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Forward—backward initial value representation for the calculation
of thermal rate constants for reactions in complex molecular systems
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The semiclassicalSC) initial value representatiofiVR) provides a potentially practical way for
including quantum effects into classical molecular dynamics simulations. The forward—backward
(FB) version of the IVR provides an especially attractive way for calculating time correlation
functions, in particular the reactive flux correlation function which determines chemical reaction
rates. This paper presents a further analysis and development of the FB-IVR approach. Applications
show that it is feasible and accurate for a reaction coordinate coupled to up to 40 degrees of
freedom. ©2000 American Institute of Physids$0021-9606)0)01401-X]

I. INTRODUCTION where

Although considerable progress has been made over the
previous decade in the development of rigorous quantum
mechanical methods for calculating therntehd also micro-
canonical rate constantsthey are at present only applicable
to relatively small(3—4 atom$ molecular systems. The pri-
mary reason is that the finite basis used in these calculations
grows exponentially as the number of degrees of freedom
increases. Classical moleqular dynam{d4D) simulations, _where the flux operator is given by
on the other hand, are widely used nowadays to describe
chemical reactions in quite complex molecular systems, so
one inevitably thinks of trying to devise practical ways of
incorporating essential quantum effects into classical MD.
SemiclassicalSC) initial value representationVR)? are  H is the Hamiltonian operatoh the projector that projects
currently undergoing a rebirth of interest in this regditf,  the wave functions to the product side, a@(T) is the
and the present paper is a further development of this methreactants partition function per unit volume. A semiclassical
odology and its application. It has been realized for a longapproximation forC;¢(t) can thus be obtained by using the
time' that semiclassical theory is capable of describing esHerman—KIluk or coherent state IVRor the time evolution
sentially all types of quantum effects in molecular dynamicsoperator of arN-dimensional system,
and a number of recent applicatidn®’ to small molecular
systemsand model problemshave shown the IVR version ~iAun_ N
of SC theory to be of good accuracy for a wide variety of  © =(2m#) f dqof dPoCi(Po.do)

henomena. The primary remaining challenge is to make the i
gC-IVR approachzs praztical enou%h for apglication to com- X @709 [pi)(PoGol (1.3

plex molecular systems, and this is the focus of the preserinere 0o.00) are respectively, initial momenta and coordi-

paper. . nates for classical trajectoriesp;=p;(py.do) and g
A formally exact expression for the thermal rate constant— 4 (p;,q,) are the classically time-evolved phase space

of a chemical reaction is given in terms of a flux time Cor- yariables,S,(po.q) is the classical action integral along the
relation function,* trajectory, andC,(pg,qo) is the pre-exponential factor deter-
K(T)=Q(T)~*lim Cy(t), (1.1  mined by the following combination of the monodromy ma-

‘ trix elements:

Cro(t) =t E(B) e he YA, (1.10

Here, B=(kgT) 1, ﬁ(ﬁ) is the Boltzmannized flux opera-

IA:(,B):e’B':”ZIA:e’B':”Z, (1.23

o1
F=—[A.R, (1.2h

t—oo

1 Qe _ _1,9Pt . 0 i, 0P
C , — \/de{_< 1/2 1/2+ 1/2 1/2__ i ﬁ 1/2 l/2+ _ 1/2 1/2 ) 1.4
t(Po,do) ARG Y a0, Yo TRY o (1.9
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In the ak_)ove_ expressiory, depotes arN—dimensionaI diago-  (the action of the operatce‘iﬁt’ﬁ), undergo a momentum

nal matrix, with eIemgntyi pemg t.he width param_eterfor the jump at timet (the effect of operatoh), and then evolve

coherent state of theth dimension. The coordinate space , i
backward fromt—0 (the action of operatoe"""). The

representation of arN-dimensional coherent state is the o . . .
product of N one-dimensional minimum uncertainty wave b,eHEf',t gained from the FB"V,R’ bes'dgs reducing t_he dlmer_1—
packets sionality pf the phase space mtegral, is that there is a pgrtlal
cancellation of the phase in the integrand and the magnitude
of the pre-exponential factor, thus greatly improving the nu-
merical property of the integrand.

