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A new version of the quantum instanton (QI) approach to thermal rate constants of chemical reactions (Miller,
W. H.; Zhao,Y.; Ceotto,M.; Yang,S. J. Chem.Phys.2003 119,1329)is presentedpamely,the simplestQI
(SQI) approximationwith one dividing surface(DS), referredto hereas SQI1. (The SQI approximation
presentedriginally wasapplicableonly with two DSs.)As with all versionsof the QI approachtherateis
expressed wholly in terms of the (quantum) Boltzmann operator (which, for complex systems, can be evaluated
by Monte Carlo pathintegral methods).Test calculationson somesimple model problemsshowthe SQI1
modelto beslightly lessaccuratehanthe original versionof the QI approachbutit is the easiesversionto
implement;it requiresonly a constrainedree-energycalculation,location of the (transition-statePS so as

to maximizethis free energy,andthe curvature(secondderivative)of the free energyat this maximum.

1. Introduction

A recentpapet hasdevelopedan approximatetheoretical
expressiorfor the thermalrate constanif a chemicalreaction
that is expressed solely in terms of the quantum Boltzmann
operatore 78, |ts derivation was motivated by the earlie?
semiclassical (SC) GnstantonC approximation for rate constants
and is thus referred to as the quantum instanton (QI) approxima-
tion. Applicationsto somestandarcone-andtwo-dimensional
model problems showed it to be capable of ( 10- 20% accuracy
over awide range of temperatures, from low temperatures deep
in the tunnelingregimeto the high-temperatur®over-barrierO
limit. (More recentcalculation$ havebeencarriedout for the
H+ CHyf Hy+ CHsreactionin full Cartesiarspace.)The
potential usefulnesf this QI approachis that the quantum
Boltzmannoperatorcan be evaluatedfor quite complexmo-
lecularsystemsby Monte Carlo (or moleculardynamics)path
integration method$. The QI model is a type of Oquantum
transition-stateheoryOpf which thereare manyvarieties® 14
its particularattractionis thatit is not necessaryo assumeany
reaction or tunneling path, all necessaryinformation being
containedin the Boltzmannoperator.

The purposeof this paperis to developonefurtheraspecof
the QI model that was not consideredinitially, namely, the
variant of the model that was referred to as the simplest quantum
instanton,or SQI approximationfor the casethat one usesa
single dividing surface(DS). (The SQI given in the original
work! is only meaningfulwhen one usestwo different DSs.)
Sincethis is the simplestpossibleversionof the QI idea, it is
worthwhile to explorethis versionof thetheoryandseehow it
performs. Section 2 presents the theoretical devel opment, section
3 presentghe generalizatiorio multidimensionakystemsand
section 4 shows the results of applicationto standardtest
problems. Though not quite as accurateas the original QI
approximatioA with two DSs, it is by far the easiestof all
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versionsof the QI approachto implement;as summarizedy
eq2.16,it requiresonly a constrainedree-energycalculation,
locationof the DS to maximizethis free energy,and determi-
nation of the curvature(secondderivative)of the free energy
at this maximum.

2. Theoretical Development

We beginwith the quantuminstanton(Ql) expressioh for
the thermalrate constani(T) for the caseof a singleDS, here
for a one-dimensionapotentialbarrier (the multidimensional
generalizatiorwill be notedbelow)
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whereQ; is the reactantparitition function (per unit volume),
I H(B) is an energyvariance

MRM) o2 Ol e " (2.1a)

| - pl21:421, 0 | - pEI21 ., w\2]1/2
LH(B)) 'X°|e N L L (2.1b)
|e ﬁld/zl | - piar2y, n
X' Ixle "%y
andxg is the value of x for which
A 16 2%y o (2.10)

dx

The primes on the matrix elementsin eq 2.1a denote
differentiationwith respecto the coordinatevariablein thebra
or ket. To developthe SQI approximationfor this caseof one
DS, we proceedasbeforé andconsiderthe SClimit of eq2.1;
i.e., we utilize the SC approximationfor the matrix elements
of the Boltzmannoperatot®
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wherethe sumin eq 2.2 isover al trgjectories (in pure imaginary
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Figure 1. A sketchof a generalone-dimensionapotential barrier
indicatingthe two (imaginarytime) trajectoriesthat contributeto the
semiclassicahpproximationto the Boltzmannmatrix elementin eq
2.3.

time or realtime on the upside-dowrpotentialsurface)thatgo
from x to x#in (imaginary)time pp/2. (Whenusingtwo DSs,
thereis only onesuchtrajectory.)Figure 1 indicatesthatthere
will typically be two suchtrajectoriesin the presentcase,one
thatmovesfrom X, to theleft (L) andbackto xo, andonethat
movesto the right (R) andback, so that
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wherepk (pd istheinitial (final) momentunfor trajectoryk )
L or R, oneseesthat
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Thusif X is chosenso that
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thentheRHS of eq2.5will beO (i.e.,eq2.1cwill besatisfied)
since (as seenin Figurel) pi#) - p.) - pr#) pr. Fora
symmetricbarrier, it is clearthat xo is at the maximumof the
potential V(x), the conventionaltransitionstate.

