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The thermalrateconstantfor a chemicalreaction,k(T), canbeexpressedasthe long time limit of
the ßux-sidecorrelationCfs(t)! tr#e" $Hö/2Föe" $Hö/2eiHöt/%höe" iHöt/%&. Previouswork hasfocusedon
semiclassical!SC" approximations#implementedvia an initial valuerepresentation!IVR"&for the
time evolution operatorsexp(# iHöt/%) in the correlationfunction, and this papershowshow an
SC-IVR canalsobe usedto approximatethe Boltzmannoperatorsexp(" $Hö/2). Testcalculations
showthat over a wide temperaturerangelittle error is introducedin the rateconstantby this SC
approximationfor the Boltzmannoperator. © 2002AmericanInstituteof Physics.
#DOI: 10.1063/1.1517044&

I. INTRODUCTION

This paperis a continuationof our efforts to developthe
semiclassical!SC" initial value representation!IVR" !Refs.
1Ð3" into a practicalway of addingquantumeffectsto clas-
sical moleculardynamicssimulations,herefocusedon cal-
culatingthermalrateconstantsfor chemicalreactions.A for-
mally exact !quantummechanical" expressionfor suchrate
constantsis the long time limit of theÔÔßux-sideÕÕcorrelation
function,4,5

k! T"! Qr! T"" 1 lim
t! '

Cfs! t ", !1.1"

which is given by

Cfs! t "! tr#Fö! $ "hö! t "&, !1.2"

whereFö($ ) is the ÔÔBoltzmannizedÕÕßux operator

Fö! $ "! e" $Hö/2
i

%
#Hö,h! s! qö""&e" $Hö/2, !1.3"

andhö(t) is the time-evolvedprojectionoperatoronto prod-
ucts,

hö! t "! eiHöt/%h! s! qö""e" iHöt/%. !1.4"

s(qÉaboveis somefunctionof thecoordinatesof thesystem
that deÞnesa ÔÔdividingsurfaceÕÕvia the equations(q)! 0,
and Qr is the reactantpartition function per unit volume.
!There is also a Kubo version6,7 of the Boltzmannizedßux
operator that is sometimesused,8 but we have found the
above symmetrically split version to behavebetter in the
numericalcalculationspresentedin this paper."

Evaluation of rate constantsvia Eqs. !1.1"Ð!1.4" thus
involvestwo essentialoperators,hö(t) andFö($ ), the former
involving real time propagators,exp(# iHöt/%), andthe latter
the imaginary time propagator !or Boltzmann operator",

exp(" $Hö/2). Previouswork in our group !andalsoby oth-
ers" on applyingSC-IVR methodsto evaluaterateconstants
via Eqs. !1.1"Ð!1.4" has concentratedon various ways of
representingthe real time propagatorsin hö(t), e.g., a
ÔÔlinearizationÕÕ9 of the differencebetweenthe two propaga-
tors in Eq. !1.4" leadsto the ÔÔclassicalWignerÕÕmodel10Ð15

!andalsowhat Pollak et al. 16Ð19 refer to asmixed quantum
classicalrate theory"; the ÔÔforwardÐbackwardÕÕIVR !Refs.
20Ð26" is a moreaccurateway for combiningthetwo propa-
gatorsin hö(t) into oneeffective propagatorfrom 0 to t and
from t backto 0; andthe mostcompletesemiclassicaltreat-
ment is to use the full SC-IVR for both propagators
independently.27 With thesevariouswaysof treatingthe real
time propagatorsin hö(t), the imaginarytime propagatorsin
Fö($ ), Eq. !1.3", have typically beendealt with by a har-
monic approximation23 about the transitionstateor !essen-
tially exactly" by a Feynmanpath integral representation28

