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The thermalrate constantor a chemicalreaction k(T), canbe expresseasthe long time limit of
the Bux-sidecorrelationCy(t)! trie” #12Pe" $H2IM%7e" iM% previouswork hasfocusedon
semiclassicalSC' approximationgtmplementedvia an initial value representationlVR"&for the
time evolution operatorsexpé# ilt/% in the correlationfunction, and this papershowshow an
SC-IVR canalsobe usedto approximatethe Boltzmannoperatorsexp(' $14/2). Testcalculations
showthat over a wide temperaturgangelittle error is introducedin the rate constantby this SC
approximationfor the Boltzmannoperator © 2002 Americanlinstitute of Physics.
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I. INTRODUCTION

This paperis a continuationof our efforts to developthe
semiclassical SC' initial value representationlVR" !Refs.
1B3" into a practicalway of addingquantumeffectsto clas-
sical moleculardynamicssimulations,here focusedon cal-
culatingthermalrate constantdor chemicalreactionsA for-
mally exact!quantummechanicadl expressiorfor suchrate
constantss the long time limit of the @Rux-sidéCorrelation
function*®

KIT" QT Llim Cilt", 11.1"
th
which is given by
Cilt"! triI $"RIt"& 1.2
whereP($) is the @Boltzmannize@®ux operator
B1g" e $'q’2;—/#¢?,h!s!ﬁ'>"'8e" SHI2, 11.3"
0

andR(t) is the time-evolvedprojectionoperatoronto prod-
ucts,

Rttt e g1 gme’ 1MU% 11.4"

s(gEaboveis somefunction of the coordinatef the system
that dePnesa @dividingsurfaceQvia the equations(q)! 0,
and Q, is the reactantpartition function per unit volume.
IThereis alsoa Kubo versiorf’ of the BoltzmannizedRux
operatorthat is sometimesused® but we have found the
above symmetrically split versionto behavebetterin the
numericalcalculationspresentedn this paper"

Evaluation of rate constantsvia Egs. !1.1'D11.4" thus

involvestwo essentiabperatorsR(t) andB($), the former

involving real time propagatorsexpé# ilt/%, andthe latter
the imaginary time propagator!or Boltzmann operatot,
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exp(" $1@/2). Previouswork in our group!andalso by oth-
ers' on applying SC-IVR methodsto evaluaterate constants
via Egs. !1.1'P11.4" has concentratedon various ways of
representingthe real time propagatorsin R(t), e.g., a
®linearizatiof»f the differencebetweenthe two propaga-
torsin Eq.!1.4" leadsto the @classicalVigner®modef®™
landalsowhat Pollak et al. 121° refer to as mixed quantum
classicalrate theory’; the @forwarBbackward8VR !Refs.
20B26" is amoreaccuratevay for combiningthe two propa-

gatorsin R(t) into one effective propagatorfrom 0 to t and
from t backto O; andthe mostcompletesemiclassicatreat-
ment is to use the full SC-IVR for both propagators
independently’ With thesevariousways of treatingthe real
time propagatorsn R(t), theimaginarytime propagatorsn
B($), Eq. !1.3', havetypically beendealt with by a har
monic approximatioR® aboutthe transition stateor !essen-
tially exactly’ by a Feynmanpath integral representatici¥
levaluatecby Monte Carlo method$” 2%,

