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A new version of thequantum instanton (QI) approach to thermal rateconstantsof chemical reactions (Miller,
W. H.; Zhao,Y.; Ceotto,M.; Yang,S.J. Chem.Phys.2003, 119,1329)is presented,namely,thesimplestQI
(SQI) approximationwith one dividing surface(DS), referredto hereas SQI1. (The SQI approximation
presentedoriginally wasapplicableonly with two DSs.)As with all versionsof theQI approach,the rateis
expressed wholly in termsof the(quantum) Boltzmann operator (which, for complex systems, can beevaluated
by Monte Carlo path integralmethods).Testcalculationson somesimplemodelproblemsshowthe SQI1
modelto beslightly lessaccuratethantheoriginal versionof theQI approach,but it is theeasiestversionto
implement;it requiresonly a constrainedfree-energycalculation,locationof the (transition-state)DS so as
to maximizethis free energy,andthe curvature(secondderivative)of the free energyat this maximum.

1. Introduction

A recentpaper1 hasdevelopedan approximatetheoretical
expressionfor the thermalrateconstantof a chemicalreaction
that is expressed solely in terms of the quantum Boltzmann
operatore- !Hö. Its derivation was motivated by the earlier2

semiclassical (SC) ÒinstantonÓ3 approximation for rateconstants
and is thus referred to as the quantum instanton (QI) approxima-
tion. Applicationsto somestandardone-andtwo-dimensional
model problemsshowed it to becapableof ( 10- 20% accuracy
over awide rangeof temperatures, from low temperaturesdeep
in the tunnelingregimeto the high-temperatureÒover-barrierÓ
limit. (More recentcalculations4 havebeencarriedout for the
H + CH4 f H2 + CH3 reactionin full Cartesianspace.)The
potentialusefulnessof this QI approachis that the quantum
Boltzmannoperatorcan be evaluatedfor quite complexmo-
lecularsystemsby Monte Carlo (or moleculardynamics)path
integrationmethods.5 The QI model is a type of Òquantum
transition-statetheoryÓ,of which therearemanyvarieties;6- 14

its particularattractionis that it is not necessaryto assumeany
reaction or tunneling path, all necessaryinformation being
containedin the Boltzmannoperator.

Thepurposeof this paperis to developonefurtheraspectof
the QI model that was not consideredinitially, namely, the
variant of themodel that wasreferred to as thesimplest quantum
instanton,or SQI approximationfor the casethat one usesa
single dividing surface(DS). (The SQI given in the original
work1 is only meaningfulwhen one usestwo different DSs.)
Sincethis is the simplestpossibleversionof the QI idea,it is
worthwhileto explorethis versionof thetheoryandseehow it
performs. Section 2 presents thetheoretical development, section
3 presentsthegeneralizationto multidimensionalsystems,and
section 4 shows the results of application to standardtest
problems.Though not quite as accurateas the original QI
approximation1 with two DSs, it is by far the easiestof all

versionsof the QI approachto implement;assummarizedby
eq 2.16,it requiresonly a constrainedfree-energycalculation,
locationof the DS to maximizethis free energy,anddetermi-
nationof the curvature(secondderivative)of the free energy
at this maximum.

2. Theoretical Development

We begin with the quantuminstanton(QI) expression1 for
the thermalrateconstantk(T) for thecaseof a singleDS, here
for a one-dimensionalpotentialbarrier (the multidimensional
generalizationwill be notedbelow)

whereQr is the reactantparitition function (per unit volume),
! H(!) is an energyvariance

andx0 is the valueof x for which

The primes on the matrix elements in eq 2.1a denote
differentiationwith respectto thecoordinatevariablein thebra
or ket. To developthe SQI approximationfor this caseof one
DS,we proceedasbefore1 andconsidertheSClimit of eq2.1;
i.e., we utilize the SC approximationfor the matrix elements
of the Boltzmannoperator15

wherethesum in eq 2.2 isover all trajectories(in pure imaginary
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time or real time on theupside-downpotentialsurface)thatgo
from x to x#in (imaginary)time p!/2. (Whenusingtwo DSs,
thereis only onesuchtrajectory.)Figure1 indicatesthat there
will typically be two suchtrajectoriesin the presentcase,one
thatmovesfrom x0 to the left (L) andbackto x0, andonethat
movesto the right (R) andback,so that

with x#) x ) x0. Since

wherepk (pk#) is theinitial (final) momentumfor trajectoryk )
L or R, oneseesthat

Thusif x0 is chosenso that

thentheRHSof eq2.5will be0 (i.e.,eq2.1cwill besatisfied)
since (as seenin Figure 1) pL#) - pL ) - pR#) pR. For a
symmetricbarrier,it is clear that x0 is at the maximumof the
potentialV(x), the conventionaltransitionstate.