In this paper, we report a more thorough analysis of the
Since the Heisenberg time evolution in E4.1b involves  FB-IVR and demonstrate its efficiency by applying it to the
two time evolution operators, use of the IVR of EQ.3  case of strong quantum interference and the case of a large
leads to the following double phase space average for theumber of degrees of freedom. Section Il summarizes the

\ 14
ﬁ) e*(?’i/Z)(Xi*Qi)2+(i/ﬁ)Pi(Xi*Qi)_ (1.5
T

<><||oq>=i1:[1

flux correlation function: FB-IVR approach for calculating time correlation functions;
Appendix A gives an alternate derivation of the “momentum
Cfs(t)=(27-rh)*2Nf dqof dpof dq(’)f dps jump” condition, and Appendix B discusses some approxi-
mate versions of the FB-IVR. The results of numerical tests
X CF (Pg ,a6)Ci(Po,o) on the popular model of a double well coupled to harmonic
o . bath are presented in Sec. Ill, and Sec. IV summarizes and
x /[5(Po-d0)=SPo )1 pygo| < (8) | Po o) concludes.
X(pt [ hlpeat)- (1.6

The practical difficulty with the above formulation is ||. SUMMARY OF THEORY
that the integrand in the double phase space average is highly
oscillatory and amplified by the large pre-exponential factors ~ Though our interest in this paper is the flux correlation
Ci(Po.do) and Cy(py.qp). Although various kinds of function of Eq.(1.1b), the formulas in this section are written
smoothing method&® have been used to damp the phaseexplicitly for the more general correlation function
oscillations, things become increasingly more difficult as the e
dimension of the integral grows. To side-step this problem, a  Cag(t) =tr[Ae'H"Be V"], 21
linearized approximation to the SC-IVR expression in Eq. . ] )
(1.6), the LSC-IVR, was introducel], whereby all the rel- Where operatorB is assumed to be localin coordinate
evant quantities are expanded to first order in the differencéPac and to depend on coordinates through a single collec-
variablesp,— p, andge—qg . The integration over these dif- tive variables(q), i.e., B=B[5(q)]. Reference 22 shows
ference variables can be carried out analytically, whichhow more general operato can be treated via this FB
yields the following much simpler expression for Ed.1b: approach, but this is not needed for the present.

OperatorI§=B[§(q)] is first written as a Fourier inte-
Cfs(t)=(2wﬁ)*“‘f dgo | dpo Fp(Po,do)h"(p,a), (1.7 gral,

where F"ﬁV and h" are the Wigner transforms of operators
IE(B) andh, i.e., this linearization of the SC-IVR leads to
the “classical Wigner” model that has arisen before from a
variety of approache¥ Application of this approximation to -9 for Eq.(1.1b, B(s)=h(s), and
several interesting condensed phase probléfisvas quite
successful. A more thorough analy&ishowever, showed ~B(Ds)= im ——M
that though the LSC-IVR is able to describe quantum effects . or2m(ps—ie)
in C¢4(t) for short time,t~#AB—and is therefore sufficient ) ,
for describing quantum effects in transition state thdbrjt | N correlation function Eq2.1) then becomes
cannot describe quantum effects in the longer time dynamics. -
It is thus desirable to develop a method that goes beyond this  C,g(t) = f dps B(p)tr AU ()], (2.43
linearized approximation that can capture the important -
guantum interference effects, but is still more efficient thanWhere
evaluating Eq(1.6).

To this end, Sun and Miller have proposed a “forward—
backward” (FB) IVR approach for the time correlation func-

tion calculatiori” (motivated by Makri and Thompson's use The three operators in E(R.4h describe, sequentially from
of the FB idea to evaluate anharmonic Ainfluenceright to left, propagation from O td, a momentum jump
functional$®). Here, the operator produett'"he """ in  Ap=p.ds(q)/dq at timet, and then propagation frotrback
Eq.(1.1b is represented by singleHerman—Kluk-like IVR,  to O; this was derived one way in Ref. 22, and Appendix A
i.e., Eq.(1.3), where the trajectories evolve from time-& gives an alternate derivation. The Herman-Kluk IVR