Utilizing eqs2.3- 2.5, onethushasthe following relations
in the SC limit
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whereS) S (x%)) Sk(XoXo) andpo) pi#) - pu) - pr¥)
pr. For future referencewe alsonotethat
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Using egs2.7aand2.7bin eq2.lathusgivesthe SClimit of
the QI rate constantas
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As before,we now equatethis to the original SCinstantorrate
expressiof
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which implies that
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solving this equationfor ! 23! x#! x gives
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Finally, substitutingthis result,eq2.10b,backinto eq2.8 (and
using eq 2.7a) givesthe simplestquantuminstantonfor 1 DS
(SQI1)as
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wherez is the dimensionlesvariable
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To completethe SQI1 model,oneneedsa way to determine
the momentumpy, or more specifically, po?2m, the kinetic
energy at the DS (i.e., at the transition state). A simple
prescriptionfor doing sois basedon classicalconservatiorof
energy(for the imaginarytime trajectory)
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We have indeed used eq 2.12 in eq 2.11b, and the rate constants
obtained are reasonablygood. We do not consider this a
satisfactoryapproachhowever,becausét doesnot generalize
to the multidimensionalcase;eq 2.12 gives the total kinetic
energyon the DS, while it is clear (e.g., by consideringthe
separabldimit) it should be only the kinetic energyin the
reactioncoordinate A definition of pp?2mthatdoesgeneralize
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correctly is obtainedby averagingeqs2.7b and 2.7c, which
gives

2m |X0|e ,8Id/2|
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In the high-temperaturéimit, S(x#x) % (x# X)? sothatthelast
termin eq2.13vanishesandit is negligible comparedo the
first termin the low-temperaturdimit. To completethe SQI1
modelwe thuschoose
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Perhapshe most convenientaspectof eq 2.14 is that it can
alsobe expresseds
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i.e., onevariesx to find the valuefor which In [!xo|e #/2|x"]
is @ minimum, and po%/2m of eq 2.15ais givenin termsof the
curvatureat this minimum.

To summarize,one can also write the final result in
thermodynamidanguage.Thusif the free energyG(xo) as a
function of the reactioncoordinateis definedby

B2

BG(x) $ - In[Ixjle ™%, (2.16a)

thenxg is determinedby the maximumof this free energy
G#x;)) O (2.16b)

andthe dimensionlesvariablez (of eq2.11b)givenin terms
of its curvatureat the maximum
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The SQI1 expressiorfor the rate constantis then
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3. Multidimensional Generalization

In light of the previous QI paper! the multidimensional
generalizatiorof the SQIl1rateconstanis straightforward For
simplicity, we considerthe casethat the coordinatesof the
systemare (X, Q) wherex is the reactioncoordinateIn terms
of the thermodynamidanguageof eqs2.16, the multidimen-
sionalexpressiorfor the free energyis

BG(%)) - In[# dQ, # dQ,(1x,Q,l € ™?%,Q,)7  (3.1)
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andtheneqs2.16b d pertainaswritten. The multidimensional
energyvariance! H is asgiven before
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The generalizatiorof eqs3.1 and3.2 to the caseof a more
generalform of the DS, e.g., specifiedby somefunction (the
generalizedreactioncoordinate)s(q) ) 0, whereq ) (x,Q)
denotesll the (Cartesianoordinateof the system hasbeen
given (andimplemented)n ref 4.