This paperis concernedwith evaluatingthe Boltzmann
operatorsin Eq. !1.3" also via SC-IVR. This will be more
accuratethan a harmonic approximation!which has been
notedto break down at low temperaturé and presumably
more efbcientthan a path integral treatmentAlso, it seems
more estheticallypleasing!and consisterit to usethe same
kind of approximationfor the operatorexp(' $1@/2) as for
exp(* ildt/%), since they are essentiallythe sameoperator
We note that Makri and Miller®° haverecentlyexploreduse
of a coherentstate!i.e., HermarbKluk-type®™ IVR for the
Boltzmannoperatoy but in this paperwe employthe coordi-
natespacelor Van Vleck®®" IVR. As one of us hasrecently
shown® a Gaussiarbltering! specibcallya modibedFilinov
transformatior?*®" of the coordinatespacelVR convertsit
into the coherenstatel VR, sothetwo IVR@ areeffectively
equivalent.We bndit simpler at leastfor presentpurposes,
to formulatethingsin termsof the coordinatespacdVR, and
thento carry out any necessaryltering at the end. We also
note that Pollak and Eckhardt’ have usedthe SC approxi-
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mationfor the Boltzmannoperatorin Eq.!1.3' but incorpo-
rated further SC approximationsle.g., steepesidescent in
evaluatingthe correlationfunction.

Sectionll prstdescribeghe SC-IVR of the Boltzmann
operator'which is basedon earlierwork® of oneof us' and
how it is usedin Egs.!1.1'B11.4". Somenumericaltestsare
thenpresentedn Sec.lll to showhow well the SC approxi-
mation for the Boltzmann operatorperforms,and Sec. IV
concludes.

Il. SEMICLASSICAL BOLTZMANNIZED FLUX
OPERATOR

A. The SC-IVR of the Boltzmann operator

Thestandard Van Vleck' SCapproximatior? for matrix
elementof thetime evolutionoperatorii.e., realtime propa-
gator' is

) I 1/2
(gqle” Mg * !2+i%‘F%2$ e'Si(aza0/%
' P1

12.1d

wherethe sumis over all classicaltrajectoriesthat go from
g, attime O to g, at time t, and S;(g,,94) is the classical
actionintegral,

%#p!t!"Z/Zm" Vigrt!"&

1210

and where we have for simplicity assumeda Cartesian
Hamiltonian !'of F degreesof freedont with all masses
scaledto a commonvalue,i.e.,

Hip,g"! p%2m$ Vig".

This canbe written in !'equivalent IVR form asfollows:

e 1% %o %ol%ﬁZH%'ng

%e!Si(%-PI%q) (!,

12.2'

12.3'

where g;! 0:(do,Po) is the coordinateat time t that has
evolvedfrom initial conditions(qg,pPo)-

It was shown sometime agc® that Eq. 12.1" can be
convertedinto a SC approximationfor matrix elements
of the Boltzmannoperatorby the !loften used replacement
t! " i%$ . The resultinvolves classicaltrajectoriesin the
pureimaginarytime variable-! it, butin light of Newton®
equationof motion,

L. 12,44
Moz q o
which thusbecomes
d? ,Vigr-""
m_q| | $ _— 12.418'
d-? »q

This canbe viewedasclassicalmotionin the real time vari-
able - onthe invertedpotentialenegy surface,” V(q). By

introducingthe real momentumlikevariable @ which is re-
lated to the actualmomentump !which is imaginary by p

I i the equationsof motion read
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,Vigl-"
— "
5’ $ —— .

which we noteinvolve only real-valuedquantities.The IVR
for the Boltzmannoperatoris then obtainedfrom Eq. !2.3',

e O/c@’{, 0/@5"% 2+%'F$/2

e S B/ %q,q) (6,

where qog(&h,8) is the value of q(-) at -! %$ which
evolvesfrom initial conditions(&f),8}) via the equationsof
motionEq.!2.5', andthe actionintegral Sy (&b ,£)) is given
by

d
d—_q!-"! g -"/m, 12.5'

12.6d

%
Of@-#@-“?/zm Vigh-"& 12.68"
0

B. The RBux-side correlation function.

For a CartesianHamiltonian#Eq. !2.2'& the Rux opera-
tor B,

Bl o his g8

12.7d
becomes
ol ,slg” ,slg” $
Bl —— .Islg™——¥—$ —¥—— 1sig""
2im S T g g7 q %

12.718'
Therefore,if oneusesthe IVR of Eq.!2.6" for the two Bolt-
zmannoperatorsn Eq.!1.3'Nand makesuseof the deriva-
tive relationsof the imaginarytime action,