!evaluatedby Monte Carlo methods27,29".
This paperis concernedwith evaluatingthe Boltzmann

operatorsin Eq. !1.3" also via SC-IVR. This will be more
accuratethan a harmonic approximation!which has been
noted to break down at low temperature" and presumably
moreefÞcientthana path integral treatment.Also, it seems
more estheticallypleasing!and consistent" to usethe same
kind of approximationfor the operatorexp(" $Hö/2) as for
exp(" iHöt/%), since they are essentiallythe sameoperator.
We notethat Makri andMiller30 haverecentlyexploreduse
of a coherentstate!i.e., HermanÐKluk-type31" IVR for the
Boltzmannoperator, but in this paperwe employthecoordi-
natespace!or Van Vleck32" IVR. As oneof us hasrecently
shown,33 a GaussianÞltering!speciÞcally, a modiÞedFilinov
transformation34Ð36" of thecoordinatespaceIVR convertsit
into thecoherentstateIVR, sothetwo IVRÕÕs areeffectively
equivalent.We Þnd it simpler, at leastfor presentpurposes,
to formulatethingsin termsof thecoordinatespaceIVR, and
thento carry out any necessaryÞlteringat the end.We also
note that Pollak and Eckhardt37 haveusedthe SC approxi-a"Electronicmail: miller@cchem.berkeley.edu
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mationfor the Boltzmannoperatorin Eq. !1.3" but incorpo-
rated further SC approximations!e.g., steepestdescent" in
evaluatingthe correlationfunction.

SectionII Þrst describesthe SC-IVR of the Boltzmann
operator!which is basedon earlierwork38 of oneof us" and
how it is usedin Eqs.!1.1"Ð!1.4". Somenumericaltestsare
thenpresentedin Sec.III to showhow well the SC approxi-
mation for the Boltzmannoperatorperforms,and Sec. IV
concludes.

II. SEMICLASSICAL BOLTZMANNIZED FLUX
OPERATOR

A. The SC-IVR of the Boltzmann operator

Thestandard!Van Vleck" SCapproximation32 for matrix
elementsof thetime evolutionoperator!i.e., real time propa-
gator" is

(q2!e
" iHöt/%!q1)! * "! 2+ i%"F#, q2

, p1
#$" 1/2

eiSt(q2,q1)/%,

!2.1a"

wherethe sumis over all classicaltrajectoriesthat go from
q1 at time 0 to q2 at time t, and St(q2,q1) is the classical
action integral,

St! %
0

t
dt!#p! t! "2/2m" V! q! t! "&, !2.1b"

and where we have for simplicity assumeda Cartesian
Hamiltonian !of F degreesof freedom" with all masses
scaledto a commonvalue,i.e.,

H! p,q"! p2/2m$ V! q". !2.2"

This canbe written in !equivalent" IVR form asfollows:

e" iHöt/%! %dp0%dq0"#, qt

, p0
#&! 2+ i%"F$1/2

%eiSt(q0 ,p0)/%!qt)(q0!, !2.3"

where qt! qt(q0 ,p0) is the coordinateat time t that has
evolvedfrom initial conditions(q0 ,p0).

It was shown some time ago38 that Eq. !2.1" can be
converted into a SC approximation for matrix elements
of the Boltzmannoperatorby the !often used" replacement
t! " i%$ . The result involves classicaltrajectoriesin the
pureimaginarytime variable- ! i t, but in light of NewtonÕs
equationof motion,

m
d2

dt2
q! t "! "

, V! q! t ""

, q
, !2.4a"

which thusbecomes

m
d2

d- 2
q! - "! $

, V! q! - ""

, q
. !2.4b"

This canbe viewedasclassicalmotion in the real time vari-
able - on the invertedpotentialenergy surface," V(q). By
introducingthe real momentumlikevariablepø, which is re-
lated to the actualmomentump !which is imaginary" by p
! i pø, the equationsof motion read

d

d-
q! - "! pø! - "/m,

d

d-
pø! - "! $

, V! q! - ""

