It is well established that a fluctuating σz component of

the Hamiltonian leads to dephasing. For example, applying the fluctuating perturbation

ξ
2σz for a time π and then averaging over all possible values of the resulting total phase ε,

leads to the following evolution:

∫
1√
2πs

e−ε
2/2s2e−iεσz/2

 a b

b∗ d

 eiε
2/σzdε =

 a be−s
2/2

b∗e−s
2/2 d

 . (5.5)

Here s2 is the variance of the fluctuating phase ε. Assuming that the fluctuating

field ξ is Markovian, one can treat this as a dephasing term described by a decay constant

Γ = s2/2π and then use the corresponding Bloch equations [50] to calculate the evolution

of the system. This Markovian approximation is valid when the fluctuation of ξ is much

faster than 1√
N

. To analyze the system evolution, we therefore decompose our density

matrix using the Bloch representation,

ρ =
1
2
I +

1
2
n̂ · σ. (5.6)

The time evolution is calculated by solving the Bloch equations for the components of n̂
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[50]:

.
nx =

1
N
ny − Γnx, (5.7)

.
ny =

1√
N

√(
1− 1

N

)
nz −

1
N
nx − Γny, (5.8)

.
nz = − 1√

N

√(
1− 1

N

)
ny. (5.9)

In order to understand the effect of the dephasing on the algorithmic complexity,

we examine these equations in the limit of large N and keep only terms that are of order

1√
N
. This yields only two coupled equations, in ny and in nz:

.
ny =

1√
N
nz − Γny (5.10)

.
nz = − 1√

N
ny. (5.11)

Our initial density matrix is given by

ρ = |η〉〈η|

=
1
2
I +

1
2

(
−1 +

2
N

)
σz +

1
2

(
2
√
N − 1
N

)
σx. (5.12)

We note that the quantity nz is the projection onto the state |1〉 and thus provides a

measure of how well the computation is proceeding. Initially we have nz = −1 + 2
N , while

our computation becomes complete when nz = 1. Solving the differential equations in the

large N limit, (Eq. (5.11)), with initial conditions ny(0) = 0, nz(0) = −1 + 2
N , yields the
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following solution:

ny(t) = 2(−1+ 2
N

)√
Γ2N−16

(
2 exp

(
− t

2Γ
)
sinh

(
t
2

√
Γ2 − 16/N

))
nz(t) = (−1+ 2

N
)

2
√

Γ2N−16

((
−
√

Γ2N +
√

Γ2N − 16
)

exp
(
t
2

(
−
√

Γ2 −
√

Γ2 − 16/N
))

+
(√

Γ2N +
√

Γ2N − 16
)

exp
(

1
2

(
−
√

Γ2 +
√

Γ2 − 16/N
)))

.

(5.13)

Ideally, we would like to find the time at which nz(t) = 1, or equivalently, the time

when the probability of reaching the marked state is unity,

P (t) = 〈τ |ρ(t)|τ〉 =
1
2
(
1 + nz(t)

)
= 1. (5.14)

When measuring the complexity of Grover’s algorithm however, we need only to find the

time required such that the probability P (t) of being in the marked state τ is greater than

some constant. For concreteness, we choose here the minimum time satisfying P (t) =

〈τ |ρ(t)|τ〉 ≥ 1/4.

To determine this time explicitly, we calculate P (t) as a function of various values

of Γ in the limit of large N . We observe that in Eq. (5.13) the term
√

Γ2 − 16/N is

imaginary when Γ < 4√
N

. Consequently, we expect that the behavior will be drastically

different for the two regimes a) Γ < 4√
N

, and b) Γ > 4√
N

. In order to make a direct

comparison between the continuous time behavior and the discrete time results, we choose

the dephasing constant Γ to scale with N as

Γ = αN−2δ ∝ ε2rms, (5.15)

where α is a proportionality constant. We find that in region a), δ ≥ 1/4, and in region

b), δ ≤ 1/4. We note that our regions b) and a) both include δ = 1/4. The boundary
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line between the regions occurs when δ = 1/4 and α = 16. These results agree with the

discrete-time case analyzed in [35]. We now describe how these results were obtained.

For Γ = αN−2δ < 4√
N

, i.e., in region a), we calculate from Eq. (5.13) that

P (t) =
1
2

+
1
2

(
−1 +

2
N

)
et/2Γ

(
cos(

t

2

√
16/N − Γ2) + i

√
Γ2N

Γ2N − 16
sin(

t

2

√
16/N − Γ2)

)
.

(5.16)

We now pick a time

t′ =
2π√

16/N − Γ2
(5.17)

and find that

P (t′) =
1
2

+
1
2

(
1− 2

N

)
exp

(
− πΓ√

16/N − Γ2

)
. (5.18)

Hence,

P (t′) >
1
2
−O(1/N). (5.19)

Since this is larger than the value corresponding to our definition of minimum

time, it implies that the complexity of the search algorithm is bounded from above by

O(t′). Inspection of Eq. (5.17) shows that t′ is an increasing function of Γ. Therefore,

in order to evaluate an upper bound for t′ in the regime a) where δ ≥ 1/4, we need to

evaluate t′ for the largest possible value of Γ. The largest value of Γ in this regime lies on

the boundary with regime b), namely where δ = 1/4 and α = 1/16. Hence, we evaluate

t′ as one asymptotically approaches the boundary between regions a) and b), for a given

error scaling δ. We choose δ = 1/4 and α = 16 −m, where m is a small constant greater

than zero. Substituting in Eq. (5.18) yields t′ = 2π
√
N

m . Thus the minimum time will be
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less than
√
N , and therefore the corresponding upper bound on the algorithmic complexity

is O(
√
N). Hence for δ ≥ 1/4, in regime a), the continuous time search algorithm achieves

its maximal algorithmic quantum speed up.

To complete the continuous time analysis, we solve for P (t) in the regime b) where

δ ≤ 1/4. Here evaluation of nz in the limit of large N leads to

P (t) =
1
2
− 1

2
e−4t/NΓ. (5.20)

Setting P (t′) = 1/4 and solving for t′ yields

t′ =
NΓ ln(2)

4
(5.21)

= O(N1−2δ). (5.22)

We have verified our conclusions by numerically simulating Eq. (5.13) for various

values of N and Γ. Figure 5.1 shows a logarithmic plot of the minimum time t′ required

to obtain a success probability of P (t′) = 1/4, as a function of the error scaling parameter

δ, for various values of N . It is evident that the algorithmic complexity shows a marked

transition at δ = 1/4, from scaling O(N1/2) for δ ≥ 1/4, to O(N1−2δ) for δ ≤ 1/4, as

predicted by Eq. (5.17) and Eq. (5.22) respectively. Equivalently, we can state that the

continuous time quantum search algorithm with randomized phase error achieves minimal

complexity and hence maximum algorithmic speedup when εrms ≤ N1/4 (δ ≥ 1/4).

The analysis in this section has provided a phenomonological description of the

dependence of the algorithmic complexity of Grover’s algorithm on stochastic Hamilto-

nian errors leading to phase error in a continuous time quantum search algorithm. In the

continuous-time versions of the algorithm, it was found that if the phase error scaled with
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Figure 5.1: Search time t′ for the continuous time search algorithm, shown as a function
of the oracle phase error scaling parameter δ. Here t′ is defined as the time it takes to
achieve a success probability of P (t′) = 1/4. The oracle phase error is measured here by
its size scaling parameter δ, where εrms = N−δ and Γ ∝ N−δ (see text). The search time
shows a distinct transition between two regimes a) and b). In regime a) the continuous
time algorithm for a database of size N matches the Grover bound of O(N1/2) for large
N, i.e., logN (t′) = 0.5. In regime b) the quantum search speed up is gradually lost as δ
decreases from the critical value 1/4 to 0. At δ = 0 we have constant error, independent
of the database size, and the search time has now increased to equal the classical bound
O(N), i.e., logN (t′) = 1. In the limit of large N, the scaling of the search time with the error
parameter for δ ≥ 1/4 (region a)) is a constant, t′ = O(N1/2), while for δ ≤ 1/4 (region
b)), it is t′ = O(N1−2δ) (see text).

size as N−δ, then for δ ≤ 1/4 the effect on the complexity of the algorithm for large N

was negligible. However, if the size scaling of the error lies in the regime δ ≤ 1/4, then for

large N , the complexity of the search algorithm was found to be O
(
N1−2δ

)
. In particular,

this implies that in the presence of any constant (non-zero) amount of phase error in the
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oracle (δ = 0), there exists some library size Nmax above which the quantum search algo-

rithm no longer provides a quadratic speed-up. This agrees with the results for the noisy

discrete-time quantum search algorithm explored in [35]. In this case, for databases of size

N > Nmax, the search time is O(N), which is equivalent to the classical result and there is

therefore no quantum speedup. Intermediate error scaling, 0 < δ < 1/4, provides speedup

intermediate between the classical and quantum limits, respectively. These results hold for

both the discrete-time and continuous-time quantum search algorithms, and assume very

little about the specific form of the underlying error processes.

The complexity analysis we have made here is also important for determining the

precision needed in scaling up a quantum search. For instance, let us assume that we are

able to implement a quantum search for a library of size N with an oracle error of magnitude

εrms. Then to perform a quantum search on a library of size kN with equivalent accuracy,

our results imply that we need to implement an oracle with an error of at most εrms/k
1
4 .

Since this must lie in the regime δ ≥ 1/4, physically, this requires a system where the phase

error decreases as a function of database size. Consequently, the precision must increase

exponentially as a function of the number of qubits, putting severe demands on the physical

realization. In contrast, if the error and hence the precision is constant in the system size,

(e.g., a system where the natural line width is independent of the number of states), then

there always exists a database size such that the quantum approach offers no speed up over

the classical search algorithm.

The main consequence of the non-robustness of these forms of quantum searches to

oracle noise that was demonstrated here is a practical limitation on the size of the library
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on which may be searched with a quadratic speed-up using quantum search algorithms

without any explicit error correction. This result has significant consequences for physical

implementation of quantum search algorithms, since although quantum error correction

can be used to reduce the error present in the oracle, such error correction procedures

can require significant resources [39]. In practice it will therefore be necessary to balance

the cost of error correction (in both spatial and temporal resources) with the extent of

speed-up attained by a noisy quantum search. The analytic results presented in this paper

provide a useful bound on the maximum oracle error permissible if a quadratic speedup is

to be retained. Above this maximum allowable error, we must use error correction in any

physical implementation. Conversely, below this maximum error, we can be confident that

error correction will not be necessary.

As a final comment we point out that although Grover’s algorithm and its con-

tinuous time analogue are not inherently robust to phase error in the oracle, it is not clear

whether other implementations of quantum search may be inherently robust. Exploration

of both active and passive error correction schemes for Grover’s algorithm will therefore be

a valuable direction for future work.

5.2 Noise and the Deutsch-Jozsa Algorithm

The Deutcsh-Jozsa (DJ) algorithm was the first quantum algorithm [151] and asked

a simple question: given a function f(x) is f constant, f(x) = 1 or 0 for all inputs, or is it

balanced, half the inputs yield 0 and half yield 1. If only two input are allowed, this quesiton

is the equivalent of determining whether or not a coin is fair. Physically, one needs to look
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at both sides of the coin; classically, one needs to apply f twice. Quantum mechanically

one needs to apply f only once. In the normal circuit model, one first places the coin into

a superposition of front and back, |0〉 and |1〉. This occurs by applying a rotation to a

known state, e.g. |0〉. One then evaluates f(x) such that the state |x〉 becomes e−iπf(x)|x〉.

One then performs the inverse rotation. If f(x) is constant, the function applies only a

trivial global phase, and the inverse rotation returns the original state |0〉. However, if it is

balanced the state become |1〉.

This scheme works for n qubit inputs. The state is started in the symmetric

state, |η〉 = 1√
N
|x〉 where N = 2n. After the application of f(x), if one is returned to the

original state, the function is constant. If the function is balanced, one is returned to some

orthogonal state. Therefore, by simply measuring the overlap of the final state with the

symmetric state one can determine if the function is constant or balanced.

What is the continuous time picture for this algorithm? One simply applies the

Hamiltonian

H =
∑
x

f(x)|x〉〈x| (5.23)

to the state |η〉 for a time π. The final state, |µ〉 is then

|µ〉 = exp (−iπ/gH) |η〉 (5.24)

One then measures to see if the state is still |η〉. If it is, the function is constant. If not, the

function is balanced. One notices that the time is independent of the size of the system.

This lack of dependence on n is the equivalent of applying the oracle only once in the

discrete-time regime.
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Now we imagine that the Hamiltonian has some stochastic fluctuation or indeter-

minancy. We examine this for two separate cases.

In the first case, we assume that the Hamiltonian is

H = (1 + ξ)
∑
x

f(x)|x〉〈x| (5.25)

where ξ is a time dependent stochastic variable. As we did for the Grover’s search algorithm,

we assume that
∫ π
0 ξdt = ε and that ε is a random number whose distribution is described

by a Gaussian of width εrms, p(ε) = 1√
2π|εrms|

e−ε
2/2|εrms|2 .

We now calculate the overlap between |µ〉 and |η〉 after we apply this Hamiltonian

for a time t = π for both balanced and constant functions.

We first look at constant functions, where f(x) = f for all x.

|〈µ |η〉 |2 = |〈η| exp
(
i

∫ π

0
Hdt

)
| |η〉 |2 (5.26)

= |〈η| exp

(
i(π + ε)f

∑
x

|x〉 〈x|

)
|η〉 |2 (5.27)

= | exp (i(π + ε)f) |2 = 1 (5.28)

(5.29)

We see that our algorithm successfully identifies a constant function in the presence

of this type of error. The question becomes does it successfully identify balanced functions.

Without loss of generality, we choose a specific balanced function. Namely, that when x is

even f(x) = 0 and when x is odd f(x) = 1. We now calculate the overlap between |µ〉 and
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|η〉.

|〈µ |η〉 |2 = | 〈η| exp
(
i

∫ π

0
Hdt

)
|η〉 |2 (5.30)

= | 〈η| exp

(
i(π + ε)

∑
x=odd

|x〉 〈x|

)
|η〉 |2 (5.31)

= |1
2
(1 + exp (i(π + ε)) |2 (5.32)

= |i exp(−3ε/2) sin(ε/2)|2 (5.33)

= sin2(ε/2) (5.34)

We see that there is a possibility that we will misidentify a balanced function as

a constant function with probability sin2(ε/2). To see what the average chance of misiden-

tifying the function is we integrate with over the ε probability distribution. This yields an

average probability of 1
2

(
1− exp(−|εrms|2/2)

)
to find a bad result. We see that in that the

effect of this error model on the Deutsch-Jozsa algorithm is quite different than the similar

effects found for Grover. The main difference is that the probability of success seems inde-

pendent of N . The second difference is that even for a relatively large |ε|, one would need

to only run the algorithm a few times to be confident in the result.