Esw!qz,ql"! &, 12,84

FS%MZ TR 12.81
the symmetryof the Boltzmannoperatoy

(azte” *Migy)t (ayte” #Miay) 12.9'

anda judicious integrationby partsNthenthe Bux-sidecor-
relationfunction of Eq.!1.2' becomes

Cilt"l 12406 F cyd% (%@6 O/c@%%##%#

, S " %" 1)
, & 2|m
eXPH' Sy 6. 85" 1% Syg! 6.8 /%Rl IRIt"1),

whereq! Qg6 ,8%) andqg!! qog(&),B4) arethe values
of q(-) at -! %%/2 thatevolvevia theimaginarytime equa-
tions of motion #Eg. !2.5'&with initial conditions (&,£%)

and (&) ,8), respectivelyEquation!2.10' thusrequiresthat
one generategswo imaginarytime trajectories!or real time
trajectorieson the inverted potential enegy surfacé, both

12.10'
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startingfrom the sameinitial position &), which lies on the
dividing surfaces(&f)! 0 !becauseof the deltafunction in
the integrand.

The above SC-IVR approximationfor the Boltzmann
operatorscan now be combinedwith whatevertreatmentof
therealtime dynamicsin Eq.!2.10' #.e., the matrix elements
of R(t)] that is desired. For example, if the forwardp
backwardlVR !'Refs.21,22' is usedfor the realtime dynam-

ics, the matrix element(q! 1R(t) Iq) is given by

(q!'R!t"1q)! %ps!2+ips"" 1%0%0!2+%'" F

| ) 12,114
Co! Qo Ppo" €' S0t P ¥ gl 1plgh) (peto'a).

where(q!podo) and(q!!phq}) arecoherentistatewavefunc-
tions, e.g.,

L, [Fa 11, $
(alpodo)! | exp" S!0" A0S ipg¥a” do'/%
12.11b"

(po.dg) arethe initial conditionsfor real time trajectories
thatevolvefrom time O to t via the normalmolecularHamil-
tonian,havea momentumjump at time t,

, stg”
P! PS$ ps——,
’ qt
and then evolve backwardin time from t to 0; S, is the
forwardbbackwardaction

So! %L$ pss! g% %!L,

L! p%2m" V(q) beingthe usuallLagrangianandC, is the
HermarbKluk prefactorthatinvolvesderivativesof the bnal
variables(qg},p}) with respecto the initial ones(qq,po).
A moreapproximate butmuchsimplet' treatmenof the
real time dynamicsis the @linearizatioA@pproximatior?,
which assumeghat the forward (0! t) and backward (t
I 0) trajectoriesareinbnitesimallycloseto oneanotherand
which is also equivalentto the @classicalVigner®model.
Thoughthis approximationis not able to describeinterfer
ence effects betweendifferent classical trajectorie&® !be-
causethe forward and backwardtrajectoriesare assumedo
be inbnitesimallyclose, it hasbeenseenin earlierwork®2’
to bereasonablyaccuratdor these3ux correlationfunctions.
In this approximationthe matrix elementsof R(t) aregiven

by

12.11¢

12.1d

(qURt"lg)! 12+ F%Oeipo¥<q!" Vst
12.12'

whereq;! g:(qg,pp) is the coordinateat time t that results
from a real time trajectory with initial conditions(qq,po)
with go! (g% g!)/2. When this is usedin Eq. !2.10', the
explicit expressionfor the Bux-side correlation functionN
within the linearizedapproximatiorfor the realtime dynam-
ics andthe SC-IVR for the BoltzmannoperatorsNis

Boltzmann operator representation 9607

FIG. 1. A schematicdepictionof the varioustrajectoriesinvolved in Eq.
12.13" two imaginarytime trajectoriesoriginateat &), with initial momenta

£ and 1, respectively and are propagatedfor time %$/2, arriving at
positionsq andg!. A realtime trajectoryis theninvolved with initial point
do! (g$ q!)/2 andinitial momentumpy.