B[S(a)]= f :d psB(py)eP= 2.2

(2.3

O(t):eiﬁt/ﬁeipsé(q)/ﬁe—iﬁt/ﬁ. (2.4b

Downloaded 19 May 2005 to 169.229.129.16. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 112, No. 1, 1 January 2000 Calculation of thermal rate constants 49

for operatorJ(t) thus has the same form as E.3), so that as(q)
the forward—backwar¢FB) IVR for the correlation function Pr— P+ Ps 9 , (2.6
is q=0
o _ and is then evolved back to time 0 via the molecular Hamil-
CAB(t):f dpsB(ps) tonian H, (pg,q4) being the final phase point. The action
o integral Sy has contribution from these three time steps,
X —N A /) t .
(2mh) fdp(’f A00{Pochl AP o) So(po,qo;ps)=fodr[pf-qT—HHpss(qt)
X Co(Po,o; Ps)€' (P 90 P/, (2.5 0
The FB-IVR trajectory involved in Eq(2.5) begins att=0 +ft drlp;-q;—H] 2.7

with initial condition (pg,qo) and evolves to timéunder the
molecular HamiltonianH; at time t the momentum is and the pre-exponential fact@®(py,do) has the same form

changed to as Eq.(1.4),
1 i P . aa i,
Co(Po.Go.po) = \/ de{—( 127790 1y ~12770 12 jp 127790 appy 1 12710 1/2”_ 2.8
O(pO Jo ps) 2 Y Jqo Y Y dpg Y Y JdPg Y h Y o 4 ( )

The forward—backward nature of the trajectory provides , as(q) ,
several advantages over the conventional SC-IVR expres- Po=Po™* Ps aq » Go=Uo> (211
sion, Eq.(1.6): First, for a complex molecular system the 4= %

dimension of t_he pha;e space average is greatly reduceghd integrates them backward in time tot. The action
second, there is a partial cancellation of the phésese of integral S, also has contribution from three terms
the action integrals, of the coherent states, and also of the '
complex pre-exponential factor&hich makes the integrand ~t
much less oscillatory; third, there is also a partial cancella-  So(Po,do;Ps) = —f dr{p, q,~H]+pss(do)
tion of the magnitude of the pre-exponential factor such that 0
it rarely becomes too large, even for a strongly chaotic sys- —t L
tem. These properties make the FB-IVR integrand for the +f0 dr{p;-q;—H], (212
flux correlation function much better behaved, thus enabling
one to study larger systems than those previously attempteghd the pre-exponential fact@q,(pg,0d,) iS now given as
by the conventional SC-IVR. The small price paid for these
simplifications is that one now has to use separate sets of Cq(Pg.0o.Ps)= vdei{M/2), (2.133
trajectories for different times
p., h 9., [(aqt)T i (apt)T .
apy 1V apg ||\ aae | il ag ) 7

An alternate procedure to the above FB approémht
formally equivalent to it can be obtained by invoking Liou-
ville’s theorem, i.e., making the following change in the in-

i - : p, ko oaq- a9_\" i (ap_\T
tegration variables: p,t+-_’y q’t [_( q t) +_( p t) yl}
agy 17 aq4 dPo h\ dpo
apy 1 apy| Tl aqd || o
After relabeling the symbols, p(,q;)—(pg.qo) and Po Po o Po
(Po,do)—(p-t,d-1), Eqg. (2.5 becomes a “double- i (op_i\T .
backward” version(DB-IVR) T3 o] T (2.130

where the superscriptT’ denotes the transpose of a matrix.
The advantage of the DB-IVR, compared with the FB-
IVR is that during the backward integration, information on
Aln! iSo/Hi all the intermediate time steps is obtained on the fly, so that
Xf dpof ddo(P G- |AlP= A"} Coe™ . one can use the same set of trajectories for allttheints.
(2.10 The price paid for this is that there is no obvious choice of a
weighting function for the initial conditions of the backward
Here, one initiates two trajectories at time 0, with initial con- classical trajectories. Applications below compare these ap-
ditions (pg,do) and (4 ,q,), respectively, where proaches.