A more realistic error is one in which all the levels are shifted by an independent

stochastic fluctuation ξx that integrates to the random variable εx after a time π. With this

new error model, we again calculate the overlap between |µ〉 and |η〉. First, with respect to
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a constant function,

|〈µ |η〉 |2 = | 〈η| exp
(
i

∫ π

0
Hdt

)
|η〉 |2 (5.35)

= | 〈η| exp

(
if
∑
x

(π + εx) |x〉 〈x|

)
|η〉 |2 (5.36)

= | 1
N

∑
x

exp (i(π + εx)f) |2 (5.37)

= | 1
N

∑
x

exp (i(εx)f) |2 (5.38)

=
1
N2

(N +
∑
y 6=x

∑
x

exp (i(εx − εy)) (5.39)

We assume that for all x that εx is characterized by the same length scale. This

yields

|〈µ |η〉 |2 =
1
N2

(
N + (N2 −N)

∣∣∣∣∫ eiεp(ε)dε
∣∣∣∣2
)

(5.40)

= exp(−|εrms|2) +
1
N

(
1− exp(−|εrms|2)

)
. (5.41)

We see that our probability on average of getting the correct answer in the limit

of large N , scales as exp(|εrms|2/2). Again, we see that the probability of success is inde-

pendent of N and that for any constant value of εrms we can identify constant functions

with constant probability.

A similar look at the balanced functions shows that we will misidentify balanced

functions with probability |〈µ |η〉 |2 = 1
4

(
1 + exp(−|εrms|2)

)
− 1

2

(
exp(−|εrms|2/2)

)
+O(1/N).

We will now assume that |εrms| is small and will re-express the above results to

second order in |εrms|. For an error that effects all x equally, a constant function can be

identified with no probability of error and a balance function will be misidentified with prob-
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ability |εrms|2/4. For independent errors, one finds that constant functions are misidentified

|εrms|2/2 and that balanced functions are on average not misidentified (to second order in

|εrms|). This is quite interesting and one could imagine farfetched problems where it is more

important to correctly identify a balanced (or constant) function than to identify the other.

In these cases, one could imagine engineering the noise to behave in the proper way.

One will note that unlike the Grover’s algorithm there is no difference between the

continuous time noisy DJ algorithm and the discrete time DJ algorithm with a phase error.

An interesting question is why is the DJ algorithm so robust to noise compared to Grover’s

algorithm? There are two reasons that the DJ algorithm is more robust. First, the DJ

algorithm contains only an oracle Hamiltonian. The fluctuations in this oracle Hamiltonian

always commute and the errors remain simply phase errors. On the other hand, the Grover’s

algorithm works because one applies a driving field which doesn’t commute with the oracle

Hamiltonian. This leads to the error changing character from ”phase” errors to ”flip”

errors. Furthermore, in the discrete case the DJ algorithm requires only a single oracle call.

Therefore, in the discrete case there is no chance for the errors to add up. This suggests

that more efficient quantum algorithms will be less affected by oracle noise and, therefore,

are more robust.

The next natural step is to apply these ideas to a quantum algorithm that provides

an exponential speed up, e.g., Shor’s factoring algorithm [5]. Unfortunately, there is no know

continuous time implementation of the Quantum Fourier Transform which is not simply

taking the logarithm of the unitary transformation and defining it as the Hamiltonian.

This picture is not very satisfying as it doesn’t yield an intuitive picture and, therefore,
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does not currently point towards a natural error model.
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Chapter 6

Deterministic N Photon

Generation

In this final chapter, we turn from quantum computation and explore the possibil-

ity of generating Fock states of light, i.e. states of the electromagnetic field with an exact

number of photons. These states can be used for quantum computation [16] but can also be

used for precision interferometry [158] and quantum cryptography [23]. More importantly,

the production of N photon Fock states also allows us to explore the limits of quantum

control and our quantum description of the electromagnetic field. The work described in

this chapter was first published in Ref. [26]. The text of this chapter closely follows the

text of that paper.

The generation of non-classical states of light has been central to the confirma-

tion and elucidation of the quantum theory of radiation. Today, such work takes on an

added importance as part of the advancing field of deliberate quantum state engineering,
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motivated in part by applications in quantum communication and computation. For in-

stance, deterministically generated single-mode single-photon states could greatly advance

the efficiency and security of quantum cryptography.[23] They are also a crucial resource for

implementing a quantum computing scheme using linear optics, single-photon states, and

photodetection [16]. These immediate potential applications have spurred the development

of devices which can produce single photons on demand, such as solid state devices which

use the Coulomb interaction between strongly confined electrons to produce single exci-

ton states which then decay optically [159, 160, 161], or devices in which the fluorescence

from single, isolated and optically-pumped molecules is collected [162, 163]. The stream

of pulses produced from each of these devices has been shown to contain either zero or

one, but rarely more than one, photon per pulse, thus differing radically from a classical

coherent-state pulse which would contain a Poisson distribution of photon number. While

these recent devices all produce fluorescence from a single optical emitter on-demand, none

outputs this fluorescence into a practical single mode of the optical field.

It has been shown recently that the effects of cavity quantum electrodynamics

(CQED) can in principle be used to overcome this limitation and produce single-mode

single photons on demand [164, 165]. In such a scheme, a single three-level atom is induced

to fluoresce with high probability into a single resonant mode of a high-finesse optical

cavity. Experimental evidence for such cavity-induced Raman transitions has been obtained

[166], and a variant of this scheme has very recently been used to generate a sequence of

single photons [167]. By creating a highly controlled, single-quantum-level interaction of

atoms and light, CQED can be used quite generally to produce non-classical states of the
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electromagnetic field in a single cavity mode.

In this chapter, we analyze a particular desired function of a CQED device that

goes beyond the production of single-photon states, namely, the deterministic production

of a Fock state of the electromagnetic field containing an exact number of photons (N)

[26]. Such non-classical states are of interest for fundamental tests and applications of the

theories of quantum optics (such as quantum state tomography, as performed recently on

the single-photon state [168]), as a resource for Heisenberg-limited quantum measurements

made possible by the production of two orthogonal N -photon states [169, 170], and quite

generally as a starting point for the controlled engineering of more complex quantum states.

Starting with a precisely counted number of N atoms trapped in the confines of a high-

finesse optical cavity, we consider a scheme in which a classical pump field is ramped up

to induce deterministic Raman emission into a single cavity mode by each of the trapped

atoms, resulting in an optical field of exactly N photons that are emitted from the cavity

in a single pulse. The atom-cavity system is constrained to remain within a subspace of

optically dark N -atom states, resulting in a high fidelity of production. The present scheme

provides a generalization of that proposed for the production of single photons from single

atoms [164, 165, 167] and indicates a systematic route to generation of other non-classical

states.

Several other theoretical and experimental works have discussed the use of high-

finesse cavities for the quantum engineering of mesoscopic non-classical optical states. The

possibility of producing both Fock states and arbitrary coherent superpositions of these

inside a cavity by exploiting adiabatic transfer of atomic ground-state Zeeman coherences
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in single atoms was already explored in Ref. [171]. A scheme for producing an arbitrary

quantum optical state using a single two-level atom in a high-finesse cavity has also been

presented by Law and Eberly, based on the arbitrary real-time control of a classical pump

field and the coupling to a cavity field [172]. Experimental evidence for Fock states of a

microwave cavity field has recently been obtained as a dynamical equilibrium for a stream

of Rydberg atoms passing through a micromaser [173]. Another approach toward the con-

struction of a Fock state was proposed in Ref. [174] in which a Rydberg atom with a Stark-

tunable level splitting is used to transfer photons one-by-one from a classically-populated

cavity field to another initially empty cavity field. Initial experimental steps towards this

goal have been recently demonstrated [175].

In contrast to the schemes of Refs. [173, 174, 172] which require delicate temporal

control of the atom-cavity coupling, our present scheme yields the desired N -photon state

for quite arbitrary temporal profiles of the classical pump field. This is achieved through a

rapid adiabatic passage which transfers the initial “non-classical” state of N atoms to the

non-classical state of N photons within a short period of time. Thus, the quantum nature

of the photon field is already guaranteed by the initial state of the atoms trapped in an

initially empty cavity. The initial conditions can be achieved by lowering a cloud of cold

atoms into the cavity, and pulse control is then entirely contained in the time dependence

of the ramping field. This avoids the need to make use of atomic motion in controlling the

coupling to the cavity field, as was required in Ref. [171], and is one of the key elements

allowing deterministic production of N -photon states to be achieved. The number of atoms

in the cavity can be determined by detection of excited state atoms at the single-atom level,
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as a result of the atom mediated shifts of the cavity resonance. Such single-atom detection

has already been demonstrated [176], and can be readily extended to larger numbers of

atoms. Consequently, the present scheme opens the way to deterministic generation of

more complicated quantum states of light by first producing non-classical states of trapped

atoms (such as spin-squeezed states produced through interatomic interactions [177, 178] or

by measurement [179]), and then transferring that state onto the optical field using CQED.

The remainder of the chapter is constructed as follows. A brief review of the

deterministic single-photon generation schemes of Refs. [164, 165] is given in Section 6.1,

which establishes some common concepts with the present work. A discussion of the N -

atom/cavity system in a single-mode external field follows in Section 6.2. We demonstrate

here the existence of a family of optically-dark coupled N -atom/cavity states and show gen-

erally how adiabatic ramping of an external field can be used to generate N -photon emission

from the cavity. Detailed analysis of the energy spectrum of the closed N -atom/cavity sys-

tem as a function of the ramp time provides estimates of the populations in the bright

states and also leads to analytic estimates of the energy gap required for limiting adiabatic

state transfers. In Section 6.3 we then present analysis of the cavity decay responsible

for the N -photon emission, treating in detail the effects of spontaneous emission and non-

adiabaticity on the output states. We obtain analytic estimates of error rates deriving from

these contributions that scale linearly in the total number of atoms, resulting in a constant

relative error in the output N -photon states and guaranteeing production of an N -photon

state with high fidelity. In Section 6.4 we present numerical simulations of the open system

using the quantum jump approach. These numerical calculations are used to explore the
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sensitivity of the scheme to critical experimental parameters, as well as to explore the limits

of our analytical estimates of the error bounds. Finally, in Section 6.5 we summarize and

indicate directions for further work and for experimental implementation.

6.1 Atomic states and Deterministic Single Photon Genera-

tion

Our N -photon generation scheme uses the same internal atomic structure used in

the single-photon proposals of Refs. [164, 165], namely atoms having three internal levels,

labeled |0〉, |1〉 and |2〉, arranged in a Λ configuration such that states |0〉 and |2〉 are

non-radiating atomic states while |1〉 is an excited state connected to states |0〉 and |2〉

by allowed transitions (Figure 6.1). Levels |0〉 and |2〉 are typically hyperfine levels of

the electronic ground state. We assume that the allowed transitions to state |1〉 can be

addressed selectively. This can be achieved, e.g., as a result of polarization selection rules,

or merely due to a large energy difference between states |0〉 and |2〉. The three-level atoms

are located in a high-finesse optical cavity which supports a resonant mode having vacuum

Rabi frequency g (i.e., the Rabi frequency due to the presence of a single photon in the

cavity mode) that couples states |1〉 and |2〉. The cavity mode has frequency ωc which can

in general be detuned from the atom resonance ω12 by ∆ = ωc − ω12 (see Figure 6.1).

In the schemes of Refs. [164] and [165], single-photon generation is accomplished

by exposing a single atom in internal state |0〉 to a classical laser field of frequency ωr and

Rabi frequency r(t), which is controlled dynamically. The laser frequency, ωr, is chosen

to be resonant with the cavity-mediated Raman transition between states |0〉 and |2〉, i.e.,
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Figure 6.1: Pictorial representation of the Hamiltonian for a single three-level atom in a
single mode cavity. The atom is driven by an external driving field of frequency ωr and
coupling strength, r. The atom is also coupled to a cavity mode of frequency ωc and coupling
strength g. Both the cavity and the driving fields are detuned from the atomic transition
resonance by a common frequency ∆. The atom/cavity states are denoted here as |i, l〉
where i = 0, 1, 2 are the three atomic levels and l is the number of cavity photons.

ωr − ωc = ω20 or ωr − ω10 = ∆. This laser connects the states |0〉 and |2〉 through a

cavity-mediated Raman transition and induces the fluorescence of a cavity photon by the

atom. The photon exits the cavity into a single cavity-output mode, and thereby generates

the desired single-photon state. Refs. [164] and [165] showed that under suitable conditions

on the external pulse field, the single photon can be emitted deterministically.

To understand the operation of such a deterministic device, it is helpful to first

consider the atom/cavity system as a closed quantum system, i.e., we ignore the decay

of cavity photons to cavity-output modes that actually produces the desired Fock state

outside the cavity, as well as the possible spontaneous decay from the excited state |1〉 to

modes other than the cavity mode. Spontaneous emission lowers the fidelity of deterministic
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photon generation, and clearly needs to be avoided or at least minimized. We write the

basis states of the single atom/cavity system as |0, 0〉, |1, 0〉 and |2, 1〉, where the first index

refers to the atomic state and the second index gives the number of photons in the cavity,

i.e., the cavity field is implicitly assumed to be quantized. The interaction Hamiltonian of

this closed system is given by

H0 =


0 r 0

r −∆ g

0 g 0

 (6.1)

where r(t) ∼ µ01E(t)/2 is the time-dependent coupling to the external (classical) laser pump

field, E(t) (evaluated in a rotating frame). Unless essential for the analysis, we shall omit

the explicit time dependence of r to streamline the notation. As discussed by Kuhn et al.