Clt™! 12+98" ZFO/@{)O/@{JO/&%O

Aottt

S B8
ISl &) ?Qémh!S!qt

exp?’ Syg! 6,809 Sog ! .8 1%
$ip¥qgl" q"/%& 12.13

where  q! Qg(6).80).0!! Al (6. 80).00! (a$ q!)/2,
and g;! 9:(dp,po). Thus to evaluatethe integrandabove,

two imaginarytime trajectoriesare begunat position &, !on
the dividing surfacé with initial momentumvariablesg}, and
g, respectively and integratedfor time %%/2; their bnal
valuesareq andq!. A realtime trajectory with initial coor

dinateqy! (g$ g!)/2 andinitial momentunyp,, isintegrated
until it is clear whetherit will emege in the reactantor

product region lin the former casethe integrandis zerd'

Figure 1 depictsthis situationschematically

Ill. NUMERICAL TESTS

In this sectionwe presentsomenumericalresultsto test
the errorinvolvedin usingthe SC Boltzmannoperatorin the
Rux-sidecorrelationfunction discussedibove.The example
treatedis a standarcbne,the 1d Eckartbarrier for which the
potentialfunctionis

13.1"

with the parameterghosento correspondapproximatelyto
the H$H, reaction: Vol 0.425eV,a! 1.36 a.u.andm
I 1060 a.u. The imaginary frequencyis 0,! !2Vy,a%?/m
I 7.38910 ® a.u) 1619 cm !, andthetwo Eckartparam-
etersare 1! 2+Vy/%0,! 13.29,u!l $%0,! 7.38%10 39,
respectivelythe @crossver@emperaturegorrespondingo
u! 2+,is2 370K.

One complicatingaspectof the SC Boltzmannoperator
shouldbe noted: at the lowest temperaturesonsideredoe-

low, the monodromymatrix elements,, Qug,/, &, appear
ing in Eq.!2.10" arenegativefor somevaluesof the integra-
tion variables. Since the squareroot of this quantity is
involved, this leadsto an imaginarycontributionto the ma-
trix elementof the BoltzmannoperatorNbutoneknowsthat

Vig"l VysecR'aq",
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FIG. 2. The Bux-sidecorrelationfunction for the 1d Eckartpotential,using
the SC-IVR for the Boltzmannoperatorand the exactquantummatrix ele-

mentof R(t); upperbgureis for T! 1000K, andthe lower onefor T! 200
K.

thesematrix elementsare real-valued!The most consistent
way to dealwith thisis simply to settheintegrandto zerofor
suchvalues,andthis is what hasbeendonein the calcula-
tions presenteelow AppendixA givesa discussiorof the
@stationarphase@pproximationfor the caseof real expo-
nentswhich justibesthis procedure.

To provide an unambiguougest of the accuracyof the
SC Boltzmannoperatorfor this examplewe prstcarriedout
calculationsusing the exact quantum matrix elementsof
R(t); i.e., we solvedthe time-dependenSchralingerequa-
tion in a discretevariable representatiorin orderto obtain
(q! R(t)!q! ) exactly The SC-IVR for the Boltzmannoperator
is thus the only approximationin this case.Figure 2 shows
Ci(t) for a high temperaturéT! 1000K, upperbguré and
alow temperaturéT! 200K, lower bguré comparedo the
exactquantumresults#.e., using exactquantumresultsfor

the BoltzmannoperatorandR(t)]; the correspondingalues
of therateconstantaregivenin Tablel andshownin Fig. 3.
The conclusionis that the SC approximationfor the Boltz-
mannoperatolis quite goodfor a wide rangeof temperature.
We also carried out calculationswithin the linearized
approximationfor the real time dynamics,i.e., using Egs.
12.12'D12.13". In the presentld exampleit is possibleto
carry out the integral over py in Eq. !12.13" analytically las

well asthat over &, by virtue of the deltafunctiort', to give

the following explicit expression:
. % B
e oo Yo VoA o 2
1l
%exp " S%g/z!o,@()"/%‘ 8%5/2!0,%"/%
I
$ q!
sigr ol o vy vE (0§ w2