, q
, !2.5"

which we noteinvolve only real-valuedquantities.The IVR
for the Boltzmannoperatoris thenobtainedfrom Eq. !2.3",

e" $Hö! %dpø0%dqø0"#, q%$

, pø0
#&! 2+ %"F$1/2

%e" S%$(qø0 ,pø0)/%!q%$)(qø0!, !2.6a"

where q%$(qø0,pø0) is the value of q(- ) at - ! %$ which
evolvesfrom initial conditions(qø0,pø0) via the equationsof
motionEq. !2.5", andtheactionintegralS%$(qø0,pø0) is given
by

S%$! %
0

%$
d- #pø! - "2/2m$ V! q! - ""&. !2.6b"

B. The ßux-side correlation function.

For a CartesianHamiltonian#Eq. !2.2"&, the ßux opera-
tor Fö,

Fö!
i

%
#Hö,h! s! qö""&, !2.7a"

becomes

Fö!
%

2im". ! s! q""
, s! q"

, q
¥

,
, q

$
,

, q
¥

, s! q"

, q
. ! s! q""$.

!2.7b"
Therefore,if oneusesthe IVR of Eq. !2.6" for the two Bolt-
zmannoperatorsin Eq. !1.3"Ñand makesuseof the deriva-
tive relationsof the imaginarytime action,

,
, q2

S%$! q2 ,q1"! pø2, !2.8a"

,
, q1

S%$! q2 ,q1"! " pø1, !2.8b"

the symmetryof the Boltzmannoperator,

(q2!e
" $Hö!q1)! (q1!e

" $Hö!q2) !2.9"

anda judicious integrationby partsÑthenthe ßux-sidecor-
relationfunction of Eq. !1.2" becomes

Cfs! t "! ! 2+ %"" F%dqø0%dpø0%dpø0!#, q

, pø0
#1/2#, q!

, pø0!
#1/2

. ! s! qø0""
, s! qø0"

, qø0

¥
pø0!" pø0

2im
!2.10"

exp#" S%$/2! qø0,pø0"/%" S%$/2! qø0,pø0! "/%&(q!!hö! t "!q),

whereq! q%$/2(qø0,pø0) andq! ! q%$/2(qø0,pø0! ) arethe values
of q(- ) at - ! %$ /2 thatevolvevia the imaginarytime equa-
tions of motion #Eq. !2.5"&with initial conditions(qø0,pø0)
and(qø0,pø0! ), respectively. Equation!2.10" thusrequiresthat
one generatestwo imaginary time trajectories!or real time
trajectorieson the inverted potential energy surface", both
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startingfrom the sameinitial positionqø0, which lies on the
dividing surfaces(qø0)! 0 !becauseof the delta function in
the integrand".

The above SC-IVR approximationfor the Boltzmann
operatorscannow be combinedwith whatevertreatmentof
therealtime dynamicsin Eq. !2.10" #i.e., thematrix elements
of hö(t)] that is desired. For example, if the forwardÐ
backwardIVR !Refs.21,22" is usedfor thereal time dynam-
ics, the matrix element(q! !hö(t)!q) is given by

(q!!hö! t "!q)! %
" '

'
dps! 2+ i ps"

" 1%dq0%dp0! 2+ %"" F

!2.11a"
C0! q0 ,p0"eiS0(q0 ,p0)/%(q! !p0!q0! )(p0q0!q),

where(q!p0q0) and(q!!p0!q0! ) arecoherentstatewavefunc-
tions,e.g.,

(q!p0q0)! ' /
+ (F/4

exp"" /
2

! q" q0"2$ i p0¥! q" q0"/%$,
!2.11b"

(p0 ,q0) are the initial conditionsfor real time trajectories
thatevolvefrom time 0 to t via thenormalmolecularHamil-
tonian,havea momentumjump at time t,

pt! pt$ ps

, s! qt"

, qt
, !2.11c"

and then evolve backwardin time from t to 0; S0 is the
forwardÐbackwardaction

S0! %
0

t
dt!L$ pss! qt"$ %

t

0
dt!L , !2.11d"

L ! p2/2m" V(q) beingthe usualLagrangian;andC0 is the
HermanÐKluk prefactorthat involvesderivativesof theÞnal
variables(q0! ,p0! ) with respectto the initial ones(q0 ,p0).