[165], the dynamics of this system are governed by the presence of a null-valued eigenstate

|Ψ0〉, which is a “dark state” containing no population in the excited atomic state |1〉, and

which is therefore immune to spontaneous decay. This dark state exists for all values of r(t)

and is given by

|Ψ0〉 =
1√

r2 + g2
(g|0〉 − r|2〉) . (6.2)

It is the presence of this dark state that allows the high-fidelity generation of a single photon

in response to a suitable choice of r(t). The single-atom/cavity system starts initially in the

state |0, 0〉, which is the dark state for the initial condition r(0) = 0. During a sufficiently

slow ramp of r(t) (i.e., a broad pulse of the classical pump laser), the atom-cavity system can

adiabatically follow the dark state, Eq. (6.2). For sufficiently large values of r(t) (r � g),

|Ψ0〉 ∼ |2, 1〉, i.e., a single cavity photon is produced with a high degree of certainty. This
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cavity photon then rapidly decays from the cavity, resulting in a deterministic single-photon

source that acts within a time interval specified by the period of the external pump and the

cavity decay time. Law and Kimble [164] and Kuhn et al. [165] have presented numerical

calculations to assess deviations from this ideal behaviour caused by spontaneous emission,

and have explored the extent to which the photon emission probability can be controlled

by modifying the trigger pulse. Recent experiments by Kuhn, Hennrich, and Rempe have

produced single photons by this method [167].

6.2 Deterministic N-Photon Generation: closed system anal-

ysis

For the generation of arbitrary Fock states of the electromagnetic field, i.e., with

arbitrary large photon number N , we now consider N such three-level atoms confined

within the optical cavity. We assume that the atoms are indistinguishable in all respects.

This provides an important experimental simplification relative to other CQED schemes in

which the atoms are required to be individually addressable [180]. Each atom interacts

individually with the laser field and the cavity mode, just as for the single atom case. We

make the simplifying assumption that the atoms do not interact directly with one another.

However, they do experience a second order interaction via the cavity mode. The cavity

coupling g and the classical pump Rabi frequency r are taken to be identical for each of the

N atoms, consistent with their indistinguishability 1. Thus the N -atom/cavity interaction
1We note that when identical values of g are not possible for all N atoms one can still reliably produce

N-photon states using a pump laser which does not distinguish between the atoms. The analysis would be
similar and rely on the dark states discussed in Ref. [180]
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Hamiltonian is given, for the closed system, by

H =
N∑
i=1

Hi (6.3)

where Hi describes the atom/field coupling, Eq. (6.1), for the ith atom. From now on, we

shall use this in the operator form

Hi = −∆|1〉i〈1|i + r(t) (|1〉i〈0|i + |0〉i〈1|i) + g
(
a|1〉i〈2|i + a†|2〉i〈1|i

)
, (6.4)

where the operators a and a† are the annihilation and creation operators for the quantized

cavity mode. Since this Hamiltonian is symmetric under the exchange of any two atoms, a

symmetric initial state remains symmetric as it evolves. We may thus reduce our effective

Hilbert state to consider only the states that are completely symmetric with respect to

atomic interchange. We may thus use a number representation of the atomic state, namely

|n0, n1, n2, l〉, where ni gives the number of atoms in state |i〉 (i = 0, 1, 2), and l the number

of photons in the cavity. We allow arbitrary values for n0, n1, n2 and l, and employ the

Bose creation and annihilation operators bi and b†i for the atomic states |i〉. We can then

rewrite the interaction Hamiltonian for the closed system as

H = −∆b†1b1 + r(t)
(
b†1b0 + b†0b1

)
+ g

(
b†1b2a + a†b†2b1

)
. (6.5)

This many-body N -atom/cavity Hamiltonian conserves the total number of atoms,

represented by the operator T = b†0b0 +b†1b1 +b†2b2, as well as the difference between the

number of atoms in state |2〉 and the number of cavity photons, represented by the operator

D = b†2b2 − a†a. When cavity decay is added to this description, the operator D gains

the significance of referring to the number of photons that have escaped the cavity. Since
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Figure 6.2: Pictorial representation of the Hamiltonian for 5 atoms in the e(5,3) and e(5,2)
manifolds written in the number basis representation and assuming red detuning, ∆ < 0.
The e(N, k) manifold is composed of the eigenstates with simultaneous eigenvalues N =
n0 + n1 + n2 and k = n2 − l, where ni is the number of atoms in atomic state i and l is
the number of photons in the cavity. The transition strength between levels is proportional
to either the driving field, r, or the cavity coupling, g. The energy of the states in the
absence of all couplings is given by -n1∆. For red detuning, ∆ < 0, the states with a higher
occupation of the exited atomic state, n1, will have a greater energy. The dark state is the
superposition of states with n1 = 0 described in Eq. (6.6). A transition from the manifold
e(5,3) to e(5,2) occurs when a photon is emitted from the cavity. This transition preserves
the dark state (see text).

the operators T and D commute, we define subspaces e(N, k) composed of the eigenstates

with simultaneous eigenvalues N = n0 + n1 + n2 and k = n2 − l of the operators T and D,

respectively. This is summarized schematically in Figure 6.2.
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We find that each manifold e(N, k) contains a null-valued eigenstate |ψNk 〉, given

explicitly by

∣∣ψNk (t)
〉

=
1
Zk

N∑
j=k

(−r(t)/g)j√
(N − j)!j!(j − k)!

|N − j, 0, j, j − k〉 (6.6)

where Zk is a normalization constant. This state is the analog of the null-valued dark

eigenstate for the single-atom/cavity system [165]. It contains no population in the |1〉

internal state and is thus an N -atom dark state immune to spontaneous decay from any

atom. Eq. (6.6) represents a continuous family of dark states that are transformed into each

other by the time dependence of r(t). When ∆ = 0, we find that for any (N, k) subspace

(N − k > 1) there exist multiple eigenstates with zero energy for all values of r(t). Thus, in

order to move our system adiabatically through the continuous family of dark states, Eq.

(6), we need to impose a finite detuning ∆ 6= 0 such that the zero energy eigenspace of H is

non-degenerate except at specific values of r(t). (The effect of such accidental degeneracies

is assessed in Section 6.3.3) One can also show that acting on Eq. (6.6) with the cavity

annihilation operator a, produces the corresponding dark state having one less photon, i.e.,

any such dark eigenstate |ψNk 〉 decays to |ψNk+1〉 by cavity emission. Thus cavity decay does

not take the system out of the family of dark states. Conversely, the only way to directly

couple dark states in different manifolds, is either to spontaneously lose a photon or to add

a particle.

This representation suggests that adiabatic evolution might be used for N -photon

generation in an analogous manner to that proposed for single-photon generation in Refs.

[164, 165]. We illustrate this here with the manifold corresponding to k = 0. Initially the

pump laser is off, r = 0, and the corresponding initial state has N atoms in the |0〉 state
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and no photons in the cavity, |ψNk (0)〉 = |N, 0, 0, 0〉. One can then imagine slowly ramping

the value of the pump laser until the pump laser coupling is much larger than the atom

coupling to the cavity, r � g. At this final time, tf , one finds that approximately all N

atoms are in the state |2〉 and there are N photons in the cavity, |ψNk (tf )〉 ∼ |0, 0, N,N〉.

This procedure will generate N photons in a closed cavity. We will show that

this procedure can be coupled to cavity decay to produce an N -photon state. In practice,

realization of this ideal sequence requires that two key issues be adequately addressed.

First, the need for adiabatic evolution through the family of dark states via couplings to

the excited atomic level |1〉 places constraints on how we vary the strength of the pump

pulse, r, based on the energy spectrum of the N -atom/cavity system. Second, spontaneous

emission of photons from the cavity will provide perturbations to the adiabatic evolution

that may be non-negligible.

We examine these issues in detail in Section IV. Before this, we first analyze the

energy spectrum of the closed N -atom/cavity system in the remainder of this Section. This

will allow us to establish the critical parameters limiting the adiabatic evolution, that are

required in order to estimate the errors due to non-adiabaticity and spontaneous emission

within the open system approach employed in Section 6.3. While the dark state of each

e(N, k) manifold has a succinct description, Eq. (6.6), the general eigenstates for the N -

atom/cavity system are quite complicated. However, in the limit of both large and small

r(t), the eigenstates are found to have familiar forms that render them susceptible to analytic

investigation.

We examine first the strong pump (large r) limit. Here the eigenstates can be
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interpreted in terms of the familiar angular momentum states. In the limit where r is large

relative to the other parameters (g, ∆), we can neglect the terms in Eq. (6.5) that are

proportional to the cavity coupling parameter g. We then make a transformation from the

atomic modes b0 and b1 to generalized angular momentum operators, J, using the Schwinger

representation.[181, 182] This gives Jz = 1
2(b†1b1 − b†0b0),J+ = b†1b0,J− = b†0b1, and

Jt = 1
2(b†1b1 + b†0b0), where Jt denotes the total angular momentum, ~J2 = Jt(Jt + 1). In

this limit, we find that the system Hamiltonian becomes

H = −∆(Jt + Jz) + 2rJx = −∆Jt + Ω(η̂ · ~J), (6.7)

where Ω =
√

4r2 + ∆2, ηx = 2r/Ω, ηy = 0, and ηz = −∆/Ω. The corresponding energy

levels are now identical to those of the generalized angular momentum J . Therefore, the

eigenstates are simply given by |j,mη, n2, l〉J where j is the eigenvalue of total angular mo-

mentum, mη is the angular momentum projection along the axis η̂, n2 is the number of

atoms in atomic state |2〉, and l is the number of cavity photons as before. The cavity cou-

pling term, g
(
b†1b2a + a†b†2b1

)
, can now be considered to act perturbatively on Eq. (6.7),

to mix states differing by j = ±1
2 , and to change the value of the cavity photon number by

unity. Relating these states in the large r limit to our invariants T and D, we find that the

e(N, k) manifold is composed of states |j,mη, n, l〉J , where 0 ≤ j ≤ (N − k)/2, n = N − 2j,

and l = N − k− 2j (see Figure 6.3). Our dark state at large r is |0, 0, N, (N − k)〉J . In the

number representation this is simply |n0 = 0, n1 = 0, n2 = N, l = (N − k)〉 (Eq.(6.6)). We

note that the loss of a photon only reduces the photon number l, and conserves j,mη, and

n2. The eigenstates in the large r limit are shown schematically in Figure (6.3).

We now consider the weak pump (small r) limit. Here we find that the eigenstates
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|3/2,-3/2,2,0> |1,-1,3,1> |1/2,-1/2,4,2> |0,0,5,3>

|3/2,-1/2,2,0> |1,0,3,1> |1/2,1/2,4,2>
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|3/2,3/2,2,0> e(5,2)

r
g<<r
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2|D|

3|D|

Figure 6.3: Pictorial representation of the Hamiltonian for 5 atoms in the e(5,3) manifold
using the Schwinger representation for atomic modes |0〉 and |1〉 and assuming red detuning,
∆ < 0. This representation is appropriate when the external driving field, r, is much
larger than the cavity coupling, g. The eigenstates to first order are eigenstates of angular
momentum about an axis defined by the effective magnetic fields Bz = −∆ and Bx = r.
The cavity coupling, g, acts as a perturbation, mixing states differing by a total Schwinger
angular momentum of 1/2.

may also be interpreted in terms of a known set of states, but these are now the less well

known eigenstates of the Tavis-Cummings Hamiltonian [183]. We proceed in this limit by

starting from the the system Hamiltonian, Eq. (6.5), at r(t) = 0. This is simply

H = −∆b†1b1 + g
(
b†1b2a + a†b†2b1

)
. (6.8)



139

We again make a transformation to a Schwinger representation, but this time we choose the

transformation to be made between modes b2 and b1. The generalized angular momentum

operators that are created from these two modes will be denoted here by F, i.e. Fz =

1
2(b†1b1 − b†2b2), F+ = b†1b2, F− = b†2b1, and Ft = 1

2(b†1b1 + b†2b2), where Ft denotes the

corresponding total angular momentum, ~F2 = Ft(Ft + 1). Eq. (6.8) then becomes

H = −∆(Ft + Fz) + g(F+a+ F−a
†), (6.9)

which is recognized to be the off-resonant Tavis-Cummings Hamiltonian [183]. Note that

this Hamiltonian conserves the generalized angular momentum ft. It also conserves the

sum of the number of photons, l, and the angular momentum in the z direction, fz. In

the small r limit we can then investigate the effect of finite r using a perturbative analysis.

This perturbative analysis has two consequences for the energetics. First, the perturbation

due to r, which is of the form b†1b0 + b†0b1, will only couple states whose total F value

differs by 1/2. Second, as a result of this, the resulting change in energy of the eigenstates

of Eq. (6.5) is only second order in r. The eigenstates of the Tavis-Cummings Hamiltonian

are not trivial, but we note that in the limit of large ∆ they are approximately eigenstates

of Fz with a number of photons in the cavity given by l = f − fz − k where f is the total

angular momentum and k is an eigenvalue of D. The states of the Tavis-Cummings model

are described in detail in [183] and qualitatively in Appendix D. Figure 6.4 provides a

schematic of these states in the small r limit.

One useful advantage of these Schwinger angular momentum representations of the

atomic states for our analysis is that in both of these limits of large and small r, i.e., whether

for a fixed f or for fixed j, the corresponding eigenvalues fz and jz provide a measure of the
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|5/2,-3/2,0,2>|2,-1,1,1>|3/2,-1/2,2,0>

|f,f ,n ,l>z 0

|2,0,1,0> |5/2,-1/2,0,1>

|5/2,1/2,0,0>

e(5,2)
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Figure 6.4: Pictorial representation of the Hamiltonian for 5 atoms in the e(5,3) manifold
in the Tavis-Cummings basis for atomic modes |1〉 and |2〉 and assuming red detuning,
∆ < 0. This representation is appropriate when the cavity coupling, g, is much larger
than the external driving field, r. The eigenstates of the Tavis-Cummings Hamiltonian are
complicated (see text and Ref. [183]) but preserve total Schwinger angular momentum f
obtained from modes |1〉 and |2〉. The coupling to the external field, r, acts as a perturbation,
mixing states differing by a total Schwinger angular momentum of 1/2.

population in the excited state. This population is given by b†1b1 = Ft+Fz = Jt+Jz. This

property will be used in Section 6.3.3 to make estimates of the population in the scattering

state i.e., in the atomic state |1〉, that is susceptible to spontaneous emission, and hence of

the errors due to spontaneous decay.
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6.3 Open System Approach

The above description of the N -atom/cavity system as a closed quantum system

is clearly incomplete, since a proper assessment of the operation of an N -photon generator

requires the consideration of this CQED device as an open quantum system. We must

take into account the two channels by which the N -atom-cavity system interacts with its

environment. These are: i) the possibility of spontaneous decay from atoms in the excited

state |1〉 to optical modes outside the cavity, determined by the spontaneous decay rate γ,

and ii) the coupling of cavity photons to electromagnetic modes outside the optical cavity,

characterized by the cavity decay rate κ 2. The latter provides the required coupling to

transfer an N -photon state from the cavity mode to an external mode. Cavity decay thus

plays two different roles here. First, in allowing emission of the N -photon state, and, second,

affecting the dynamics inside the cavity as discussed below. We describe the N -atom-cavity

system as an open system within a quantum wavefunction formulation [184]. To characterize

its action as an N- photon generator, we evaluate the cavity flux 2κ〈a†a〉.