Cag(t)= fldps”B(ps)(mrN
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IIl. APPLICATIONS TO THE SYSTEM-BATH MODEL obtained from the matrix elemeﬂpoqolﬁ(B)Ip(’,q()). Since

In this section, we apply the FB-IVR for the flux corre- these matrix elements are not available analyticZllye _
lation function to the model system of a one-dimensional’@ve Proceeded as beféfand used a normal mode approxi-
double well linearly coupled to a harmonic bath. The Hamil- mation at the transition state for the Boltzmannized flux op-
tonian, written in the mass-weighted coordinates, is eratorF(B); i.e., the Hamiltonian is approximated by

2 H=H+H,, (3.79

1
H= Hs(ps,s)+2 P2+ = (Q, —zs , (3.1a
whereH; involves one mode with imaginary frequengie
where reaction coordinajeand H,, the remaining modes with real

4 frequencies

1 1)

HS( pSis) 2 pS_ _wbs + 16\[;0 S4' (32) Hf— p - ‘)\izqf, (37b)

Here,wb is the imaginary frequency at the top of the barrier, 2 2.2

andV} is the barrier height with respect to the bottom of the (sz 2Aa), (379

well. The essential property of the harmonic bath is its spec-

tral density* AF and\; are the imaginary and real frequencies obtained by

’ dlagonahzmg the mass-weighted force constant matrix at the
T Ci i i - [
J(w)=—z _15(0)_‘//_), 3.3 saddl_e point, andj;, ps andq;, p; are the _co_rres_pondmg _

24 ! coordinates and momenta, respectively. Within this approxi-

which is chosen in the Ohmic form with an exponential cut- rr;atloﬁn T)e coherent state matrix elemenf¢s) is (here-

off

Jo(0)= nwe /v, (34 (podolF(B)Poap)

The specific parameters we have chosen correspond to the
model studied by Topaler and Maktiusing path integral
methods, i.e., w,=500cm?, V§=2085cm?, and o

=(prorole PH"2Fe P2 ploqio)

—500cm L. The continuous bath spectral density of Eq. XH (Pjodjole” #"ilpjoajo), (3.89
(3.4) is discretized to the form of Eq3.3) via the relation
— BH{I28 A= BHI2| ! 7
c-2=gw- ‘]o(wj)’ (353 (Prodrole” P Fe P pioqyo)
o P(wj) y
_ r PNt — !
wherep(w) is a density of frequency satisfying T 8co2ut \/:[(Pfo+ Pto) +1¥*(dto—dso) ]
f“"’dw p(@)=j, j=1,..Ny. (3.5D w @~ (F18(a5+aid)a—(pho+pid)(4vY)
0

(i12)(pso+Pio)(dro—dfo)
As noted in Ref. 1), the precise functional form gi(w) xe ror oo (3.8

does not affect the final answer if enough bath modes ar? B! !
included, but it does affect the efficiency of solving the prob- Piodjole” 81l pjoajo)
lem (i.e., the number of bath modes needed to represent the

i :e—uje—(7]/4)(q1-20+qj’g)e—(p1-20+pj/02)/(4yj)
continuum. Here, we choose(w) as

Jo(w) % (i/2)(pjo+Pjp)(aj0—0jo)
plw)=a : (3.6a
¢ 1 —2U; /+ 1 ’
with Xexp €~ ¥djojo 7jpj0pj0
Np 1 o ,
a= Nw 1—e “mloc’ (3.6b +i(Pjodjo— Pjoljo) | | » (3.80

wherew, is the largest frequency of the bath modes considyhere

ered in the calculation. With the above scheme of discretiza-

tion, we found that as few as 40 modes with,=5w, is ut=pBN 12, uj=pBNl2, (3.99
adequate to describe the condensed phase media of our prob
lem for the time period considered in this paper. Below,
various specifics of our calculation are presented. yi=\Footu¥, y,=\;. (3.9b

and the width parameters of the coherent states are chosen as

A. Initial conditions of classical trajectories One obvious choice of the weighting function (e

The weighting function for the initial conditions of clas- modulus of the diagonal part of Eq.3.9), i.e., the Husimi
sical trajectories in the FB-IVR expression, Ef.5), can be  distributiorf’
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1 . along with the action integral
W(po,do) = 5<POQO|F(B)|FJ0%>