A moreapproximate!but muchsimpler" treatmentof the
real time dynamics is the ÔÔlinearizationÕÕapproximation,9

which assumesthat the forward (0! t) and backward(t
! 0) trajectoriesareinÞnitesimallycloseto oneanother!and
which is also equivalentto the ÔÔclassicalWignerÕÕmodel".
Thoughthis approximationis not able to describeinterfer-
ence effects betweendifferent classical trajectories26 !be-
causethe forward andbackwardtrajectoriesareassumedto
be inÞnitesimallyclose", it hasbeenseenin earlierwork9,27

to bereasonablyaccuratefor theseßux correlationfunctions.
In this approximationthe matrix elementsof hö(t) aregiven
by

(q!!hö! t "!q)! ! 2+ %"" F%dp0eip0¥(q! " q)/%h! s! qt"",

!2.12"

whereqt! qt(q0 ,p0) is the coordinateat time t that results
from a real time trajectory with initial conditions(q0 ,p0)
with q0! (q$ q! )/2. When this is used in Eq. !2.10", the
explicit expressionfor the ßux-sidecorrelation functionÑ
within the linearizedapproximationfor thereal time dynam-
ics andthe SC-IVR for the BoltzmannoperatorsÑis

Cfs! t "! ! 2+ %"" 2F%dqø0%dpø0%dpø0!%dp0

%#, q

, pø0
#1/2#, q!

, pø0!
#1/2

. ! s! qø0""
, s! qø0"

, qø0

¥
pø0!" pø0

2im
h! s! qt""

exp#" S%$/2! qø0,pø0"/%" S%$/2! qø0,pø0! "/%

$ ip0¥! q! " q"/%&, !2.13"

where q! q%$/2(qø0,pø0),q! ! q%$/2! (qø0,pø0! ),q0! (q$ q! )/2,
and qt! qt(q0 ,p0). Thus to evaluatethe integrandabove,
two imaginarytime trajectoriesarebegunat positionqø0 !on
thedividing surface" with initial momentumvariablespø0 and
pø0! , respectively, and integratedfor time %$/2; their Þnal
valuesareq andq! . A real time trajectory, with initial coor-
dinateq0! (q$ q! )/2 andinitial momentump0 , is integrated
until it is clear whether it will emerge in the reactantor
product region !in the former casethe integrandis zero".
Figure1 depictsthis situationschematically.

III. NUMERICAL TESTS

In this sectionwe presentsomenumericalresultsto test
theerror involved in usingtheSCBoltzmannoperatorin the
ßux-sidecorrelationfunction discussedabove.The example
treatedis a standardone,the1d Eckartbarrier, for which the
potentialfunction is

V! q"! V0 sech2! aq", !3.1"

with the parameterschosento correspondapproximatelyto
the H$ H2 reaction: V0! 0.425eV,a! 1.36 a.u.andm
! 1060 a.u. The imaginary frequency is 0 b! ! 2V0a2/m
! 7.38%10" 3 a.u.) 1619 cm" 1, andthetwo Eckartparam-
etersare1 ! 2+ V0 /%0 b! 13.29, u! $%0 b! 7.38%10" 3$ ,
respectively;theÔÔcrossoverÕÕtemperature,correspondingto
u! 2+ , is 2 370 K.

Onecomplicatingaspectof the SC Boltzmannoperator
shouldbe noted:at the lowest temperaturesconsideredbe-
low, the monodromymatrix elements,, q%$/2 /, pø0, appear-
ing in Eq. !2.10" arenegativefor somevaluesof the integra-
tion variables. Since the square root of this quantity is
involved, this leadsto an imaginarycontributionto the ma-
trix elementof theBoltzmannoperatorÑbutoneknowsthat

FIG. 1. A schematicdepictionof the various trajectoriesinvolved in Eq.