In this Section, we use the quantum wave function formulation in a perturbative

regime to derive analytic estimates for the error rates of its action as an N -photon generator.

In Section 6.4 we then make numerical simulations of the full open quantum system that

allow us to ascertain the extent of validity of these perturbative error estimates.

In this open quantum system analysis, we will show that the structure of the

closed quantum system, namely the identification of manifolds of states e(N, k), each of

which contains a dark state that is immune to spontaneous emission and that connects
2We assume here that photons are lost from the cavity by transmission through the cavity mirrors to

traveling modes outside the cavity, thereby neglecting their possible absorption in the mirrors
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adiabatically to the initial state, still plays a critical role. When r(t) is varied in the

open quantum system, the N - atom/cavity system evolves primarily within the family of

accessible dark states |ψNk 〉 (k ∈ {0, ...N}) from which no spontaneous emission occurs, just

as in the closed quantum system. The system can fail to produce the desired N -photon

output state only if photons are actually lost to spontaneous emission. Thus a crucial part

of assessing the failure rate of the N -photon generator is to quantify the extent of “non-

darkness,” i.e., the probability that the system will evolve towards a bright state from

which spontaneous emission may indeed occur. Non-darkness can arise from two factors:

non-adiabatic evolution when the rate of change of r(t) is too fast, and the conditional

dynamics resulting from cavity decay which can couple the dark state |ψNk 〉 to a non-dark

state.

In the quantum trajectory approach, [185, 184, 186] the dynamics of the N -atom-

cavity system are characterized by deterministic non-unitary evolution, interspersed with

random ’jumps’ determined by photon losses from the cavity and by spontaneous emission

(scattering) from the excited state. The non-unitary evolution is given by the conditional

Hamiltonian

Hcond(t) = H(t)− iκa†a− iγb†1b1. (6.10)

The imaginary terms −iκa†a and −iγb†1b1 describe the back-action on the quantum sys-

tem that accumulates between instances of cavity decay and spontaneous emission jumps,

respectively. The corresponding quantum jump operators are given by κa and γb. For a

full discussion of the quantum jump approach see Ref. [184].

For the numerical calculations presented in Section 6.4 we use the full conditional
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Hamiltonian, as required in the quantum trajectory formulation.[184, 185, 186] In order to

obtain analytic error estimates here, we proceed first by assuming that the adiabatic errors

are small. Therefore, at all times the state of the system is now regarded as deviating only

slightly from the dark state. In this situation we may neglect the spontaneous emission term,

−iγb†1b1, treating it implicitly as a higher order perturbation than the cavity decay term.

The cavity decay term κ is treated in first order perturbation theory. Before describing

the details of this analysis, we note again that the cavity decay, characterized by the jump

operator κa, connects dark states in the manifold e(N, k) to dark states in a lower manifold

e(N, k + 1), i.e.,

a
∣∣ΨN

k

〉
=
rZk+1

gZk

∣∣ΨN
k+1

〉
. (6.11)

(See Section 6.2 above.) Thus neither of the quantum jump operators κa or γb1 will lead to

errors (i.e. to non-darkness) in the operation of our CQED device, as long as the system is

maintained within the dark states |ΨN
k 〉. Consequently, in order to quantify the failure rate

of the N -photon generator under these conditions, one need only consider the evolution of

the system under the conditional Hamiltonian Hcond. We will now make a detailed analysis

of the errors, starting with an estimate of the extent of non- darkness introduced by cavity

decay, then estimating the adiabatic error in following the dark state as r(t) is varied, and

finally estimating the spontaneous emission flux rate due to population in the |1〉 internal

state that is introduced by a combination of cavity decay and non-adiabaticity.
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6.3.1 Effect of Cavity Decay on Dark States

We first analyze the errors due to cavity dynamics. For this purpose, we treat the

iκa†a term in Eq. (6.10) as a perturbation to the closed-system Hamiltonian, Eq. (6.5). In

particular, under the realistic scenario when cavity decay is weaker than the cavity coupling

(κ < g), we find that the cavity decay term causes the dark states |ψNk 〉 of the closed-system

Hamiltonian to be modified to the states |ψ̃Nk 〉 of the conditional Hamiltonian, according to

∣∣∣ψ̃0
k(t)

〉
=
∣∣ψ0
k(t)

〉
− iκ

∑
i6=0

|ψik(t)〉
〈ψik(t)|a†a

∣∣ψ0
k

〉
ωi

. (6.12)

Here we have modified our notation to define the states |ψik(t)〉 as the instantaneous eigen-

values of the closed-system Hamiltonian Hcond with corresponding energies ~ωi. Using this

expression, we find the degree of “non-darkness” due to cavity decay, εcavk = 1−|〈ψ̃0
k

∣∣ψ0
k

〉
|2,

to be equal to

εcavk = κ2
∑
i6=0

|〈ψik(t)|a†a|ψ0
k〉|2

|ωi|2
. (6.13)

From this expression we can generate an upper bound on the degree of non-

darkness, εcavk . We first note that

∑
i6=0

|〈ψik(t)|a†a|ψ0
k〉|2 =

∑
i

|〈ψik(t)|a†a|ψ0
k〉|2 − |〈ψ0

k(t)|a†a|ψ0
k〉|2 (6.14)

= Var(a†a)ψ0
k(t), (6.15)

where Var(a†a)ψ0
k(t) is the variance in the cavity photon number in the dark state |ψNk (t)〉.

Our upper bound is then obtained by replacing the Bohr frequencies ωi in Eq. (6.13) with

the minimal Bohr frequency, and replacing the time-varying variance Var(a†a)ψ0
k(t) with its
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maximum. This results in

εcavk ≤ κ2
maxV ar(a†a)ψ0

k(t)

min |ωi|2
. (6.16)

The maximum variance of a†a is bounded by N − k (see Section E.1) while the minimal

Bohr frequency depends on ∆, and will be discussed detail in Section 6.3.3. Our expression

for the bound on the extent of non-darkness due to cavity decay thus becomes

εcavk ≤ κ2(N − k)
min |ωi|2

. (6.17)

6.3.2 Adiabatic Errors

We now examine errors that arise due to non-adiabatic evolution resulting from a

non-zero derivative, ṙ(t). Using the standard treatment [187] we estimate the population

leakage from the adiabatic state at a time t, εad
k = |〈Φ(t)|ψ0

k〉|2, to first order for a given N

and k as

εad
k =

∑
i6=0

|〈ψik(t)|ψ̇0
k(t)〉|2

|ωi|2
. (6.18)

Here |ψ̇0
k(t)〉 = d

dt |ψ
0
k(t)〉. We then apply the standard upper bound for adiabatic error [187],

given by the square of the maximum angular velocity of the state, divided by the square of

the minimal Bohr frequency,

εad
k ≤

max〈ψ̇0
k(t)|ψ̇0

k(t)〉
min |ωi|2

. (6.19)

One can bound the maximum angular velocity, max〈ψ̇0
k(t)|ψ̇0

k(t)〉 , to be smaller

than max(ṙ/g)2N−kk+1 (see Section E.2 ). This results in the following upper bound:

εad
k ≤ (N − k) max(ṙ)2

(k + 1)g2 min |ωi|2
. (6.20)
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Eqs. (6.20) and (6.17) provide an upper bound for the “non-darkness” in the

limit that our perturbative approach is appropriate. When the minimal energy separation,

min |ωi| is independent of N , both equations suggest that the “non-darkness” scales at worst

linearly with N , in the worst case. Furthermore, we note that the maximum “non-darkness”

decreases with increasing k. We now proceed to estimate the effect of spontaneous emission,

or equivalently, the rate of spontaneous emitted flux.

6.3.3 Spontaneous emission flux rate

The spontaneous emission flux rate is equal to the product of the population in

the spontaneously emitting state and twice the decay rate of that state, i.e., 2γ〈b†1b1〉.

Unfortunately, we are unable to analytically calculate the average population in the excited

atomic state 〈b†1b1〉. The simplest way to estimate an upper bound on the spontaneous

flux rate is then to use the maximum possible value of 〈b†1b1〉 = N − k, and the maximum

probability of the system being in a non-dark state, εk = εcavk + εad
k . We can thus obtain

an upper bound on the spontaneous emission flux rate as 2γεk(N − k).

Naturally, by detuning from resonance, we expect to minimize the population that

will leak to population in the excited state as is the case in both off-resonant Rayleigh and

Raman scattering. Hence, we expect the spontaneous emission flux rate to change as a

function of the detuning ∆. The value of ∆ affects the spontaneous error rate in two ways.

First, it controls the value of the minimal Bohr frequency, and can thereby either reduce or

enhance the first order population leakage from the dark state. Second, we know by analogy

with the three level system (Section 6.1 and Refs. [164, 165]) that the “non-darkness” should
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contain less excited state character as the absolute magnitude of ∆ increases. Our scheme

works independent of the sign of ∆. However, for concreteness, ∆ is assumed to be negative

(red detuning) throughout the rest of the chapter.

Referring to the discussion in Section III, for small values of ∆, i.e.,|∆| < r, g, there

exist states with energy only ∼ ∆ away from the dark state. In both the small and large r

limits, these states are the m = 0 states (Section 6.2). Hence, for |∆| < g, the minimal Bohr

frequency is equal to ∆. Furthermore, the eigenstates are effectively eigenstates of Jx or

Fx and therefore have average value Jz = 0. Therefore, whatever states the dark state falls

into due to either adiabatic error or cavity decay, these states will have large population in

the excited atomic state |1〉. So in the small |∆| limit our upper bound described above is

reasonable. Consequently, we use the “non-darkness” factors calculated in Eqs. (6.17) and

(6.20) times 2γ(N − k). Hence, we find that the error rate for small values of detuning |∆|

is always less than

γ′ = γ

(
(N − k)2 max(ṙ)2

(k + 1)g2|∆|2
+
κ2(N − k)2

|∆|2

)
. (6.21)

In contrast, for large values of |∆|, the energy eigenstates are effectively eigenstates

of Jz or Fz (Section 6.2). For eigenstates closest in energy to the dark state are the m = −J

or m = −F states. To first order, these states are degenerate with the dark state, bu the

smallest second order energy scales as E1 = −(k + 1)(g2 + r2)/∆. This smallest energy

eigenstate has a population in the excited state that scales at worse as (k + 1)g2/∆2. We

believe that it is a reasonable assumption to multiply this smallest eigenstate estimate of

the excited state population by our calculated “non-darkness” factor ε, in order to arrive at

a better estimate of the excited atomic state population. This procedure yields the followng
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expression for large values of |∆|, namely an error rate that is independent of |∆|:

γ′ = γ

(
(N − k) max(ṙ)2

(k + 1)2g4
+
κ2(N − k)
(k + 1)g2

)
. (6.22)

Careful analysis shows that in the large |∆| limit, the state of energy E1 = −(k+

1)(g2 + r2)/∆ is not always the closest state to the dark state. Indeed states can be

identified for particular settings of ∆ and r which are degenerate with the zero energy

dark state. However, these states are shown to be characterized by higher f or j, and

therefore in the perturbative limit they do not couple directly with the dark state. Numerical

simulations suggest that the situation is similar for states which cross the null state in the

non-perturbative limit.

6.3.4 Small number of photons in the cavity

.

Having obtained error estimates due to cavity decay, non-adiabaticity, and spon-

taneous emission, we now consider the dependence on the cavity photon number l. In the

limit that one very slowly ramps up r, the average number of photons in the cavity is

always much smaller than 1. We assume that our dark state is simply |(N − k)0k0〉 +

η |(N − k − 1)0(k + 1)1〉. For this state V ar(a†a) = η2 − η4 ≤ η2 =< a†a >, where

η = r
g

√
N−k
k+1 (Eq. (6.6)). In the limit of small η, the variance of the number of pho-

tons in the cavity equals the number of photons in the cavity. Since the ramp is very slow,

we expect that the error rate will be solely due to the cavity dynamics and, therefore, pro-

portional to the variance, Eq. (6.16). The rate of photon output is proportional to the

number of photons in the cavity. Hence, in the case of a small number of photons l in
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the cavity, we expect at worse for the error to scale proportional to the number of photons

output. This implies a total error that scales at worse proportional to the number of atoms

N , when |∆| > g.

One might ask how can we increase r to be of equal magnitude with g, and still

maintain a small number of photons in the cavity. The reason is that as r increases, there

is an increasing chance of a photon being emitted. If one varies r slowly enough, the chance

of that occurring before r becomes too large is quite high. At this point, we then change

manifolds e(N, k). Examining the equation for the dark state (Eq. (6.6)) and looking at only

the first two terms, one sees that changing manifolds is equivalent to reducing the effective

value of r. Compared to the k = 0 manifold, the effective r′ of the k manifold is equal to√
N−k
N(k+1)r. As N increases, for small values of k one then needs smaller and smaller values

of r for the approximation to hold. For example, when k = 0, η =
√
Nr/g. However, as

the value of k increases, r can eventually reach a value comparable to the product Ng and

still imply a small number of photons in the cavity.

To summarize, in the limit of a small number of photons l in the cavity and

|∆| > g, we expect the ratio of spontaneous emission flux to cavity flux to be either a

constant, or a decreasing function with N . Explicitly, we expect spontaneous flux to be

smaller than 2γκ2

g2

∫
V ar(a†a)dt ≤ 2γκ2

g2

∫
η2dt (see Eq. (6.22) and Eq. (6.16)). The ratio of

the spontaneous flux, 2γκ2

g2

∫
η2dt, to the cavity flux, 2κ

∫
η2dt, is then γκ

g2
which is larger

than the fractional spontaneous loss, the spontaneous flux divided by the expected number

of photons out, N . Therefore, for current state of the art optical cavity technology for

which κ = 0.1g and γ = 0.05g [188], we expect that only 1 of every 200 photons will be lost
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to spontaneous emission.

6.4 Quantum Trajectory Simulations

The quantum trajectory or quantum jump approach allows one to calculate the

properties of open quantum systems by averaging over individual quantum trajectories. [184,

185, 186] The basic elements of this approach were described briefly in Section 6.3. Technical

details of the algorithm are given in Ref. [184]. The calculations described below average

over 5000 trajectories per simulation. The simulations were run until the cavity flux and

spontaneous emission flux were less than 10−6. This results in 2000-5000 steps of length

dt = 0.1/g, depending on the specific parameters of the system.