Utilizing eqs2.3- 2.5, one thushasthe following relations
in the SC limit

whereS) SL(x0,x0) ) SR(x0,x0) andp0 ) pL#) - pL ) - pR#)
pR. For future referencewe alsonotethat

Using eqs2.7aand2.7b in eq 2.1athusgivesthe SC limit of
the QI rateconstantas

As before,we now equatethis to theoriginal SCinstantonrate
expression2

which implies that

solving this equationfor ! 2S/! x#! x gives

Finally, substitutingthis result,eq2.10b,backinto eq2.8 (and
usingeq 2.7a)givesthe simplestquantuminstantonfor 1 DS
(SQI1) as

wherez is the dimensionlessvariable

To completetheSQI1model,oneneedsa way to determine
the momentump0, or more specifically, p0

2/2m, the kinetic
energy at the DS (i.e., at the transition state). A simple
prescriptionfor doing so is basedon classicalconservationof
energy(for the imaginarytime trajectory)

whereE(!) is given by

Wehave indeed used eq 2.12 in eq 2.11b, and the rateconstants
obtained are reasonablygood. We do not consider this a
satisfactoryapproach,however,becauseit doesnot generalize
to the multidimensionalcase;eq 2.12 gives the total kinetic
energyon the DS, while it is clear (e.g., by consideringthe
separablelimit) it should be only the kinetic energy in the
reactioncoordinate.A definitionof p0

2/2m thatdoesgeneralize

Figure 1. A sketchof a generalone-dimensionalpotential barrier
indicatingthe two (imaginarytime) trajectoriesthat contributeto the
semiclassicalapproximationto the Boltzmannmatrix elementin eq
2.3.

!x0|e
- !Hö/2|x0" ) ( - 1

2πp

! 2SL

! x#! x)
1/2

e- SL(x#,x;p!/2)/p +

( - 1
2πp

! 2SR

! x#! x)
1/2

e- SR(x#,x;p!/2)/p (2.3)

! Sk(x#,x)

! x#
) pk#,

! Sk(x#,x)

! x
) - pk (2.4)

d
dx0

!x0|e
- !Hö/2|x0" ) ( - 1

2πp

! 2SL

! x#! x)
1/2

e- SL/p (- pL#

p
+

pL

p ) +

( - 1
2πp

! 2SR

! x#! x)
1/2

e- SR/p (- pR#

p
+

pR

p ) (2.5)

SL(x0,x0) ) SR(x0,x0) (2.6)

!x0|e
- !Hö/2|x0" ) 2e- S/p ( - 1

2πp
! 2S

! x#! x)
1/2

(2.7a)

Ô!x0|e
- !Hö/2|x0"Õ) 2e- S/p ( - 1

2πp
! 2S

! x#! x)
1/2 (p0

2

p2
-

1
p

! 2S
! x#! x)

(2.7b)

Ò!x0|e
- !Hö/2|x0" ) !x0|e

- !Hö/2|x0"Ó)

2e- S/p ( - 1
2πp

! 2S
! x#! x)

1/2 (p0
2

p2
-

1
p

! 2S

! x#2) (2.7c)

kSC- QIQr )
p(π)1/2

! H ( p
2m)2

4e- 2S/p( - 1
2πp

! 2S
! x#! x) (p0

2

p2
-

1
p

! 2S
! x#! x) (2.8)

kSC- IQr )
! H

2p(π)1/2
e- 2S/p (2.9)

! H2 ) (p
m)2 [( ! 2S

! x#! x)
2

-
p0

2

p
! 2S

! x#! x] (2.10a)

- ! 2S
! x#! x

)
1
2 (- p0

2

p
+ ! + p0

4

p2
+

2m! H2

p2 ) (2.10b)

kSQI1Qr )
(π)1/2

2
p

2m
(!x0|e

- !Hö/2|x0")
2(z+ (1 + z2)1/2) (2.11a)

z )
1

! H

p0
2

2m
(2.11b)

E(!) ) -
p0

2

2m
+ V(x0) or

p0
2

2m
) V(x0) - E(!) (2.12a)

E(!) )
!x0|e

- !Hö/2Hö|x0"

!x0|e
- !Hö/2|x0"

(2.12b)

3036 J. Phys.Chem.A, Vol. 108,No. 15, 2004 VenkataramanandMiller



correctly is obtainedby averagingeqs2.7b and 2.7c, which
gives

In thehigh-temperaturelimit, S(x#,x) %(x#- x)2 sothatthelast
term in eq 2.13vanishes,andit is negligiblecomparedto the
first term in the low-temperaturelimit. To completethe SQI1
modelwe thuschoose

Perhapsthe most convenientaspectof eq 2.14 is that it can
alsobe expressedas

where,aseq 2.1c implies, x0 is determinedby

i.e., onevariesx0 to find thevaluefor which ln [!x0|e- !Hö/2|x0"]
is a minimum,andp0

2/2m of eq2.15ais given in termsof the
curvatureat this minimum.