S=py-a—H, (3.11h
1 - R ~
= 5<pfOQfO|e_BHf/2Fe_BHf/2| Prodto) and the monodromy matrixused in the evaluation of the
pre-exponential factor
Il Grle e, @208 o) w4 o) _om
. R dtladge/ dgo’ dtldpo/ o’
(ProQrole 2R e P12 peoaso) (3.119
= i(ﬁ)z_ O i(%)z_ 7%
— 2 1 ’y_pfoe—(yi/Z)qgoe— pf20/(2yi)’ (310b dt d0qo (9qO' dt JdPo apo’
codu* V 7
. whereK is the force constant matrix.
(pjoqjo|e‘5Hbi|pjoqjo> The main purpose of an SC-IVR, however, is to con-
v 1 struct an accurate approximation for the time evolution op-
=e Y exp{ - Ej(l— e*ZUJ)quO— 2—)}_(1— ezui)pjzo}, erator,e” ", rather than the absolute convergence of various
i

classical quantities. Thus, an alternate time propagation
(3.100 scheme can be designed following the spirit of the split-
whereD is the proper normalization factor. operator algorithii? in time-dependent quantum wave

One thus uses the weighting functif(py, o) to select ~ Packet propagation,
the initial conditions fg,q,) Vvia importance sampling.
Though the final phase space variableg,f) are not the
same as initial variable9g,qy), the forward—backward na- . o .
ture of the classical trajectories makes such differences smalfnereHo is a “ze.roth-.order” Hamiltonian usuallly chosen in
so that the diagonal matrix eIeme{rﬂ0q0|I3(/3)|p0q0) rep- the separabléadiabati¢ fcgrm andH'’ can be viewed as a
resents a large portion of the true matrix elementhonadiabatic co'rrection tid,. With an appropriate choice of.
<po%||A:(B)|péqc,)>- Monte Carlo integration is thus very ef- then2 the s_tep S|ZA_t”can be rather large, as _demonstrated in
ficient in this procedure. the qua5|ac_i|abat|c _propagator approach in the pa_th inte-

For the DB-IVR expressions of the flux correlation func- 9ra! calculatior?® In this picture of an SC-IVR calculation, a
tion, Eq.(2.10), there is not an obvious choice of a weighting cIa;sicaI trajectqry is integrated yia a time-.dependent Hamil-
function. The physics behind this is that now the trajectoriedOnian: at each time step, the trajectory is first advariced
start from the reactant/product region and move to the tranvi@ H', .ther’1 advancedt viaHo, and finally advancedt/2
sition state, which is a difficult problem for a complex mo- 23ain viaH". _ _
lecular system even at the classical mechanical level. One !N our calculation, we choose the normal mode approxi-
may use numerical techniques such as a Metropolis3tatk ~ Mation to the original Hamiltonian, E¢3.7), asH,, and the
the rejection metho® where the modulus of the integrand is remainder(simply a nonlinear _pot_entlal involving all degrees
used as a sampling function. This, however, makes th@f freédom asH’(q). Due to its linear nature, the propaga-
weighting function time-dependent and removes the majoOn Via Ho is completely ?r_\alytlc in all the desired quanti-
advantage of the double backward approach. Therefore, WS- The propagation vibl” is also very simple
use either simple Monte Carlo proceduvéthout a weight-

e—iﬁt:(e—iﬁm)n:(e—iﬁ’At/ze—iﬁome—iﬁ’m/z)n' (3.12

ing function or insert some Gaussian functions frandqg Oirnatz=Ct»  Prsayo=Pi— (m—(q‘) E (3.133
with tunable widths as “guessed” weighting functions to 9% 2
perform the phase space average.
Finally, for the additional integration of the momentum St+At/2:St_H,(qt)§1 (3.13b
jump variablepg there is no obvious weighting function in 2
either the FB- or DB-IVR approach. We thus use either
simple Monte Carlo or stratified sampling to accomplish this 99+ av2 _ 9Gt+av2 -0
integral. Below, various other specifics of the calculation are ZoR ' Pt '
presented. (3.130
Priavz JPH' (qy) At IPiravz 1
e age 2’ Py ,