A Filinov blteringof the integrandwas necessaryo @taméd
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the oscillatory characterof the aboveintegral !particularly
for the lowesttemperaturés and AppendixB describeghis
procedureNwhichis a slight generalizatiorof whatwe have
usedbeforé®Nin moredetail. The Filinov parameter was
taken sufbciently largeN 1! 200Nto be essentiallyin the
1! " limit li.e.,largervaluesgaveno changen theresults;
in this limit the Filinov procedureyields the value of the
original integral. Theintegrandin Eq.!3.2" is quitelocalized

in the two-dimensionabpace(§h,8}), sothatonly a modest
numberof thesevaluesare neededto calculatethe integral
'here by grid methods. For systemswith more degreesof
freedom,onewould expectthat Monte Carlo methodswould
make the !multidimensiondl integralsefbcient. The results
of this linearizedapproximationfor the real time dynamics
arealsogivenin Table| and Fig. 3, and one seesthat this
approximatiordegradeshe quality of therateconstantmore
so the lower the temperatureg.g.,at T! 200 K, wherethe
tunnelingcorrectionfactoris 2 2000,the resultof the linear
izationapproximations abouta factorof 2 too small. Thisis
consistentwith our earlier result§® using the linearization
approximationin thetunnelingregime!wherethe Boltzmann
operatorwas treatedexactly by Monte Carlo path integra-
tion". Thus useof the SC Boltzmannoperatorwith the lin-
earizedapproximationfor the real time dynamicsis essen-
tially justasgoodasthatobtainedwith the exacttreatmenbf
the Boltzmannoperator

IV. CONCLUDING REMARKS

It hasbeenshownhow a SC-IVR canbe utilized for the
Boltzmann operatorin reactive Bux correlation functions.
This can be combinedwith whateverlevel of treatmentof
the real time dynamicsone choosesTestson a simple !but
illustrative' examplesuggestghat little error is introduced
by treatingthe Boltzmannoperatorsemiclassicallyevenat
low temperaturesvheretunnelingcorrectionsarequitelarge.
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APPENDIX A: STATIONARY PHASE WITH REAL
EXPONENTS

The standardstationaryphaseapproximationfor a one
dimensionalintegral of the form

I! %A!x"eis(")’%

IA1"

| .12
2+ %( eiS(x/% 1A2"

S"x"

wherex, areall the points of stationaryphasej.e., roots of
the equation

SHix, " 0. IA3"

In extendingthis resultto the caseof real exponentsi.e., for
anintegral of the form

I, %A! x"e" %

one notes that the dominant contributionsto the integral
come from regionswhere S(x) hasa local minimum li.e.,
wherethe integrandhasa local maximuny

Sl Xk"! 0
with
S"Ix"& 0.

ExpandingS(x) quadraticallyabouteachsuchpointandcar
rying out the usualGaussiarintegralgivesthe analogof Eq.
IA2",

SR, % "
1T % AL

1A4"

IA5"

IAG"
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| 2405 (12
ISP % Al g Sewl% IAT"
k S"!Xk"

wherex, areall therootsof Eq.!A5" for which Eq.!A6" is
also true. That is, one doesnot include all the stationary
pointsof S(x) in thesumin Eq.!A7", only thosefor which
S'(x,) & 0. Note thatif oneforgot andincludedthe station-
ary rootsin Eq.!A7" for which S"(x,)" 0, thesewould give
an imaginary contribution, which is nonsensicalince the
original integral, Eq. !A4", is manifestlyreal.