The basic quantity we calculate is the cavity flux, 2κ〈a†a〉, which describes the

number of photons emitted from the cavity. For these simulations, we have chosen as our

figure of merit the fractional spontaneous loss. The fractional spontaneous loss is defined as

the number of photons lost to spontaneous emission, Ns, divided by the expected number

of photons out, N . We calculate Ns as the product of 2γ and the integral of 〈b†1b1〉. Due

to the statistical error resulting from the finite number of trajectories, we have estimated a

numerical uncertainty of ±3% in Ns/N .

6.4.1 Production of N-photon state

Using a simple driving field which increases linearly with time, and realistic cavity

parameters based on the cavity of Kimble [188], (ṙ = g/30, κ = g/10, γ = g/20,∆ = −2g),

we find that the deterministic production of N -photons within a single pulse with small loss
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is indeed possible. Figure 6.5 shows the output pulse as a function of time for N ≤ 5. We

see the expected linear increase in the area of the output pulse, i.e, the cavity flux 2κ〈a†a〉,

with N . We then calculated the loss of photons into the spontaneous emitted modes, shown

in Figure 6.6. When the simulation was run in the limit of a small number of photons in the

cavity and with |∆| > g, we expected that the total photon loss will grow at worst linearly,

as explained above in Section 6.3.4. Therefore, the fractional spontaneous loss should either

be constant or decrease with increasing N . This expectation is confirmed by simulations,

see Figure 6.6 and Figure 6.8. Furthermore, the error is smaller than our expected bound

of 0.5% fractional spontaneous loss, see Section 6.3.4.

Although, we have made calculations with only a small number of N values here,

it appears that our analytic estimates coupled with this numeric evidence for N ≤ 5 suggest

that the deterministic production of large N Fock states when |∆| ∼ g is indeed possible.

The numerical results summarized in Figure 6 show that for |∆| ≥ g we have minimal

fractional spontaneous losses of approximately 0.3% and that these actually decrease with

increasing N . Since our analytical results suggest an upper bound of 0.5% on the fractional

spontaneous loss, we can expect to be able to produce a Fock state containing on the order of

100 photons before the total integrated loss due to spontaneous flux equals a single photon.

6.4.2 Minimizing the Spontaneous Loss

In the previous subsection, we used current experimental cavity parameters [188]

and, for simplicity, a linear driving pulse. We now show how one can minimize the sponta-

neous loss by tuning various cavity parameters and modifying the driving field.
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Figure 6.5: The cavity flux, 2κ〈a†a〉, for N = 2−5 atoms plotted versus dimensionless time,
T = gt. These simulations were done using a linear ramp r(T ) = RT where R = g/100.
The other cavity parameters were γ = g/20, κ = g/10, and |∆| = −2g. The integrated
cavity flux, Ns, increases linearly with N as expected.

Pulse Shape

For linear ramping with a small rate of change, one finds that the fractional error

actually decreases with increasing N (Figure 6.6). This is in line with our analytical bounds

which suggested that at worse the fractional error should be constant for small occupation

of photons in the cavity (Section 6.3.4). Figure 6.7 shows that as the ramp speed increases

beyond the adiabatic regime, the errors increase rapidly. One can further reduce the error
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Figure 6.6: Fractional spontaneous loss for N = 2− 5 as a function of |∆|. A linear ramp
was used with R = g/100, γ = g/20 and κ = g/10. As expected one sees that in the large
∆ limit that the fractional spontaneous loss scales less than N (see text). Our analytical
bounds in the large |∆| limit suggest that the fractional spontaneous loss should be less
than γκ

g2
= 5 × 10−3 (dotted line). The discrepancy at large |∆| represents parameters for

which our perturbative approach is invalid. For the small |∆| limit the increasing fractional
spontaneous loss is consistent with leakage to states that have a higher occupation of the
excited state.

by using a more sophisticated time-dependent driving field. For example, the application

of a Gaussian pulse, r(t) = g exp−(t− t0)2/(2τ2), reduces the fractional spontaneous loss

by a factor of 2, relative to the fractional spontaneous loss resulting from a linear ramp,

as illustrated in Figure 6.8. One expects that appropriate pulse shaping could further lead
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Figure 6.7: Fractional spontaneous loss as a function of ramp rate, R, and detuning ∆
(γ = g/20, and κ = g/10). As expected, larger ramp rates lead to an increased loss when
the system can no longer adiabatically follow the dark state. Note how the dependence on
|∆| varies with R. In the adiabatic limit, small R, large |∆| yields the lowest fractional spon-
taneous loss. However, when one ramps the system quickly, i.e., at large R, the dependence
on |∆| is reversed and small |∆| yields the lowest loss.

to at most an order of magnitude increase in the fidelity. However, the minimal fractional

spontaneous loss obtained by pulse shaping is limited by errors due to cavity dynamics. In

Figure 6.6, one sees that this limit is approached by ramp speeds of g/100.
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Figure 6.8: Fractional spontaneous loss for linear and Gaussian ramping (∆ = −2g, γ =
g/20, and κ = g/10). For the linear ramp (circles), R = g/30. For the Gaussian ramp
(diamonds), r(t) = g exp

[
(t− t0)2/(2τ2)

]
, τ = 50/g. The Gaussian width, τ , was chosen

such that the process of emitting a single photon would occur in the same time as the linear
ramp. One expects that a more sophisticated pulse could result in at most an order of
magnitude reduction of the fractional spontaneous loss.

Effect of Detuning

The ability to detune from resonance is one of the basic tools of atomic physics.

Therefore, it is important to determine how the fidelity of our operation scales with the

detuning, ∆. In Section 6.3.3, our analytical predictions suggest that as |∆| is increased from

∆ = 0, the initially large fractional spontaneous loss should decrease, eventually reaching a
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constant non-zero value for |∆| > g. Our numerical calculations confirm this prediction for

N = 2− 5 atoms, Figure 6.6.

In Figure 6.6, one sees that for detunings, |∆|, smaller than the cavity coupling

constant, g, the error decreases as the detuning increases. One then sees a relatively flat

region, followed by an increase in error as |∆| increases. This rise is outside of the predictive

ability of our analytical model and represents a breakdown in the first order perturbative

methods when the energy separation between the dark state and nearest neighbor state

becomes smaller than the ramping speed. The main conclusion from our numerical simula-

tions is that N -photon generation over a wide region of detunings are nevertheless possible.

In terms of efficiency, (number of photons out per time/fractional spontaneous loss), our

data suggest that a detuning of |∆| ∼ (1− 10)g would be optimal.

The good cavity limit minimizes errors.

For large values of |∆|, one can reduce the error by increasing the value of g. As

predicted analytically in Section 6.3.3, the total error will reduce as g increases. Further-

more, if one varies g and ṙ proportionally, one can numerically observe the 1/g2 dependence

of fractional loss predicted by Eq. (6.22). This is shown in Figure 6.9.

6.5 Conclusions

We have presented a scheme for the deterministic production of N -photon Fock

states from coupling N three-level atoms in a high-finesse optical cavity to an external field.

The method relies on adiabatic passage through a continuous family of dark states that is
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Figure 6.9: Fractional spontaneous loss as a function of cavity coupling, g, and detuning,
∆ (R = g/100, γ = κ/2). One sees that at all values of ∆ there is a significant decrease
in fractional spontaneous loss for increasing g. In the large |∆| limit, one finds that the
decrease in spontaneous loss with g has a 1/g2 dependence, as predicted by our pertubative
analysis (see Section 6.3.4).
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controlled by the ramping up of the external field. We have shown that this procedure can

reliably output pulses ofN -photons from the cavity. We have made a detailed analysis of the

errors involved in the N -photon state production. These result when there is a breakdown of

adiabaticity and from spontaneous emission. This error analysis yields analytical bounds on

the errors which are well reproduced by the results of numerical simulations for up to N=5

photons. Our estimates for physically realistic cavity and atom/field parameters indicate

that this scheme may be used reliably to generate states with up to N=100 photons.

One way in which such a deterministic Fock state generator may be constructed

in the near future is using a combination of an ultra-cold atomic source and a high-finesse

optical resonator (with parameters such as those used for the calculations in Section 6.4)

such as those used in the works of Kimble and colleagues [189]. Modern techniques of laser

and evaporative cooling in magnetic traps can readily produce cold and tightly confined

atomic gases which can be transported in vacuum from a production region to the confines

of an optical resonator. Using ultra-cold alkali atoms, the states |0〉 and |2〉 can be chosen

to be two ground state hyperfine levels which are both magnetically trapped, such as the

|F = 1,mF = −1〉 and |F = 2,mF = 1〉 hyperfine states of 87Rb. These may be connected

by a ∆mF = 2 Raman transition using excited levels on the D1 or D2 transitions – while the

strength of this transition is suppressed at large detunings |∆| from the atomic resonance,

our work shows that only moderate detunings (several g) are necessary for high-fidelity

operation. The initial N -atom state may be generated by following a weak microwave

excitation with atom-number-sensitive selection, or, alternately, by real-time observation of

the atomic number in a given hyperfine level. This would set proper initial conditions for
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N -photon generation.

Several additional comments are in order. Throughout this work, we have assumed

that the atoms are identically coupled to the cavity and pump fields. Similarly, we assume

that these atoms are indistinguishable in their spontaneous emission to optical modes out-

side the cavity. It would be desirable for the N-photon generator to operate similarly if these

restrictions are eased. Toward this end, it is still possible to define a family of dark states

for atoms which are not identically coupled to the cavity and pump fields. As such, our ana-

lytical approach to estimating the photon losses to spontaneous emission could be similarly

extended to such cases. We believe this would provide similar performance to the idealized

case we have provided herein, i.e. the deterministic production of Fock states containing

as many as N = 100 photons should be possible. However, one would expect that while

different spatial arrangements of N atoms in a cavity would all produce N -photon Fock

states, the specific optical mode occupied by those N -photons would differ. Applications

requiring many orthogonal, simultaneous pulses of N -photons (such as Heisenberg-limited

interferometry) would be constrained by these differences.

We envisage a number of applications for deterministically-produced N -photon

states. As alluded to in the above discussion, two orthogonal N -photon states can be

combined using linear beam-splitters to create an interferometer which is sensitive to dif-

ferential phase shifts between the two arms of the interferometer which are on the order of

1/N (the Heisenberg limit), rather than the typical 1/
√
N sensitivity (the standard quan-

tum limit) obtained with classical light pulses [158]. Two orthogonal N -photon states can

also be used to create a highly entangled state using only measurement and linear optics
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[190]. Such highly entangled photon states can be used to perform precision measurements

[191, 192, 193]. The CQED device described in this work could thus be used for demon-

strations of this interferometric method. While the low photon numbers deterministically

available from this CQED device (given current state-of-the-art cavity parameters) would

not yield the precision available from the use of much more intense classical light sources,

there may be applications requiring high precision at low light levels which are enabled

by this Fock-state generator, e.g. coherent control [194]. Other applications in the field

of quantum information, communciation, cryptography, and computation are also possible,

and we intend to investigate such potential applications in future work. Finally, a determin-

istic N-photon source would find both basic and applied use for the absolute calibration of

optical detectors, particularly those designed to be sensitive to multiple photons (as opposed

to conventional avalanche photodiode devices). Similarly, the N -photon generator can be

used as the light source for novel multiphoton spectroscopy, e.g. REMPI [195], although

the optical frequency range which can be produced by a given atom-based system would be

quite limited.
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Appendix A

Avoiding Dephasing due to

Electron-Phonon Coupling

Solid state systems have lagged behind gas phase systems in terms of quantum

control . One thing which limits the coherent manipulation of electronic states in solid

state systems is the dephasing caused by coupling to phonon modes. Since the electron-

phonon coupling increases as confinement increases the general consensus is that electronic

control of smaller condensed phase objects will suffer from rapid dephasing. However, in

the limit of small confinement the phonon modes become quantized and one can treat the

system more like a molecule. For a long time molecular spectroscopist have known that one

can do either a vertical transition (a transition which preserves the nuclear wave packet) or

a transition which directly couples two vibronic states. The former leads to an oscillating

amount of phase overlap while the latter can be done with complete phase matching. The

purpose of this appendix is to apply the same technique to nanocrystals. Hence allowing
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for the possibilities of coherent control experiments and even quantum computation on

semiconductor nanocrystals. We present a generalized model of a two level system coupled

to multiple harmonic modes.

A.1 Model System

The model system this paper examines is a two level system coupled to multiple

harmonic modes described by the following Hamiltonian (throughout this paper ~ has been

set equal to one)

H0 = ν|1〉〈1| ⊗ I +
∑
k

ωkI⊗ a†kak + |1〉〈1| ⊗ (γ∗kak + γka
†
k). (A.1)

The Hamiltonian describes a set of harmonic oscillators whose origin in phase

space is linearly displaced when the two level system is in the state |1〉. A classic example

of this system is a diatomic molecule where the equilibrium bond distance differs for the

ground state and the first excited state. Initially, we will examine a simplified Hamiltonian

in which there is only one oscillator mode

H0 = ν|1〉〈1| ⊗ I + ωI⊗ a†a + |1〉〈1| ⊗ (γ∗a+ γa†). (A.2)

We now introduce a new set of creation and annihilation operators, b† and b, where

b† = a† + γ∗

ω . One can then rewrite the system Hamiltonian (Eq.A.2) as
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H0 = (ν − |γ|2

ω
)|1〉〈1| ⊗ I + ω|0〉〈0| ⊗ a†a + ω|1〉〈1| ⊗ b†b (A.3)

= v′|1〉〈1| ⊗ I + ω|0〉〈0| ⊗ a†a + ω|1〉〈1| ⊗ b†b. (A.4)

We use two complete sets of basis states for the harmonic oscillator. The first set

will be the eigenstates of a†a denoted |na〉 where a†a|na〉 = n|na〉 and n is an integer. The

second set of basis states will be the eigenstates of b†b and denoted |nb〉 where b†b|nb〉 =

n|nb〉. Naturally, one can define a set of coherent states |αa(b)〉 over both basis states where

α is a complex number and |αa(b)〉 = e−|α|
2/2
∑

n
αn
√
n!
|na(b)〉.

Throughout this paper, we will use the following useful set of identities based on

the displacement operator, Da(α) = e(αa
†−α∗a).