To summarize,one can also write the final result in
thermodynamiclanguage.Thus if the free energyG(x0) as a
function of the reactioncoordinateis definedby

thenx0 is determinedby the maximumof this free energy

andthe dimensionlessvariablez (of eq 2.11b)given in terms
of its curvatureat the maximum

The SQI1 expressionfor the rateconstantis then

3. Multidimensional Generalization

In light of the previous QI paper,1 the multidimensional
generalizationof theSQI1rateconstantis straightforward.For
simplicity, we considerthe casethat the coordinatesof the
systemare(x, Q) wherex is the reactioncoordinate.In terms
of the thermodynamiclanguageof eqs2.16, the multidimen-
sionalexpressionfor the free energyis

andtheneqs2.16b- d pertainaswritten.Themultidimensional
energyvariance! H is asgiven before

The generalizationof eqs3.1 and3.2 to the caseof a more
generalform of the DS, e.g.,specifiedby somefunction (the
generalizedreactioncoordinate)s(q) ) 0, where q ) (x,Q)
denotesall the (Cartesian)coordinatesof thesystem,hasbeen
given (andimplemented)in ref 4.

4. Test Calculations

Thefirst exampleweconsider is thestandard one-dimensional
symmetricEckartpotentialbarrier

with parametersV0 ) 0.425eV, a ) 1.36 au, andm ) 1060
au, which correspondapproximatelyto the H + H2 reaction.
For theseelementaryone-dimensionalexamples,it is simplest
to evaluate the necessary matrix elements of the Boltzmann
operatorby quantumbasis-setmethods(we useda discrete
variablerepresentation),16 thoughthe practical interestin the
quantuminstantonapproachis that theBoltzmanoperatorcan
be evaluatedfor very complexsystemsby Monte Carlo path
integralmethods.5

Figure2a first displaysan Arrheniusplot of the rateconstant
givenby theSQI1model,i.e.,eq2.11with 2.14overtherange
T ) 100- 2000K, alongwith theexactquantumrate,showing
that on this scalethe model gives excellentresults.(For this
symmetric case, the location of the transition state DS x0 is
always x0 ) 0.) To show the accuracyof the model more
precisely,Figure2b plotstheratio of theSQI1rateto theexact
quantumrateasa functionof 1/T; it is " 10- 15%too smallat
the lowest and highest temperatures, with thegreatest deviation
(a factorof " 1.4) at intermediatetemperature.By comparison
of these results to theearlier QI model with oneDS, thepresent
SQI1modelis betterat the lowestandhighesttemperaturebut
not asaccuratein the intermediatetemperatureregime.

Thesecondexampleis theasymmetricversionof theEckart
potential

with parametersV0 ) 0.425eV, a ) 1.36au,R ) 1.25,andm
) 1060 au; the barrier heightsare 0.425and 0.531eV from
the left and right sidesof the barrier, respectively.As above,
we first showin Figure3a,anArrheniusplot of theSQI1 rate
constant, for the rangeT ) 150- 2000 K, again displaying very
good agreementwith the exactquantumrate over this large
range of temperature.Here the location of the DS, x0, as
determined by eq 2.1c or 2.15b, varieswith temperature. Figure
3b showstheratio of theSQI1rateto theexactquantumvalue
over this rangeof temperature.This plot is very similar to the
symmetriccasein Figure2b exceptat the lowesttemperatures
(< 200K) wheretheSQI1ratebecomesincreasinglytoo large
(off by a factorof " 1.4 at 150K). Comparingtheseresultsto
thosegivenpreviouslyby theoneDS versionof theQI model,
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the deviationsof both from the correct quantumvaluesare
qualitativelysimilar, but thoseof the presentSQI1 modelare
larger.

Finally, thoughit is beyondthescopeof this paper,we note
that thedeviationsof theSQI1ratesfrom thecorrectquantum
values(Figures2b and3b) aresimilar if plottedasa function
of the dimensionlessvariablez of eq 2.11b (with 2.14). The
largestdeviation,a factor of " 1.4- 1.5, occursat z " 1. It is
thuspossibleto introduceanempiricalcorrectionfactor(i.e.,a
function of z) that significantly correctsthis genericbehavior
of the SQI1 model.For example,if the factor (π)1/2/2 (z + (1
+ z2)1/2) in eq 2.11aand2.16dis replacedby 5z/4 + ((z - 1)2

+ (1/4)2)1/2, thentheSQI1 rateagreeswith theexactquantum
value to within a few percentfor all temperaturein Figure 2
and down to " 250 K in Figure 3. It remainsto be seen,of
course,how universalthis (or any) empiricalcorrectionfactor
may be.

5. Concluding Remarks

The analysispresentedin section2 showsthat it is indeed
possibleto derivea versionof thesimplestquantuminstanton
modelthatutilizesa singleDS,designatedhereSQI1.Therate
expressionis givenby eq2.11with 2.14,or equivalentlyby eq
2.16 in thermodynamiclanguageand its multidimensional
generalizationby eqs3.1 and3.2.

Though not asaccurate for these test problemsas theoriginal
QI model with two DSs, the SQI1 model is still of useful

accuracy(with empiricalcorrectionsbeingpossibleto makeit
evenmoreaccurate),and it is mucheasierto implement.For
example,eqs2.16showthat it is necessaryonly to carryout a
ratherstandardconstrainedfree-energycalculation,choosethe
transition stateDSby (an again fairly standard) maximum free-
energycriterion, and then the rate is given by this maximum
free energyand a function of the dimensionlessparameterz,
which is expressedin termsof thecurvatureof thefreeenergy
at its maximum.
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