APPENDIX B: A GENERALIZED FILINOV
TRANSFORMATION FOR THE SC-IVR

A recentpaper® describedthe effectivenessof a gener
alizedFilinov blteringproceduré*®® for evaluatingmultidi-
mensionalintegralswith an oscillatory integrand,i.e., inte-
gralsof the form,

I 0/02 Riz'e“ @,

The procedursis to insertinto the integrandof Eg. !B1" the
following representatiomf unity:

TR
11 ! Fe! a4 $T¥1 1“9/,020

IB1"

ve (2 20 ¥INZ 20 8THZ' 20) 'B2"

expandthe exponent4 (z) quadraticallyaboutz,, andthen
perform the Gaussianintegral over z, giving the following
result:

I c%()zo R z," !

Y%exph; $T¥I" ¥ 1#4 112,'$ $&
V21" i4"z)"& YA 112, $&6.

121!

e — ei4(ZO)
121" i4"1zy"

B3"

The @generalizatiddf the procedure,comparedto the
original version®*¥ is inclusion of the linear term in the
exponentn Eq.!B2".

In the treatmentabove, it was assumedthat the pre-
exponentiafactorin theintegrandof Eq. !B1", R(2), is suf-
pciently slowly varying that it was replacedby R(zy) in
obtainingEq. !B3", but this may not alwaysbe the case For

example for the following integral:

| | O/Gq q e'I qulzei pq’

1B4"

which is in fact characteristicof someof the integralsen-
counteredn SC-IVR applicationsEq. !B3" givesthe incor-
rectresultl! 0. It is easyto remedythis defect,however by
expandingR(z) to brstorderaboutz, in the treatmentead-
ing up to Eq. !B3". Theresultinggeneralizatiorof Eq. !B3"
is easilyfoundto be
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0/ 1211 , .
Oz « —————— RIZ"$iRIZ
" 121" 14 "1zy"

¥R 1" 14 "z,"8 Y 112,"$ $8ee't (%
Yoexph; $T¥1 ¥$" 1#4 112,'$ $&

W21 i4"27)"8 YA 112,"$ $&6 IB5"
#it is not hardto showthatEq. !B5" givesthe exactresultfor
thetestcasein Eq. !B4".&

We now specializeEq. |B5" to the type of IVR integrals
consideredn this paper:the complexfunction4 (z) is writ-
tenin termsof its realandimaginaryparts,

412" 712'$1 87", IB6"
andit is assumedhat the Hessianof the real part, 7(2), is
negligible. Equation!B5" thenbecomes

12171

)
/0 1218 812"

¥I21$ 82" M $$ 71129"$ 1 811296

RIz,"$ i Rl zg"T

Y%exph 71zy"" 81zy"$ I ¥E" J18$ 711z
$i81z,"T™I21$ 81z, MBS 7112,"$ i 812,""6
IB7"

The Gaussiarwidth matrix Z and vector $ are the param-
etersthat control the accuracyand efbciencyof the proce-
dure.!The original integralis recoveredn the limits 1! '
and$! 0.
This aboveprocedureEq. !B7", was appliedto the lin-

earizedSC-IVR expressionfq. !12.13', in the variable9

" B . It is necessaryo carryout the Filinov Plteringin
only this one variablein orderto obtaina well-behavedn-
tegrandfor Monte Carlo integration’ The explicit result of
carryingout this procedurefor Eq.!2.13' is

cyC@f) 0/@)0/@{) %0. sty

S! M
%-— ———hlslg""IR$ iRII21$ 8" !

%1 $$ 718 18"12+%" 11 M 6,8 M ' 6. 8"

%! iexmi 7" 8% 81 1$" ;188 71$i8"
21% &
%1211$ 8™ 118 71$i8 "1, 'B8"

with
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g 8, B!
RII " 1, IBOb"
8 Syg! !, &5"S Syg! .65, 1BOC"

1
8 o BlsMap! @86 BligoM ! .88, 1B
1 1 n n
8"l m!Mpp!%,% qu!%,%
$M,,'&.80'M,, & .80, IBO¢"
7V " po¥a ql"/% 1BOf"

. P " .

71! 2_(;)!qu!%!%$qu!%1% ) IB9g

whereM, represents monodromymatrix.
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