!2.13": two imaginarytime trajectoriesoriginateat qø0 , with initial momenta

pø0 and pø0! , respectively, and are propagatedfor time %$/2, arriving at
positionsq andq! . A real time trajectoryis theninvolved with initial point
q0! (q$ q! )/2 andinitial momentump0 .
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thesematrix elementsare real-valued!The most consistent
way to dealwith this is simply to settheintegrandto zerofor
suchvalues,and this is what hasbeendonein the calcula-
tions presentedbelow. AppendixA givesa discussionof the
ÔÔstationaryphaseÕÕapproximationfor the caseof real expo-
nentswhich justiÞesthis procedure.

To provide an unambiguoustest of the accuracyof the
SCBoltzmannoperatorfor this example,we Þrstcarriedout
calculationsusing the exact quantum matrix elementsof
hö(t); i.e., we solved the time-dependentSchro¬dingerequa-
tion in a discretevariable representationin order to obtain
(q!hö(t)!q! ) exactly. TheSC-IVR for theBoltzmannoperator
is thus the only approximationin this case.Figure 2 shows
Cfs(t) for a high temperature!T! 1000K, upperÞgure" and
a low temperature!T! 200 K, lower Þgure" comparedto the
exactquantumresults#i.e., using exactquantumresultsfor
the Boltzmannoperatorandhö(t)] ; the correspondingvalues
of therateconstantaregiven in TableI andshownin Fig. 3.
The conclusionis that the SC approximationfor the Boltz-
mannoperatoris quitegoodfor a wide rangeof temperature.

We also carried out calculationswithin the linearized
approximationfor the real time dynamics,i.e., using Eqs.
!2.12"Ð!2.13". In the present1d exampleit is possibleto
carry out the integral over p0 in Eq. !2.13" analytically !as
well as that over qø0 by virtue of the delta function", to give
the following explicit expression:

Cfs! ! 2+ %"" 2%dpø0%dpø0!#, q

, pø0
#1/2#, q!

, pø0!
#1/2

%

2m

pø0!" pø0

q!" q

%exp"" S%$/2! 0,pø0"/%" S%$/2! 0,pø0! "/%

$ i ! q! " q"! 2m' Vb" V' q$ q!
2 ((/%$. !3.2"

A Filinov Þlteringof the integrandwasnecessaryto ÔÔtameÕÕ

the oscillatory characterof the aboveintegral !particularly
for the lowest temperatures", andAppendixB describesthis
procedureÑwhichis a slight generalizationof whatwe have
usedbefore39Ñin moredetail.The Filinov parameter1 was
taken sufÞciently largeÑ1 ! 200Ñto be essentiallyin the
1 ! ' limit !i.e., largervaluesgaveno changein theresults";
in this limit the Filinov procedureyields the value of the
original integral.The integrandin Eq. !3.2" is quite localized
in thetwo-dimensionalspace(pø0,pø0! ), so thatonly a modest
numberof thesevaluesare neededto calculatethe integral
!hereby grid methods". For systemswith more degreesof
freedom,onewould expectthatMonteCarlomethodswould
make the !multidimensional" integralsefÞcient.The results
of this linearizedapproximationfor the real time dynamics
are also given in Table I and Fig. 3, and one seesthat this
approximationdegradesthequality of therateconstant,more
so the lower the temperature,e.g., at T! 200 K, where the
tunnelingcorrectionfactor is 2 2000,theresultof the linear-
izationapproximationis abouta factorof 2 too small.This is
consistentwith our earlier results8,9 using the linearization
approximationin thetunnelingregime!wheretheBoltzmann
operatorwas treatedexactly, by Monte Carlo path integra-
tion". Thus useof the SC Boltzmannoperatorwith the lin-
earizedapproximationfor the real time dynamicsis essen-
tially just asgoodasthatobtainedwith theexacttreatmentof
the Boltzmannoperator.