B. Time propagation

The natural way of time propagation is to integrateWhere the cumulative monodromy matrix at a certain time
Hamilton’s equations of motion for a classical traject¢iry ~ can be related to those at each time step via the chain rule.
a mass-weighted Cartesian sysjem With the above integration scheme, the step direcan

be much larger than that used in the usual integrator, thus
oM ignificantly improving the effici f the ti

Q=—, pP=-—, (3.113  Significantly improving the efficiency of the time propaga-
Pt et tion.
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4e-04 - (@)
2e-04
0e+00
-2e-04
= —de-04
OJL‘
2e-04
0e+00
0.0 . : . .
—20-04 0.0 1.0 20 3.0 4.0 5.0
| ] e,
—4e—04O L 150 L 500 FIG. 2. Transmission coefficient=k/krst . as a function of coupling
parametery/ w, at T=300 K; the solid circles are the FB-IVR result, and
t [fs] the solid line is from the accurate quantum path integral calculations,
Ref. 25.
FIG. 1. Flux correlation function of a one-dimensional double well obtained
via the DB-IVR (dashed ling the quantum mechanical calculati¢solid
line), and the LSC-IVR(dotted ling: (8) T=300K, (b) T=500K. the rate constant can be calculated from 8gl). We now
discuss the results obtained with a bath of 40 harmonic os-
_ cillators.
C. Results and discussion Figure 2 shows the rate constantsTat 300 K obtained
) ) via the forward—backward IVRsolid pointg, Eq. (2.5),
1. One-dimensional double well compared with the path integral resultsolid line).?> As

In the absence of a dissipative bath, the quan@iggt)  done previously’ the transmission coefficient is plotted,
for the double well displays strong coherent structure aftewherex is defined by
reaching its plateau. Such coherence is a pure quantum me-  _
chanical result and cannot be described by classical dynam- w=KlkrsrL, (3.143
ics or by the linearized SC-IVR/classical Wigner model of and krstci is the classical transition state theory rate con-
Eq. (1.7.2° The FB- or DB-IVR, however, is expected to stant for the original one-dimensional double well,
capture some of the quantum interference behavior, and this ®so R
is indeed what we have found. Figure 1 shays(t) for two kTST,CLzz—e*BVO.
temperatures, 300 and 500 K, respectively, obtained from the &
DB-IVR (the dashed line Also shown in the figure are the Overall, the FB-IVR can reproduce quite accurately the
qguantum mechanical resufthe solid line and the result quantum “turnover” behavior of the rate constants vergus
from the LSC-IVR/classical Wigner calculatidithe dotted This is by far the largest system ever treated by an SC-IVR
line). One sees that the results from DB-IVR are decidedlythat involves a complex integrand and demonstrates the po-
better than those from the LSC-IVR. For the higher temperatential of the FB-IVR for dealing with complex molecular
ture of 500 K, the DB-IVR reproduces quite accurately thesystems.
phase of oscillations in the flux correlation function, whereas  Since there is phasghus possible interferengén the
the LSC-IVR completely misses the detailed structures. Thé&B-IVR integrand, one still needs a number of trajectories to
DB-IVR is less accurate for the lower temperature of 300 K,converge the integral. In the present case, we found that
but still in reasonable agreement with the quantum resultl00 000 trajectories are needed for the time period 60 fs,
The FB-IVR gives similar results, but is computationally and more trajectories for longer time. This is, however, a
more expensive in this case. Overall, the agreement betwegaasonable amount considering the fact that the previous SC-
double backwardor forward—backwardIVR and the exact IVR calculations for much smaller molecular systems usu-
quantum results are quite good, suggesting that they are cally use as manyor even morg trajectories.
pable of capturing the important quantum interference ef- The nature of the dynamics can be examined by looking
fects. at the flux correlation function at different coupling
strengths. Figure 3 showS;¢(t) at two values ofy: for a
large coupling parameten{ w,=1) the process is the direct
barrier crossing, whereas for a small coupling/ @,=0.3)
When the double well is coupled to a bath of harmonicrecrossing flux is present. The former class can be well de-
oscillators, the coherent structure in the flux correlation funcscribed by quantum transition state theory but the latter one
tion is quenched by the bath modes if the coupling is strongneeds dynamical corrections. The FB-IVR is seen as capable
enough. In this case, a stable plateau can be maintained anél describing both of them.