4, Test Calculations

Thefirst example we consider is the standard one-dimensional
symmetricEckart potentialbarrier

V(X)) V, sech(ax) (4.1)

with parameterd/; ) 0.425eV,a) 1.36au,andm) 1060
au, which correspondapproximatelyto the H + H; reaction.
For theseelementaryone-dimensionaéxamplesit is simplest
to evaluate the necessary matrix elements of the Boltzmann
operatorby quantumbasis-setmethods(we useda discrete
variable representation}® thoughthe practicalinterestin the
guantuminstantonapproachis that the Boltzmanoperatorcan
be evaluatedfor very complexsystemsby Monte Carlo path
integralmethods>

Figure 2afirst displays an Arrhenius plot of the rate constant
givenby the SQI1model,i.e.,eq2.11with 2.14overtherange
T) 100 2000K, alongwith the exactquantumrate,showing
that on this scalethe model gives excellentresults.(For this
symmetric case, the location of the transition state DS X is
alwaysxo ) 0.) To show the accuracyof the model more
precisely Figure2b plotstheratio of the SQI1rateto the exact
quantumrateasa functionof 1/T; itis" 10- 15%too smallat
the lowest and highest temperatures, with the greatest deviation
(afactorof " 1.4) atintermediateemperatureBy comparison
of these results to the earlier QI model with one DS, the present
SQI1modelis betterat the lowestandhighesttemperaturédout
not asaccuraten the intermediatetemperatureegime.

The secondexampleis the asymmetrioversionof the Eckart
potential

Vo(1- R)

V(X +
09)

Vo(1+ (RY%?
4 costf(ax)

4.2)

with parametery/,) 0.425eV,a) 1.36au,R) 1.25,andm
) 1060 au; the barrier heightsare 0.425and 0.531 eV from
the left andright sidesof the barrier, respectively As above,
we first showin Figure3a, an Arrheniusplot of the SQI1rate
constant, for therange T) 150- 2000 K, again displaying very
good agreementith the exactquantumrate over this large
range of temperature Here the location of the DS, xp, as
determined by eq 2.1c or 2.15b, varies with temperature. Figure
3b showstheratio of the SQI1rateto the exactquantumvalue
over this rangeof temperatureThis plot is very similar to the
symmetriccasein Figure2b exceptat the lowesttemperatures
(< 200K) wherethe SQI1 ratebecomesncreasinglytoo large
(off by afactorof " 1.4 at150K). Comparingtheseresultsto
thosegiven previouslyby the oneDS versionof the QI model,
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Figure 2. (a) Arrheniusplot of the rate constantgiven by the SQI1
modelfor the symmetricEckartpotentialof eq4.1. The solid curveis
the exactresult,and the dottedcurveis the SQI1 result. (b) Ratio of
the SQI1 rate constanto the exactquantumvalue for the symmetric
Eckartpotential.

the deviationsof both from the correct quantumvaluesare
qualitatively similar, but thoseof the presentSQI1 modelare
larger.

Finally, thoughit is beyondthe scopeof this paper,we note
thatthe deviationsof the SQI1ratesfrom the correctquantum
values(Figures2b and 3b) aresimilar if plottedasa function
of the dimensionleswariablez of eq 2.11b (with 2.14). The
largestdeviation,a factorof " 1.4- 1.5,0occursatz" 1.1t is
thuspossibleto introduceanempiricalcorrectionfactor (i.e., a
function of 2) that significantly correctsthis genericbehavior
of the SQI1 model. For example,if the factor (7)¥42 (z + (1
+ 7AY9) in eq 2.11aand2.16dis replacedoy 52/4 + ((z- 1)?
+ (1/4%)'2 thenthe SQI1rateagreeswith the exactquantum
value to within a few percentfor all temperatureén Figure 2
anddown to " 250 K in Figure 3. It remainsto be seen,of
course how universalthis (or any) empirical correctionfactor
may be.

5. Concluding Remarks

The analysispresentedn section2 showsthatit is indeed
possibleto derivea versionof the simplestquantuminstanton
modelthatutilizesasingleDS, designatedhereSQI1. Therate
expressions givenby eq2.11with 2.14,0r equivalentlyby eq
2.16 in thermodynamiclanguageand its multidimensional
generalizatiorby eqs3.1 and 3.2.

Though not as accurate for these test problems as the original
QI model with two DSs, the SQI1 model is still of useful
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Figure 3. (a) Arrheniusplot of the rate constantgiven by the SQI1

modelfor the asymmetricEckart potentialof eq4.2. The solid curve
is the exactresult,andthe dottedcurveis the SQI1result.(b) Ratio of

the SQI1 rate constanto the exactquantumvaluefor the asymmetric
Eckartpotential.

accuracy(with empiricalcorrectionsbeingpossibleto makeit

evenmore accurate) andit is much easierto implement.For

example egs2.16 showthatit is necessargnly to carryouta
ratherstandardconstrainedree-energycalculation,choosethe
trangition state DS by (an again fairly standard) maximum free-

energycriterion, and thenthe rate is given by this maximum
free energyand a function of the dimensionlesparameterz,

whichis expressedh termsof the curvatureof the free energy
at its maximum.
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