IV. CONCLUDING REMARKS

It hasbeenshownhow a SC-IVR canbeutilized for the
Boltzmann operator in reactive ßux correlation functions.
This can be combinedwith whateverlevel of treatmentof
the real time dynamicsone chooses.Testson a simple !but
illustrative" examplesuggeststhat little error is introduced
by treatingthe Boltzmannoperatorsemiclassically, evenat
low temperatureswheretunnelingcorrectionsarequitelarge.
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APPENDIX A: STATIONARY PHASE WITH REAL
EXPONENTS

The standardstationaryphaseapproximationfor a one
dimensionalintegralof the form

I 1! %dxA! x"eiS(x)/% !A1"

is

I 1
SPA! *

k
A! xk"' 2+ i%

S"! xk"
(1/2

eiS(xk)/%, !A2"

wherexk areall the pointsof stationaryphase,i.e., rootsof
the equation

S!! xk"! 0. !A3"

In extendingthis resultto thecaseof realexponents,i.e., for
an integralof the form

I 2! %dxA! x"e" S(x)/% !A4"

one notes that the dominant contributions to the integral
come from regionswhereS(x) hasa local minimum !i.e.,
wherethe integrandhasa local maximum"

S!! xk"! 0 !A5"

with

S"! xk"& 0. !A6"

ExpandingS(x) quadraticallyabouteachsuchpoint andcar-
rying out theusualGaussianintegralgivestheanalogof Eq.
!A2",

I 2
SPA! *

k
A! xk"' 2+ %

S"! xk"
(1/2

e" S(xk)/%, !A7"

wherexk areall the rootsof Eq. !A5" for which Eq. !A6" is
also true. That is, one does not include all the stationary
pointsof S(x) in the sumin Eq. !A7", only thosefor which
S"(xk)& 0. Note that if one forgot and includedthe station-
ary rootsin Eq. !A7" for which S"(xk)' 0, thesewould give
an imaginary contribution, which is nonsensicalsince the
original integral,Eq. !A4", is manifestlyreal.

APPENDIX B: A GENERALIZED FILINOV
TRANSFORMATION FOR THE SC-IVR

A recentpaper39 describedthe effectivenessof a gener-
alizedFilinov Þlteringprocedure34Ð36 for evaluatingmultidi-
mensionalintegralswith an oscillatory integrand,i.e., inte-
gralsof the form,

I ! %
" '

'
dzR! z"ei4 (z). !B1"

The procedureis to insert into the integrandof Eq. !B1" the
following representationof unity:

1! ! !1 !

+ Fe! 1/4" $ T¥1 " 1¥$%
" '

'
dz0

%e" (z" z0)T¥1¥(z" z0)ei$ T¥(z" z0) !B2"

expandthe exponent4 (z) quadraticallyaboutz0 , and then
perform the Gaussianintegral over z, giving the following
result:

I ! %
" '

'
dz0 R! z0"! !21!

!21 " i 4 "! z0"!
ei4 (z0)

%exp51
4 $ T¥1 " 1¥$ " 1

2 #4 ! ! z0"$ $ &T

¥#21" i 4 "! z0"&
" 1¥#4 ! ! z0"$ $ &6. !B3"

The ÔÔgeneralizationÕÕin the procedure,comparedto the
original version,34Ð36 is inclusion of the linear term in the
exponentin Eq. !B2".

In the treatmentabove, it was assumedthat the pre-
exponentialfactor in the integrandof Eq. !B1", R(z), is suf-
Þciently slowly varying that it was replacedby R(z0) in
obtainingEq. !B3", but this maynot alwaysbe thecase.For
example,for the following integral:

I ! %
" '

'
dq q e" Aq2/2ei pq, !B4"

which is in fact characteristicof someof the integralsen-
counteredin SC-IVR applications,Eq. !B3" givesthe incor-
rect resultI ! 0. It is easyto remedythis defect,however, by
expandingR(z) to Þrstorderaboutz0 in the treatmentlead-
ing up to Eq. !B3". The resultinggeneralizationof Eq. !B3"
is easily found to be

FIG. 3. An Arrheniusplot of the thermal rate constantfor the 1d Eckart
barrier. The solid curveis the exactresult,andthe dashedline the classical
result.The trianglesandsquaresare the resultsof presentcalculationsthat
usethe SC-IVR for the Boltzmannoperator, and the exactquantumresult

for the projectionoperatorhö(t) !triangles", or the linearizedsemiclassical

approximationfor hö(t) !squares".
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I ! %
" '

'
dz0 ! !21!