Da(α)|0a〉 = |αa〉 (A.5)

Da(−
γ

ω
)Da(

γ

ω
) = I (A.6)

Da(−
γ

ω
)a†aDa(

γ

ω
) = b†b (A.7)

〈0a|Da(β)Da(α)|0a〉 = −1
2
|β|2 + β∗α− 1

2
|α|2 (A.8)

Furthermore, we switch to an interaction picture which rotates with the two level

system Hamiltonian yielding

HI = ω|0〉〈0| ⊗ a†a + ω|1〉〈1| ⊗ b†b. (A.9)

For a multiple harmonic mode system one can perform transformation on each of
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the modes independently yielding.

HI =
∑
k

ωk|0〉〈0| ⊗ a†kak + ωk|1〉〈1| ⊗ b†kbk. (A.10)

A.2 Model System Dynamics: Closed System

We are interested in the ”dephasing” of the two level system when it is coupled

to the harmonic mode. For a closed system,we know that there is no ”real” dephasing (

irreversible loss of phase information to the environment) and that after a long enough time

a recurrence will occur. However, examining the closed system will give us the tools we

need to evaluate a system where the harmonic modes are indeed leaky.

The traditional way to estimate dephasing is to look at the loss of coherence

between a superposition of states |0〉 and |1〉. One can look at the reduced density matrix

and see a reduction in the off diagonal matrix elements. Our notion of dephasing will be

slightly different. We will apply specific unitary operator to the ground state |0〉|0a〉 state.

We will then allow the system to evolve freely under the natural Hamiltonian for some time

t. We will then apply the inverse of the unitary transformation and measure the fidelity

between the initial state and the final state. This is an example of Ramsey interferometry.

We will examine two specifc unitary operators

U1 =
1√
2

(I⊗ I− iσx ⊗ I) (A.11)

U2 = exp

(
−i
∑
n

Ωn (|1〉〈0| ⊗ |nb〉〈na|+ |0〉〈1| ⊗ |na〉〈nb|)

)
(A.12)
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U1 occur physically when one applies a π pulse to the electronic levels faster than

the inverse of the energy separation of the vibrational levels. U2 occurs when one applies a

slow π pulse allowing one to distinguish between the levels.

First, we will examine the effect of the operator U1. We will look at the reduced

density matrix for the two level system right after the operation U1,during the natural

evolution, and after the application of U†
1.

First, right after the operation U1 we have

U1|0〉|0a〉 =
1√
2

(|0〉|0a〉 − i|1〉|0a〉) (A.13)

The reduced density matrix is

ρ0
s = trh.o.

[
U1|0〉|0a〉〈0|〈0a|U†

1

]
=

1
2

 1 i

−i 1

 (A.14)

We see that the state is fully coherent. We now evolve the system under HI for

a time t.

|ψ(t)〉 = e−iHI tU1|0〉|0a〉 (A.15)

=
1√
2

(
e−iωa†at|0〉|0a〉+ e−iωb†bt|1〉|0a〉

)
(A.16)

We note that |0a〉 is an eigenstate of a†a but not b†b. How does |0a〉 evolve under

the Hamiltonian ωb†b? First one can show that |0a〉 when written in the other basis turns

out to be a coherent state. One can show using Equations (A.6) and (A.8) that |0a〉 = | γω b〉
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How do coherent states evolve under the Hamiltonian ωb†b? The answer is that the length

of the coherent state remains the same but the vector rotates in the complex plane at

frequency ω. Therefore, a coherent state |αb〉 evolves as follows e−iωb†bt|α〉 = |e−iωtαb〉.

We see then that

|ψ(t)〉 = e−iHI tU1|0〉|0a〉 (A.17)

=
1√
2

(
|0〉|γ

ω b
〉+ |1〉|e−iωt γ

ω b
〉
)

(A.18)

If we again look at the trace, we find that

ρ1
s = trh.o.

[
e−iHI tU1|0〉|0a〉〈0|〈0a|U†

1e
iHI t

]
(A.19)

=
1
2

 1 i exp(φ(it))

−i exp(φ(−it)) 1

 (A.20)

where φ(±it) = −| γω |
2 + | γω |

2e±iωt) For generic times our system appears to have

dephased. In other words, the off diagonal elements have magnitude less than 1/2 except

when t = 2n/ω where n is an integer.

We now apply U†
1 we see that our final density matrix is

ρfs = trh.o.

[
U†

1e
−iHI tU1|0〉|0a〉〈0|〈0a|U†

1e
iHI tU1

]
(A.21)

=
1
2

 1− Re(exp(−| γω |
2 + | γω |

2e−iωt)) Im(exp(−| γω |
2 + | γω |

2eiωt))

Im(exp(−| γω |
2 + | γω |

2e−iωt)) 1 + Re(exp(−| γω |
2 + | γω |

2e−iωt)
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We see that the final reduced density matrix is mixed, (ρfs )2 6= ρfs , except when

t = 2n/ω.

It is a simple exercies to extend this idea to multiple harmonic modes. The unitary

operator remains unchanged and the final density matrix reflects that the additional modes

further reduce the purity of the final state. We calculate the final density matrix to be

ρfs = (A.22)

1
2

 1− Re(
∏
k exp(−| γk

ωk
|2 + | γk

ωk
|2e−iωkt)) Im(

∏
k exp(−| γk

ωk
|2 + | γk

ωk
|2e−iωkt))

Im(
∏
k exp(−| γk

ωk
|2 + | γk

ωk
|2e−iωkt)) 1 + Re(

∏
k exp(−| γk

ωk
|2 + | γk

ωk
|2e−iωkt))



Note that with multiple modes the recurrence time, the return to full fidelity,

becomes larger because the mismatched frequencies lead to patterns of beats. This is a

standard way to create decoherence without dissipative dynamics. If one chooses a set of

modes of mismatched energy, the total time required to return to a system state decoupled

from the oscillators can scale exponentially in the number of modes.

Next, we will examine the effect of the operator U2. We choose a specific example

of U2 such that Ω0 = π. We will look at the reduced density matrix for the two level

system right after the operation U2,during the natural evolution, and after the application

of U†
2.
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First, right after the operation U2 we have

U2|0〉|0a〉 =
1√
2

(|0〉|0a〉 − i|1〉|0b〉) (A.23)

The reduced density matrix is

ρ0
s = trh.o.

[
U2|0〉|0a〉〈0|〈0a|U†

2

]
=

1
2

 1 i exp(−| γω |
2/2)

−i exp(−| γω |
2/2) 1

 (A.24)

We see that the state appears only partially coherent. We now evolve the system

under HI for a time t.

|ψ(t)〉 = e−iHI tU2|0〉|0a〉 (A.25)

=
1√
2

(
e−iωa†at|0〉|0a〉+ e−iωb†bt|1〉|0b〉

)
(A.26)

=
1√
2

(|0〉|0a〉+ |1〉|0b〉) (A.27)

The eigenstate of the total system is time independent and, therefore, so is the

reduced density matrix

ρ1
s = trh.o.

[
e−iHI tU2|0〉|0a〉〈0|〈0a|U†

2e
iHI t

]
=

1
2

 1 i exp(−| γω |
2/2)

−i exp(−| γω |
2/2) 1


(A.28)

Since the state does not evolve, application of the inverse of U2 results in a return

to the initial state with perfect fidelity. Although, this result is well known in molecular
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systems it has not yet been widely applied to solid-state systems. The technique is worthless

in large quantum dots because the frequency of the phonons is so small that a pulse long

enough to not excite any sidebands would be much longer than the lifetime of the excited

state and, therefore, one would be unable to perform a π/2 pulse. Instead, π2 pulses prove

difficult due to the inability to distinguish phonon sidebands. This could potentially be

overcome by using smaller quantum dots. In these dots, the lowest wavelength phonon

sidebands could be distinguished within the lifetimes of certain long lived states within the

dot. This requires that the phonons of the small dot are well separated from the phonons

of the surrounding matrix. This makes chemically created quantum dots and fluctuation

dots natural candidates. Dots formed by electrodes on a two dimensional electron gas seem

to suffer from being coupled to too many long wavelength phonon modes.

A.3 Model System Dynamics: Open System

We now examine the simplest model of an open system. Assume that each har-

monic mode is damped by a simple friction term arising from interactions with an environ-

ment. We assume that both the slow and fast pulses that create U1 and U2 occur on a

time scale faster than this friction term. Consequently, since U2 connects the ground state

of one oscillator with the other it again suffers no dephasing. While, in the case of U1, the

wave packet not only oscillates on the upper potential surface but is slowly damped at a

rate Γ.

We employ the following simple model. We again apply U1. We replace Equation

(A.17) with
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|ψ(t)〉 = e−iLI tU1|0〉|0a〉 (A.29)

=
1√
2

(
|0〉|γ

ω b
〉+ |1〉|e−iωt−Γ/2t γ

ω b
〉
)

(A.30)

where L is a super-operator that accounts for the Hamiltonian evolution and the damping

term. We again apply U†
1 and calculate the reduced density matrix.

ρfs = trh.o.

[
U†

1e
−iLI tU1|0〉|0a〉〈0|〈0a|U†

1e
iLI tU1

]
(A.31)

=
1
2

 1− Re(exp(φ)) Im(exp(φ∗)

Im(exp(φ)) 1 + Re(exp(φ)


where φ = −1+e−Γt

2 | γω |
2 + | γω |

2e−iωt−(Γ/2)t and φ∗ = −1+e−Γt

2 | γω |
2 + | γω |

2eiωt−(Γ/2)t. We see

that in a dissipative environment there is no possibility for recurrence. Again, our results

suggest that the application of a pulse that allows one to distinguish phonon sidebands is

essential for precise optical control in the solid state.
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Appendix B

Coordinate Representation of

Electron and Hole States for CdSe

Nanocrystals

We give here the coordinate representation of the electron and hole states for

CdSe nanocrystals. These states were derived in [94] (We employ a slightly different phase

convention. Efros et al. when calculating the exchange Hamiltonian, γSh · Se, between the

hole and electron spin, Sh and Se, use the convention, Sh · Se = SzhS
z
e + i

2(S+
h S

−
e − S−h S

+
e ).

We instead use the convention that Sh · Se = SzhS
z
e + 1

2(S+
h S

−
e + S−h S

+
e ) ). For convenience,
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we repeat the definitions of our qubit states [Eq. (4.10)] in slightly more detailed notation:

|0〉 = |ΨS
1/2,1/2(re)〉|Ψ

S
3/2,3/2(rh)〉

|1〉 = |ΨS
1/2,−1/2(re)〉|Ψ

S
3/2,−3/2(rh)〉

|2〉 =
1√
2

[
|ΨS

1/2,−1/2(re)〉|Ψ
S
3/2,1/2(rh)〉 − |Ψ

S
1/2,1/2(re)〉|Ψ

S
3/2,−1/2(rh)〉

]
.

The electron states are simply the solutions to a free spin-1/2 particle in a spherical hard-

wall box:

|Se〉 ≡ |ΨS
1/2,±1/2(r)〉 =

√
2
R

sin(πr/R)
r

Y 0
0 (θ, ϕ)|S,±1

2
〉 (B.1)

where R is the radius of the dot, and Y m
l are spherical harmonics. S is a conduction band

Bloch function and ±1
2 is the z -projection of the electron spin:

|S,±1
2
〉 = |L = 0,mL = 0〉|ms = ±1

2
〉. (B.2)

The holes states can be written explicitly as:

|ΨS
3/2,±1/2(r)〉 =

−R0(r)Y 0
0 |u±1/2〉 −R2(r)

(√
2
5
Y ±2

2 |u∓3/2〉+

√
2
5
Y ∓1

2 |u±3/2〉 −
√

1
5
Y 0

2 |u±1/2〉

)

|ΨS
3/2,±3/2(r)〉 =

−R0(r)Y 0
0 |u±3/2〉 −R2(r)

(√
2
5
Y ±2

2 |u∓1/2〉 −
√

2
5
Y ±1

2 |u±1/2〉+

√
1
5
Y 0

2 |u±3/2〉

)

where Rl are the envelope functions and |umJ 〉 are the valence band Bloch functions.

The radial functions are:

R2(r) =
A

R3/2

[
j2(φr/R) +

j0(φ)
j0(φ

√
β)
j2(φ

√
βr/R)

]
R0(r) =

A

R3/2

[
j0(φr/R)− j0(φ)

j0(φ
√
β)
j0(φ

√
βr/R)

]
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where jl are spherical Bessel functions, β = mlh/mhh is the ratio of the light to heavy hole

masses, and φ is the first root of the equation

j0(φ)j2(
√
βφ) + j2(φ)j0(

√
βφ) = 0.

The constant A is defined by the normalization condition

∫ R

0

[
R2

0(r) +R2
2(r)

]
r2dr = 1.

The valence band Bloch functions are given by:

|u±3/2〉 = |L = 1,mL = ±1〉|ms = ±1/2〉

|u±1/2〉 =
1√
3

[√
2|L = 1,mL = 0〉|ms = ±1/2〉+ |L = 1,mL = ±1〉|ms = ∓1/2〉

]
.

For our Raman transitions scheme, we have used states which were not analyzed

in [94]. In particular, these states are from the 1Se1P5/2 exciton multiplet. To find these

we used techniques developed in [196], and then calculated the eigenstates of the exchange

coupling using the method of [94]. A Raman transition connects states of equal parity

through a state of opposite parity. Therefore, the states of interest to us are the Fz = ±1

state:

|Ψv
±1〉 = − 1√

3

[
|ΨS

1/2,∓|1/2(re)〉|Ψ
P
5/2,±3/2(rh)〉+

√
2|ΨS

1/2,±1/2(re)〉|Ψ
P
5/2,±1/2(rh)〉

]
.
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The electron state is as above. The hole state can be written explicitly as

|ΨP
5/2,±3/2(r)〉 = R1(r)

(√
2
5
Y 0

1 |u±3/2〉+

√
3
5
Y ±1

1 |u±1/2〉

)

+R3(r)

(
3

√
1
35
Y 0

3 |u3±/2〉 −
1
2

√
7
5
Y ±1

3 |u±1/2〉+

√
1
14
Y ±2

3 |u∓1/2〉+
3
2

√
1
7
Y ±3

3 |u∓3/2〉

)

|ΨP
5/2,±1/2(r)〉 = R1(r)

(√
1
10
Y ∓1

1 |u±3/2〉
√

3
5
Y 0

1 |u±1/2〉+

√
3
10
Y ±1

1 |u∓1/2〉

)

+R3(r)

(
3

√
3
70
Y ∓1

3 |u±3/2〉 −
√

6
35
Y 0

3 |u±1/2〉 −
√

1
70
Y ±1

3 |u∓1/2〉+

√
3
7
Y ±2

3 |u∓3/2〉

)
,

where Rl are the envelope functions and |umJ 〉 are the valence band Bloch functions given

above.