(3.14b

2. The double well coupled to a harmonic bath
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20 ‘ - - ' essentially no advantages. The conclusion is, therefore, that
the DB-VR may be preferred for small molecular systems
and for short time. In going to longer time dynamics, FB-
IVR is a much more favorable choice.

IV. CONCLUDING REMARKS

In this paper, we have applied the forward—backward
initial value representatiofFB-IVR) to the calculation of
reactive flux correlation functions. The system examined via
the FB-IVR approach is a double well linearly coupled to a
harmonic bath. It is found that when the coupling is zero
(i.e., a single double welthe FB-IVR can reproduce reason-
ably well the quantum interference structure in the flux cor-
%50 100 20.0 300 200 50.0 relation function, thus going beyond the linearized IVR. For
(@) t (fs) a bath of 40 harmonic oscillators, we have successfully ob-
tained accurate rate constants via the FB-IVR. These encour-
aging results suggest that the FB-IVR is a potentially pow-
erful approach for describing quantum effects for large
molecular systems.

Because of the large number of degrees of freedom con-
sidered in this paper, the computational bottleneck is actually
evaluating the pre-exponential factor or, more precisely, the
determinant of a compleN XN matrix. This problem has
never been addressed before due to the small number of de-
grees of freedom in previous SC-IVR calculations. One must
now focus, therefore, on finding better ways to resolve this
problem since it has the unfavorable scaling\tf Several
approximations on this subject are being investigated.
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pre-exponential facta€, behaves much better than in a con-

ventional SC-IVR calculation. Besides the fact tt@g is =~ APPENDIX A: ALTERNATE DERIVATION OF THE

close to 1 at most times, its phase change is also very slofB-IVR

versus time. As a result, the time interval to keep track of the For interest, we give here a different derivation than the
phase[branch in the complex square root, E8.8)] can be  original oné? of the basic FB-IVR result summarized in Sec.
as large as 2 fs in our calculation without introducing signifi-||_

cant errors. For a conventional SC-IVR calculation of such a The three propagators in the product Constituting opera-
large system, th.e phase of the pre-exponentiql factor changgs; 0(t) of Eq. (2.4b can be thought of as three sequential
much more rapldly'd.ue to the large zero-pqlnt energy, f"‘”‘{’ime evolution operators,

thus severely prohibits the use of a large integration time X X R

step even if it is allowed in the classical dynamics simula-  U(t)=e H(-V/hg=iH (Lihg=iHb/A (A1)
tIOI’].Fma”y, we comment on the use of the DB-IVR in this wherefl is the usual molecular Hamiltonian, bht’ is the
calculation. In a series of calculations we have found thafollowing rather strange Hamiltonian:

within the first 25 fs or so it can outperform the FB-IVR. A =—¢(q). (A2)
However, for longer times, it becomes extremely difficult to

converge the integral. This suggests that there appears to Btie Herman—KIluk IVR fotJ(t) thus has the standard form,
no time-independent weighting function for the DB-IVR. If Eqg.(1.3), where the trajectory which begins with initial con-
one uses a time-dependent weighting function, then the DBdition (py,qo) evolves via the molecular Hamiltonian
IVR becomes similafin spirit) to the FB-IVR and provides H(p,q) for a time incremen{t), continues via the Hamil-
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tonianH’ (p,q) for a unit time increment, and then continues where the parametemb,c are functions of §0q,q0) andt,

for the time increment{t) again via the molecular Hamil-

i.e.,a=a;(pg.,qo), etc.[For given values of §y,q,) andt,

tonian H. Since Hamilton’s equations for the intermediatethe parameters, b, andc, for example, can be determined