!21 " i 4 "! z0"!
5R! z0"$ i R! ! z0"

T

¥#21 " i 4 "! z0"&
" 1¥#4 ! ! z0"$ $ &6ei4 (z0)

%exp51
4 $ T¥1 " 1¥$ " 1

2 #4 ! ! z0"$ $ &T

¥#21" i 4 "! z0"&
" 1¥#4 ! ! z0"$ $ &6. !B5"

#It is not hardto showthatEq. !B5" givestheexactresultfor
the testcasein Eq. !B4".&

We now specializeEq. !B5" to the typeof IVR integrals
consideredin this paper:the complexfunction 4 (z) is writ-
ten in termsof its real andimaginaryparts,

4 ! z"! 7 ! z"$ i 8! z", !B6"

and it is assumedthat the Hessianof the real part, 7 (z), is
negligible.Equation!B5" thenbecomes

I ! %
" '

'
dz0 ! !21!

!21$ 8"! z0"!
5R! z0"$ i R! ! z0"T

¥! 21$ 8"! z0""" 1¥! $$ 7 ! ! z0"$ i 8! ! z0""6

%exp5i7 ! z0"" 8! z0"$ 1
4 $ T¥1 " 1¥$ " 1

2 ! $$ 7 ! ! z0"

$ i 8! ! z0""T¥! 21$ 8"! z0""" 1¥! $$ 7 ! ! z0"$ i 8! ! z0""6.

!B7"

The Gaussianwidth matrix 1 and vector $ are the param-
etersthat control the accuracyand efÞciencyof the proce-
dure.!The original integral is recoveredin the limits 1 ! '
and$ ! 0.)

This aboveprocedure,Eq. !B7", wasappliedto the lin-
earizedSC-IVR expression,Eq. !2.13", in the variable9 pø0

! pø0" pø0! . !It is necessaryto carryout theFilinov Þlteringin
only this onevariablein order to obtaina well-behavedin-
tegrandfor Monte Carlo integration." The explicit result of
carryingout this procedurefor Eq. !2.13" is

Cfs! %dqø0%dpø0%dpø0!%dp0. ! s! qø0""

%
1

2im

, s! qø0"

, qø0

h! s! qt""! R$ iR!! 21$ 8""" 1

%! $$ 7 !$ i8! ""! 2+ %"" 1! Mqp! qø0,pø0"Mqp! qø0,pø0! "

%! 21

21$ 8"
exp#i7 " 8$ 1

4 $1 " 1$ " 1
2 ! $$ 7 !$ i8! "

%! 21 !$ 8""" 1! $$ 7 !$ i8! ""] , !B8"

with

R! pø0!" pø0, !B9a"

R! ! " 1, !B9b"

8! S%$/2! q! ,qø0"$ S%$/2! q,qø0", !B9c"

8! !
1

2%
! pø%$/2Mqp! qø0,pø0"" pø%$/2! Mqp! qø0,pø0! "", !B9d"

8"!
1

4%
! M pp! qø0,pø0"Mqp! qø0,pø0"

$ M pp! qø0,pø0! "Mqp! qø0,pø0! "", !B9e"

7 ! " p0¥! q" q! "/%, !B9f"

7 ! ! "
p0

2%
! Mqp! qø0,pø0"$ Mqp! qø0,pø0! "", !B9g"

whereMqp representsa monodromymatrix.
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