The radial functions are

R3(r) =
B

R3/2

[
j3(φ′r/R) +

2j1(φ′)
3j1(φ′

√
β)
j3(φ′

√
βr/R)

]
R1(r) =

B

R3/2

[
j1(φ′r/R)− j1(φ′)

j1(φ′
√
β)
j1(φ′

√
βr/R)

]
,

where φ′ is the first root of the equation

j1(φ)j3(
√
βφ) +

2
3
j1(φ)j3(

√
βφ) = 0 (B.3)

and B is defined by the normalization condition

∫ R

0

(
R2

1(r) +R2
3(r)

)
r2dr = 1. (B.4)
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Appendix C

Grover’s Algorithm: Discrete-Time

Case

The description of Grover’s algorithm in this appendix follows the discussion in

[54]. The search is made on the set of N = 2n states represented by all n-bit binary strings

x ∈ {0, 1}n. The states are denoted by |x〉. Within a discrete-time computation model,

Grover’s algorithm searches for marked or “target” states via repeated application of the

Grover iteration operator, G, which can be written as:

G = (2 |η〉 〈η| − I)O (C.1)

where |η〉 = 1√
N

∑N−1
x=0 |x〉 is the equal superposition over all states. From this point on, we

will assume that M = 1 to simplify the discussion. The arguments can easily be extended

to the case where M > 1. Let the state |τ〉 be the “marked” state. Then we can write out
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the explicit form of the oracle as:

O = I +
(
eiπ − 1

)
|τ〉 〈τ | (C.2)

Assuming that our registers are initialized to |η〉, it can be shown that after O(
√
N)

applications of G, the quantum computer is in the marked state |τ〉 [197, 150]. This result is

demonstrated by noting that the search algorithm can be mapped onto a two-state subspace

spanned by the two basis vectors |1〉 and |2〉, where

|1〉 = |τ〉 , (C.3)

|2〉 =
|η〉 − |τ〉 〈τ |η〉√

1− |〈τ |η〉|2
. (C.4)

When our initial state, |η〉, and the operator G are rewritten in the |1〉, |2〉 basis,

|η〉 =


√

1
N√
N−1
N

 (C.5)

G =

 1− 2
N

2
√
N−1
N

−2
√
N−1
N 1− 2

N

 =

cos(Θ/2) − sin(Θ/2)

sin(Θ/2) cos(Θ/2)

 , (C.6)

where

sin(Θ/2) =
2
√
N − 1
N

, (C.7)

we see that the effect of repeated applications of G is to make successive rotations by Θ/2

on state |η〉. We can therefore view Grover’s algorithm as the process of rotating our initial

state, |η〉, onto the target state, |τ〉 ≡ |1〉 by a discrete sequence of small rotations. For

small Θ (i.e. large N), sinΘ ≈ Θ, yielding an incremental rotation angle of approximately

4
√
N−1
N ≈ 4√

N
. Then a rotation of π radians on the Bloch sphere requires O(

√
N) appli-

cations of G. Hence, Grover’s search algorithm requires O(
√
N) calls to the oracle. The
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well-known lower bound for quantum search has been established as Ω(
√
N) [198]. Thus,

Grover’s algorithm is an optimal search.
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Appendix D

Qualitative Analysis of the

Tavis-Cummings Eigenstates

In this Appendix, we present a qualitative picture of the eigenstates of our system

in the small r limit, i.e., a description of the eigenstates of the non-resonant Tavis-Cummings

Hamiltonian, Eq. (6.8). First, note that if the creation/annihilation operators associated

with the cavity were not present in Eq. (6.8), the Tavis- Cummings Hamiltonian would

become again simply a Hamiltonian describing angular momentum (F ) about some axis

(ẑ). In fact, for large enough ∆, one sees that is indeed the case, and we do merely have

eigenstates of angular momentum about the z-axis. In order to get a qualitative picture of

the Tavis-Cummings eigenstates for general values of the cavity coupling g and finite values

of l, it is useful to treat the cavity creation/annihilation operators as operators that act to

enhance the ”effective magnetic field” in the ”x̂” direction. For example, when one has a

large number of photons, l, in the cavity a standard approximation is to replace the cavity
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photon creation/annihilation operators with
√
l. Applying this transformation to Eq. (6.9),

one finds that the Hamiltonian becomes simply H = ∆(Ft + Fz) + g
√
lFx, i.e., the cavity

coupling has been transformed into an effective magnetic field in the x̂ direction.

The eigenstates of Eq. (6.9) are constructed as follows. First, one starts with

atomic states that are the eigenstates of Fz, namely, |f, fz〉 = |n1〉 = f + fz, n2 = f − fz.

We know that the Hamiltonian conserves D, the difference in the number of atoms in

state |2〉 and the number of photons, l, in the cavity. In this representation, the con-

served quantity is −f + fz + l ≡ −k. We can then append a photon state that reflects

this conservation symmetry to the atomic states of modes |1〉 and |2〉 identified via Fz.

This results in the atom-photon states |f, fz, k〉F = |f, fz〉F |l = −k + f − fz〉. The only

missing component is now an atomic state of mode |0〉. We then append the appropriate

number state of the atomic mode |0〉 such that N is conserved, according to N = 2f + n0.

This then specifies the remaining index n0. We have thereby arrived at a set of states

|f, fz, k,N〉 = |n0 = N − 2f, n1 = f + fz, n2 = f − fz, l = −k + f − fz〉, that may now be

used as a basis for expansion of the exact eigenstates of Eq. (6.9). Since the Hamilto-

nian Eq. (6.9) conserves f, k, and n, the exact eigenstates can be formally written as

|f,m, k, n〉F =
∑

fz
cmfz |f, fz, k,N〉. Naturally, determining the coefficients cmfz is not

trivial [183]. For our purposes here, it is not necessary to find explicit solutions for the

coefficients. We require only the main features of the energy spectrum. These are available

from the identification of the above basis and are described below.

It is important to note that in order for the photon number l to be positive, we

must have f −fz ≥ k. For fixed f and k values, this can lead to a truncation of the possible
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accessible states. One finds that for positive k, the angular momentum projection, m, can

have only 2(f − k/2) + 1 values, whereas for negative k, m can take all 2f + 1 values. This

implies that for k ≤ 0, the eigenstate degeneracy for given values of f , N , and k, equals

the degeneracy one would expect for a total angular momentum value of f (i.e., 2f + 1).

In contrast, for values k > 0, the eigenstate degeneracy equals the degeneracy expected for

a total angular momentum value of f − k/2, i.e., 2(f − k/2) + 1. Note that in our scheme

we always assume that there are initially no photons in the cavity, i.e., k ≥ 0.

In summary, we see that one think of the states |f,m, k,N〉F as being effectively

”angular momentum” states possessing a total angular momentum Ft equal to f − k/2 and

angular momentum projection of m about the ”magnetic axis”. Although this analogy is

not perfect because of the spread of actual eigenstates over this basis, it does contain the

following important feature. This is, that for ∆ larger than g
√
lmax = g

√
2f − k, where

lmax is the maximum number of photons in the cavity, the eigenstates are eigenstates of

Fz, with eigenvalue m− k/2. So the large ∆ limit is simplified. In contrast, for small and

medium size values of ∆, the eigenstates are superpositions over a wide range of fz states.
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Appendix E

Generation of N-Photons: Bounds

on Dark State Properties

In this appendix, we derive an upper bound on the variance of cavity photon

number for the dark state used to generate N-Photons in Chapter 6 . We also derive an

upperbound on the angular velocity of the same dark state.

E.1 Bounded Variance of the Cavity Photon Number

In order to reach this bound, we need to first outline other properties of the dark

state. We begin with a few definitions. The states are in the number representation of

the atom-cavity state, namely |n0, n1, n2, l〉, where ni gives the number of atoms in state

|i〉 (i = 0, 1, 2), and l the number of photons in the cavity. The dark state in the e(N, k)
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manifold is given by,

|Ψk〉 =
1
Zk

N−k∑
l=0

(−x)l√
(N − k − l)!(l + k)!l!

|(N − k − l), 0, (l + k), l〉, (E.1)

where x = r/g, Zk is the normalization constant, N is the number of atoms in the cavity,

and k = n2 − l.

Let |Φk〉 be the state given by d
dx |Ψk〉. Thus,

|Φk〉 =
1
Yk

(
1
Zk

N−k∑
l=1

l(−x)l−1√
(N − k − l)!(l + k)!l!

|(N − k − l), 0, (l + k), l〉 −
Z ′k
Zk

|Ψk〉

)
(E.2)

where Yk is the normalization constant and d/dx(Zk) = Z ′k.

We further define the state |χk〉 given by the normalized state H |Φk〉. Therefore,

|χk〉 =
1
Wk

N−k−1∑
l=0

(−x)l√
(N − k − 1− l)!(l + k)!l!

|(N − k − 1− l), 0, (l + k), l〉, (E.3)

where Wk is the normalization constant.

We now present some properties relating these normalization constants to each

other and their derivatives. So let 〈l〉k be the average number of photons in the cavity for

the darkstate in the k manifold. In other words,

〈l〉k = 〈Ψk|a†a |Ψk〉

=
1
Z2
k

N−k∑
l=0

lx2l

(N − k − l)!(l + k)!l!
(E.4)
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Property 1

x
Z ′k
Zk

= 〈l〉k (E.5)

Proof: By definition, Zk is the normalization constant of the dark state |Ψk〉. Hence,

Z2
k =

N−k∑
l=0

x2l

(N − k − l)!(l + k)!l!

∴
d

dx
Z2
k = 2Z ′kZk =

N−k∑
l=1

2lx2l−1

(N − k − l)!(l + k)!l!

∴ xZ ′kZk =
N−k∑
l=0

lx2l

(N − k − l)!(l + k)!l!

Dividing both sides by Z2
k gives us,

xZ ′k
Zk

=
1
Z2
k

N−k∑
l=0

lx2l

(N − k − l)!(l + k)!l!

= 〈l〉k [From Eq. (E.4)]

Property 2 (
x
Zk+1

Zk

)2

= 〈l〉k (E.6)

Proof: Zk+1 is the normalizaton constant for the state |Ψk+1〉. Hence by definition,

Z2
k+1 =

N−(k+1)∑
l=0

x2l

(N − (k + 1)− l)!(l + k + 1)!l!

∴ (xZk+1)
2 =

N−k−1)∑
l=0

x2(l+1)

(N − k − 1− l)!(l + k + 1)!l!

∴ (xZk+1)
2 =

N−k−1)∑
l=0

(l + 1)x2(l+1)

(N − k − (l + 1))!(l + 1 + k)!(l + 1)!

∴ (xZk+1)
2 =

N−k)∑
l=1

(l)x2l

(N − k − l)!(l + k)!l!
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Dividing both sides by Z2
k , we get the result,

(
xZk+1

Zk

)2

=
1
Z2
k

N−k)∑
l=0

(l)x2l

(N − k − l)!(l + k)!l!

From Eq. (E.4), we prove the required result.

Property 3

If the system is in the dark state |Ψk〉, then

V ar(a†a) = (xYk)2 (E.7)

Proof: It is trivial to see that Property 3 is true when x = 0. Let x 6= 0. Consider

the state |Φk〉 given by Eq. E.2. Since x 6= 0 we can extend the summation to l = 0. Thus,

|Φk〉 =
1
Yk

(
1
Zk

N−k∑
l=0

l(−x)l−1√
(N − k − l)!(l + k)!l!

|(N − k − l), 0, (l + k), l〉 −
Z ′k
Zk

|Ψk〉

)

=
1

YkZk

l=N−k∑
l=0

(
l − x

Z ′k
Zk

)
(−x)l−1√

(N − k − l)!(l + k)!l!
|(N − k − l), 0, (l + k), l〉

[Using Eq. E.1]

=
1

YkZk

N−k∑
l=0

(l − 〈l〉k)
(−x)l−1√

(N − k − l)!(l + k)!l!
|(N − k − l), 0, (l + k), l〉

[Using Property 1]
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Yk is the normalization constant of |Φk〉. Thus,

Y 2
k =

1
Z2
k

N−k∑
l=0

(l − 〈l〉k)2
x2(l−1)

(N − k − l)!(l + k)!l!

∴ (xYk)2 =
1
Z2
k

N−k∑
l=0

(l − 〈l〉k)2
x2l

(N − k − l)!(l + k)!l!

∴ (xYk)2 = 〈l2〉k − (〈l〉k)2

It easy to see that this is merely V ar(a†a).

Property 4

〈l2〉k = 〈l〉k (〈l〉k+1 + 1) (E.8)

Proof:

〈l2〉k =
1
Z2
k

N−k∑
l=0

l2x2l

(N − k − l)!(l + k)!l!

=
1
Z2
k

N−k∑
l=1

lx2l

(N − k − l)!(l + k)!(l − 1)!

=
1
Z2
k

N−k−1∑
l=0

(l + 1)x2(l+1)

(N − k − l − 1)!(l + 1 + k)!l!

=
x2Z2

k+1

Z2
kZ

2
k+1

N−(k+1)∑
l=0

(l + 1)x2l

(N − (k + 1)− l)!(l + k + 1)!l!

=
x2Z2

k+1

Z2
k

1
Z2
k+1

N−(k+1)∑
l=0

(l + 1)x2l

(N − (k + 1)− l)!(l + k + 1)!l!

=
x2Z2

k+1

Z2
k

〈l + 1〉k+1

Using Property 2 we get the required result.

Property 5

〈l〉k ≥ 〈l〉k+1 (E.9)
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Proof: We need to show that

〈l〉k − 〈l〉k+1 ≥ 0 (E.10)

which is equivalent to showing that

Z2
kZ

2
k+1〈l〉k − Z2

kZ
2
k+1〈l〉k+1 ≥ 0 (E.11)

since Zj is positive for all j.

Z2
kZ

2
k+1〈l〉k − Z2

kZ
2
k+1〈l〉k+1 =

Z2
k+1

N−k∑
l=0

lx2l

(N − k − l)!(l + k)!l!
− Z2

k

N−k−1∑
m=0

mx2m

(N − k − 1−m)!(m+ k + 1)!m!

=
N−k−1∑
m=0

x2m

(N − k − 1−m)!(m+ k + 1)!m!