HamiltonianH’(p,q) of Eq. (A2) are
dH’

q= ) =0, (A3a)
: dH" a¢(q)
=——=——, A3b
P=- g =g (A3D)
integrating them for a unit time increment yields
ar=a;, (Ada)
_ dp(q)
Pr=pi+ o (Adb)

where @;,09;)=(p:,q:) is the phase point resulting from the
first time increment(t). The net result of the intermediate
time evolution operator is thus the momentum jump at time
as described following Ed2.4b) in the text. It is also easy to
show from Eqs(A3) and (A4) that the contribution to the
action S from the intermediate time evolution is

1
fodt(p'q—H’)=¢(Qi)- (A5)

APPENDIX B: SOME APPROXIMATIONS TO THE
FB-IVR

The discussion related to E.10 suggests some sys-

tematic approximations that may be utilized to simplify the
FB-IVR approach even further. Thus, consider the FB-IVR

expression, Eq2.5), for the generaA— B correlation func-
tion. Noting that the Husimi distribution function corre-
sponding to operatoh is its diagonal coherent state matrix
element,

pa(Po.Go)=(27%) (ool Al Podo) (B1)
Eq. (2.5 becomes
Castt)= | dp,Bipa) | dpo [ dag
X pa(Po,d0)!t(Po.do:Ps), (B2

where
1{(Po,Go; Ps) =€'S0tPo%:PAC (g, qo; Ps)
X{PoGol AlPg . db)/{ Potol Alpodo).  (B3)

by running three “backward” trajectories for three different
values of pg.] With this approximation for the
ps-dependence df;, the integral ovepg in Eq. (B2) can be
brought inside that over the initial conditionpg(,q,) and
evaluated explicitly,

0

dpsB(ps) elih)[aps+ (b/2)p2+(c/3)pd]

© 1 o0
=f7 ds B(s)5 fﬁ dps

> e(i/ﬁ)[(a—s)ps+<b/2)p§+(c/3)p§]

=B(a,b,c), (BS)
so that the FB-IVR expression for the correlation function
becomes

CAB(t):J dpoJ ddopa(Po,do)

X B[ay(Po,do),bi(Po, o), Ci(Po,do) . (BE)

For example, the lowest order approximation of this type
keeps only thdinear term in Eq.(B4), i.e., assumed=c
=0. In this case, EqB5) becomes

B(a,0,00=B(a), (B7a)

so that Eq.(B6) for the correlation function becomes

CAB(t):f dpof ddopa(Po.do)Blai(Po.do) ],  (B7b)

which one realizes is very similar to the linearized SC-IVR,
or classical Wigner result of Eq1.7). It would be exactly
the same if the Husimi distribution were the same as the
Wigner distribution and ifa;(pg,do) =9S[0:(Po.do)]- This
linear approximation is also very simil@in fact, identical if
B(s)=s] to a forward—backward approach utilized recently
by Shao and Makit (and also by Sun and Millé), who
noted that in their application it gave results essentially in-
distinguishable from the LSC-IVR/classical Wigner ap-
proach. It is thus capable of describing quantum effects only
for short time. It should be noted that in contrast to the lin-
earized SC-IVR/classical Wigner model, this linear expan-

The approximations we consider are suggested by notingj,, [Eq. (B7b)] is in general not exact for a quadratic

that the function (py,qo;pPs) is unity for ps=0 [because in

Hamiltonian.

this case the backward trajectory simply retraces the forward  \yith a quadratic expansion in E¢&2) and (B5)—i.e.

trajectory, so thatf,,q4) = (Po,do), Sp=0, andCy=1]. If
small values ofps are the most important for the integral
over pg, then a useful approximation for the-dependence
of I is

}, (B4)

b 2 c 3
aps+§ps+§ps+“'

i
|t(po,QO;ps):eXF{g

a andb#0—one has

_ - i .
B(a,b,O):f dsB(s)\/Zwﬁbe"(s_a)Z’(Zﬁb), (B8)

and if a cubic expansion is retained, this becomes
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