N−k∑
l=0

lx2l

(N − k − l)!(l + k)!l!

−
N−k∑
l=0

x2l

(N − k − l)!(l + k)!l!

N−k−1∑
m=0

mx2m

(N − k − 1−m)!(m+ k + 1)!m!

=
x2(N−k)

N !(N − k)!

(
N−k−1∑
m=0

(N − k −m)x2m

(N − k − 1−m)!(m+ k + 1)!m!

)

+
N−k−1∑
m=0

N−k−1∑
l=0

(l −m)x2(m+l)

(N − k − 1−m)!(m+ k + 1)!m!(N − k − l)!(l + k)!l!

We note that

x2(N−k)

N !(N − k)!

(
N−k−1∑
m=0

(N − k −m)x2m

(N − k − 1−m)!(m+ k + 1)!m!

)
≥ 0. (E.12)

Thus,

Z2
kZ

2
k+1〈l〉k − Z2

kZ
2
k+1〈l〉k+1 ≥ (E.13)

N−k−1∑
m=0

N−k−1∑
l=0

(l −m)x2(m+l)

(N − k − 1−m)!(m+ k + 1)!m!(N − k − l)!(l + k)!l!
.
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In order to evaluate the sum in Eq. (E.13), we choose two integers between 0 and N−k−1,

a and b. We then evaluate the sum of the two terms corresponding to l = a, m = b, and

l = b, m = a. We see that

(a− b)x2(a+b)

(N − k − 1− b)!(b+ k + 1)!b!(N − k − a)!(a+ k)!a!

+
(b− a)x2(a+b)

(N − k − 1− a)!(a+ k + 1)!a!(N − k − b)!(b+ k)!b!

=
x(2(a+ b))

(N − k − b)!(b+ k)!b!(N − k − a)!(a+ k)!a!

(
(a− b)

(
N − k − b

b+ k
− N − k − a

a+ k

))
.

Since x(2(a+b))
(N−k−b)!(b+k)!b!(N−k−a)!(a+k)!a! ≥ 0, we simply need to determine whether

(a− b)
(
N−k−b
b+k − N−k−a

a+k

)
≥ 0. If a > b, a− b is positive and

(
N−k−b
b+k − N−k−a

a+k

)
is positive,

so the product is therfore also positive. If b > a, a − b is negative and
(
N−k−b
b+k − N−k−a

a+k

)
is also negative, so therefore the product is still positive . Hence, for all a and b

x2(a+b)

(N − k − b)!(b+ k)!b!(N − k − a)!(a+ k)!a!

(
(a− b)

(
N − k − b

b+ k
− N − k − a

a+ k

))
≥ 0,

(E.14)

which implies that

N−k−1∑
m=0

N−k−1∑
l=0

(l −m)x2(m+l)

(N − k − 1−m)!(m+ k + 1)!m!(N − k − l)!(l + k)!l!
≥ 0. (E.15)

By Eq. (E.13) and Eq. (E.15), we have

Z2
kZ

2
k+1〈l〉k − Z2

kZ
2
k+1〈l〉k+1 ≥ 0 (E.16)

and thus

〈l〉k ≥ 〈l〉k+1. (E.17)
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Property 6

If the system is in the dark state |Ψk〉,

V ar(a†a)k ≤ (N − k). (E.18)

Proof:

V ar(a†a)k = 〈l2〉k − (〈l〉k)2

= 〈l〉k(〈l〉k+1 + 1)− (〈l〉k)2

[Using Property 4]

≤ 〈l〉k

[Using Property 5]

≤ N − k.

E.2 Bounded Angular Velocity

We now determine here an upper bound on the angular velocity of the dark

state, maxα2
k = max〈ψ̇0

k(t)|ψ̇0
k(t)〉. We first note that using the chain rule the maxα2

k is

equivalent to determining the maximum value of ẋ2Y 2
k where Yk is the normalization con-

stant defined in Equation E.2). For convenience, we will define cl = (−x)l√
(N−k−l)!(l+k)!l!

and

c′l = (−x)l√
(N−k−l)!(l+k)!l!

(throughout this Appendix, we will use f ′ to represent the derivative

of f with respect to x, and ḟ to represent the derivative f with respect to t).

Since the maximum of the product of two functions is always less than or equal to

the product of the maximums of each function, the first step is to simply take the maximum
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of ẋ2. This yields

max ẋ2 =
(

max ṙ
g

)2

. (E.19)

The second step is to determine the maximum value of Y 2
k . Using the notation of

Section E.1, we first note that 〈Ψk|Φk〉 = 1
Yk
〈Ψk|Ψ′

k〉 = 0, since |Ψk〉 is normalized. From

Eq. (E.2), this implies that

〈Ψk|
N−k∑
l=1

c′l|(N − k − l), 0, (l + k), l〉 = Z ′k. (E.20)

Hence, we can write the following expression for Y 2
k ,

Y 2
k =

1
Z2
k

(
N−k∑
l=1

(c′l)
2 − (Z ′k)

2

)
. (E.21)

Since Y 2
k must be positive and both

∑N−k
l=1 (c′l)

2 and (Z ′k)
2 are positive, we can write the

following inequality

Y 2
k ≤

∑N−k
l=1 (c′l)

2

Z2
k

. (E.22)

Note that Y 2
k is an even function of x, so the value of Y 2

k at x = 0 must be a local

minimum or maximum. When one takes the derivative of Yk with respect to x, one finds

only a single zero at the origin. The identity, x2Y 2
k = V ar(a†a), implies that Y 2

k must go

to zero as x increases in order to maintain a finite variance. Therefore, the maximum value

of Yk occurs at the origin. Explicitly calculating the limit at the origin yields

maxY 2
k =

N − k

k + 1
. (E.23)

Consequently, we have an upper bound for the maximum angular velocity

maxα2
k ≤

(N − k) max ṙ2

(k + 1)g
. (E.24)
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Appendix F

M-Photon Storage, N-Photon

Generation and Detuning

An exciting breakthrough in recent atomic physics was the discovery of a way

to store a light pulse in a vapor of three level atoms. Often referred to as stopped light,

the process maps the information of the light pulse onto the state of the atomic vapor

[199, 200]. The mapping is done by adiabatically transforming a dark state polariton by

the slow reduction of a coupling field [201]. The process is in many ways the opposite of the

N photon generation scheme presented in Chapter 6. In Chapter 6, the state of N atoms in

a cavity is mapped onto the state of the emitted photons via adiabatically transforming a

dark state of the atom-cavity system by slowly increasing the coupling field. One finds that

photon storage is most efficient when the stored light and the coupling field is resonant with

the atomic transtions. However, as shown in Chapter 6, detuning is necessary to create N

photon states.
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In this appendix, we present a short argument about why detuning is necessary

when producing N photons from N atoms but not necessary when storing M photons in

N atoms. This is intriguing since both methods use three-level atoms interacting with a

quantized electromagnetic field, see Figure 6.1. We assume throughout that the atoms are

indistinguishable and describe the states using the following two basis sets: 1) the number

representation, |n0, n1, n2, l〉, where ni gives the number of atoms in state |i〉 (i = 0, 1, 2),

and l the number of photons in the cavity and 2) the Schwinger representation for the

collective atomic modes 0 and 1, |j,mx, n2, l〉J , where j is the total Schwinger angular

momentum of the atomic modes 0 and 1 of j, mx is the projected angular momentum along

the x-axis, n2 is the number of atoms in the atomic state 2, and l is the number of photons.

These two bases are related by the transformation

|j,mx, n2, l〉J =
2j∑

n0=0

〈j,mz = (j − n0)|j,mx〉|n0, 2j − n0, n2, l〉 (F.1)

where mz is the projected angular momentum along the z-axis. For details, see Section 6.2.

N -photon generation, as described in detail in Chapter 6, uses N three-level atoms

and a cavity. In a closed system, the idea is to use an external driving field to adiabatically

move from the initial state |N, 0, 0, 0〉 to the final state |0, 0, N,N〉. N photon storage as

described in Ref. [201] is very similar. One starts with a large number of atoms N and

sends in a pulse containing a small number of photons M . Again, in a closed system, the

plan is to use a driving field to move from the intitial state |0, 0, N,M〉 to the final state

|M, 0, N−N, 0〉. From this abstract perspective, these processes are practically the inverses

of each other and take advantage of similar dark states that allow for one to do this adiabatic
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transfer without populating the excited atomic state, i.e., throughout the process ni=0.

The Hamiltonian describing the process is given by

H = −∆b†1b1 + r(t)
(
b†1b0 + b†0b1

)
+ g

(
b†1b2a + a†b†2b1

)
. (F.2)

where b†i is the Bose creation operators for the atomic mode i and a† is the Bose creation

operator for the photon. This Hamiltonian is described in detail in Section 6.2. It is

important to note that r(t) is the external field that one uses to controls the system.

The dark state, ψNk for this Hamiltonian can be written as

∣∣ψNk (t)
〉

=
1
Zk

N∑
j=k

(−r(t)/g)j√
(N − j)!j!(j − k)!

|N − j, 0, j, j − k〉 (F.3)

where Zk is a normalization constant and k is a constant equal to the difference in the

number of atoms in state |2〉, n2, and the number of photons, l. For N -photon generation

k=0, for M -photon storage k = N −M .

To produce an N -photon state from N atoms one imagines starts at an initial

time, ti, with r(ti) = 0 and |φN0 (0)〉 = |N, 0, 0, 0〉, Equation F.3. Then one slowly ramps

the driving field until at some final time, tf , r(tf ) � g and|φN0 (r(tf ))〉 ≈ |0, 0, N,N〉.

This will work as long as one can adiabatically follow |φN0 〉. When producing N -photons

from N atoms, we found in Chapter 6 that it was advantageous to have ∆ 6= 0. This is

shown numerically in Figure 6.6. When ∆=0, the dark state becomes degenerate with other

unknown states, |φj〉 where H|φj〉 = 0. The first step in looking at adiabatic following in

the presence of degeneracy is to define the degenerate subspace in terms of orthogonal states

|ψi〉 such that 〈ψi′ | ddtψi〉 = 0 for all t. We then rewrite the dark state as |φN0 〉 =
∑

i ci(t)|ψi〉.

|φN0 〉 can be adiabatically followed if and only if ci(t) = ci.
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In general, the states |ψi〉 are difficult to find. However, we note that at large r

this subspace can be described succinctly by using the Schwinger angular momentum of

atomic modes 0 and 1. We find that the states |j, 0, N − 2j,N − 2j〉J form this subspace in

the limit of large r. However, there is freedom in how one chooses the basis. One can make

any basis transformation as long as the coefficients are time independent. This gives us a

clue towards finding at least one |ψi〉.

For an even number of atoms, N , we have found one time independent state of

zero energy.

|ψ0〉 =
1
K

N/2∑
j=0

f(j)|j, 0, N − 2j,N − 2j〉J (F.4)

where f(j) = (−1)j 22j−N (N−2j)!
((N/2−j)!)2 . We note that the coefficients are independent of time

making this state an excellent start for constructing a basis of |ψi〉. Unfortunately, for

general N we have been unable to find a formula describing all the |ψi〉. Therefore, we

attempt to examine bounds on the adiabatic evolution by looking only at the overlap of the

time independent state,|ψ0〉, with the dark state.

If |φN0 (t)〉, can be adiabatically followed then 〈ψ0|φN0 (t)〉 should be constant. For

simplicity, we assume r is proportional to t and examine the situation at t=0 and t = ∞.

We find that at t = 0,

〈ψ0|φN0 (0)〉 =
1
K

2−N/2
√
N !

(N/2)!
(F.5)

. However, at t = ∞ we find that

〈ψ0|φN0 (∞)〉 =
1
K

2−NN !
((N/2)!)2

. (F.6)
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We immediately see that 〈ψ0|φN0 (0)〉 6= 〈ψ0|φN0 (∞)〉 and, consequently, our dark state can-

not be adiabatically followed.

Evaluating these terms in the limit of large N (using Stirling’s approximation), we

find that

〈ψ0|φN0 (0)〉 ≈ 1
K(2πN)1/4

(F.7)

and that

〈ψ0|φN0 (∞)〉 ≈ 1
K(2πN)1/2

. (F.8)

For large N , N1/4 is significantly different from N1/2 and, thus, we glimpse why detuning

is necessary to adiabatically follow the dark state. Clearly, this is not the whole story, since

in the case of large N the overlap of the dark state with |ψ0〉 is very small.

We now examine the case of M photon storage. Here we imagine that we start

with a large external field r � g. We then catch the photon by adiabatically turning off

the external field. For simplicity, we assume that r = 1/t. Again, when N −M and M is

divisible by 2, we can write the following time independent zero energy state

|ψ0〉 =
1
K

M/2∑
j=0

g(j)|j, 0,M − 2j,N − 2j〉J (F.9)

where now g(j) = (−1)j 2(j−M/2)
√
M !

(M/2)!

(N/2−j−M/2)!
√

(N−2j)!

2M/2(N−2j)!
√
N−2j−M .

We again look at the overlap. We find that at t = 0, then r(t) = ∞ and

〈ψ0|φNN−M (0)〉 =
1
K

2−M/2
√
M !

(M/2)!
. (F.10)

At t = ∞, r(t) = 0 and we find that

〈ψ0|φNN−M (∞)〉 =
1
K

2−M/2
√
M !

(M/2)!
(N/2− j −M/2)!

√
(N − 2j)!

2M/2(N − 2j)!
√
N − 2j −M

. (F.11)
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We again see that 〈ψ0|φNN−M (0)〉 6= 〈ψN−M |φN0 (∞)〉 and, consequently, our dark state

cannot be absolutely adiabatically followed.

However, when we examine the limit of large N , an intriguing result emerges.

Namely,

〈ψ0|φNN−M (0)〉 ≈ 1
K(2πN)1/4

(F.12)

and that

〈ψ0|φNN−M (∞)〉 ≈ 1
K(2πN)1/4

(
1− M

2N

)
. (F.13)

Thus, the overlap is almost constant for large N and the dark state can approximately be

adiabatically followed.

In conclusion, we note that this appendix had shown only weakly why the need

for detuning is necessary in the generation of N photons. However, it does illustrate the

key difference between photon storage in a vapor and photon creation in a cavity. The

mismatch in the number of photons and atoms in an atomic vapor leads to a Bose-like

enhancement of the correct pathway for photon storage. The same enhancement can occur

in photon creation if one assumes that one starts with only a fraction of the atoms in the

state |0〉 and the rest of the atoms in state |2〉.
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