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A numerical scheme is suggested for accurate large-scale quantum dynamics simulations. The
time-dependent Schro¨dinger equation with finite time-dependent interaction terms is replaced by an
inhomogeneous equation with imaginary boundary operators applied along the time axis. This
equation is solved globally for a finite time interval using recent Krylov subspace-based iterative
methods that are accelerated by a Fourier grid preconditioner. The same scheme is applied also to
time-independent reactive-scattering calculations with absorbing boundary operators where the
operation of the Green’s function is carried out by solving an inhomogeneous time-independent
equation. The scheme is economic in terms of both memory requirement and computation time. It
is especially favorable when high grid densities are required, e.g., for representation of highly
oscillatory fields or high-energy wave functions. Illustrative applications are given for representative
models of bound and dissociative systems driven by time-dependent pulsed fields, and for
time-independent calculations of the cumulative reaction probability for the generic reactionH1H2
at high collision energies. ©1995 American Institute of Physics.

I. INTRODUCTION

The quantum dynamics of nuclei on potential energy sur-
faces provide the most detailed description of chemical reac-
tions. Efficient computational methods for solving the time-
dependent Schro¨dinger equation with scalability to large
systems are therefore desired for a rigorous study of chemi-
cal reactions. When large molecular systems~> three or four
atoms! are studied, the matrix representation of the Hamil-
tonian is typically too large to be stored and manipulated
directly, so that propagation~or iterative! methods that only
require successive operations of the Hamiltonian onto a vec-
tor must be applied. Among the numerous methods of this
type, global polynomial approximations1 of the time-
evolution operator exp~2iĤ t/\! have been found to be most
stable2,3 since the error involved is not accumulated~as is
typical for a stepwise integration!, but rather is uniformly
distributed along the entire time interval and therefore can be
reducedglobally with increasing numerical effort.

When the molecular system is driven by an external
time-dependent field~e.g., a laser field! the system’s Hamil-
tonian is explicitly time-dependent, and the Schro¨dinger
equation reads

i\
]

]t
c5Ĥ~ t !c. ~1.1!

Historically, global time propagators have not been applied
in this case because of the well-known ‘‘time-ordering’’

problem associated with Dyson’s series.4,5 Recently,6,7

though, it was shown that this problem is avoided when a
time coordinate~t8! is added to the system coordinate space.8

By applying global polynomial approximations of the expo-
nential time-evolution operator in theextendedcoordinate
space, exp$2 i [ Ĥ(t8)2 i\]/]t8] t/\%, the time-dependent
Schrödinger equation with time-dependent Hamiltonians was
solved with accuracy and stability that were only reached
before for time-independent Hamiltonians.9,10 However, for
optimal performance, polynomial approximations require
‘‘long’’ recurrences2 ~successive Hamiltonian operations!,
and their efficiency decreases whenever the detailed ‘‘step-
by-step’’ dynamical evolution is required~e.g., within itera-
tive schemes for optimal laser control of chemical
processes.11!.

In the present work, we suggest a numerical scheme for
a global solution of the Schro¨dinger equation with finite-
range time-dependent Hamiltonians that demonstrates stabil-
ity and exponential convergence, characteristic of global
polynomial approximations, and yet enables one to signifi-
cantly reduce the required numerical effort~by an order of
magnitude, for the studied cases!. The scheme is based on
the reactive-scattering theory for time-dependent Hamilto-
nians that was introduced in Ref. 12: The time-dependent
Schrödinger equation is converted into a boundary-value
problem on a finite time interval by adding time-dependent
imaginary boundary operators to the Hamiltonian. Practi-
cally, the exponential operation in the extended coordinate
space, exp$2 i [ Ĥ(t8)2 i\]/]t8] t/\% can be replaced bya
single operation of the Green’s operator,
[E1 i\]/]t82Ĥ(t8)1 i ê(t8)]21. The latter is most effi-
ciently carried out by solving the following inhomogeneous
equation:
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FE1 i\
]

]t8
2Ĥ~ t8!1 i ê~ t8!Gx5w, ~1.2!

which provides the full time evolution of the system.
There are numerous advantages in replacing the homo-

geneous Schro¨dinger equation@Eq. ~1.1!# by the inhomoge-
neous equation@Eq. ~1.2!#. First, one can make use of recent
advances in the development of efficient iterative~Krylov-
subspace-based! methods for solving non-Hermitian linear
systems~see, e.g., Ref. 13!. Second, iterative solvers can be
significantly accelerated by applyingphysically motivated
preconditioners, which reduce the spectral range of the left-
hand-side operator in Eq.~1.2!.

An essential part of the iterative solution is the represen-
tation~discretization! of the Hamiltonian operation. The Fou-
rier grid method has been shown to be especially suitable for
accurate quantum-mechanical calculations because of the
balanced representation of coordinate and momentum spaces
and the highly efficient transformation@the fast Fourier
transform ~FFT! algorithm# between them.14,15 Below, we
exploit another important advantage of this representation:
Since both the local~coordinate-space! and nonlocal~differ-
ential! operators are applied in a diagonal form, economic
diagonal preconditioners can be applied simultaneously
~within a single iteration! in the two spaces, providing re-
markable acceleration of the iterative solvers, especially
when the differential operators dominate the spectral range
of the Hamiltonian~i.e., when a high-density grid is re-
quired!.

The suggested scheme is not limited, of course, to the
extended coordinate space and to time-dependent Hamilto-
nians. The operation of the Green’s function, i.e., the solution
of the corresponding inhomogeneous time-independent equa-
tion

@E2Ĥ1 i ê #x5w, ~1.3!

is the main computational task in most stationary reactive-
scattering calculations, whereê is a boundary operator that
imposes the scattering boundary conditions on a finite con-
figuration space.16–21As we demonstrate below, the Fourier
grid preconditioner provides an efficient way to solve Eq.
~1.3! and thus to accelerate standard reactive-scattering cal-
culations.

The outline of this article is as follows. In Sec. II, the
inhomogeneous time-dependent equation with imaginary
boundary operators is discussed in some detail. Iterative Kry-
lov subspace methods for solving linear systems are briefly
reviewed in Sec. III, and the Fourier grid preconditioner is
introduced in Sec. IV. Applications for benchmark problems
of field-driven bound and dissociative systems are given in
Sec. V, where the numerical properties of the presented
scheme are demonstrated. In Sec. VI, the Fourier grid pre-
conditioner is applied to a time-independent reactive-
scattering calculation of the cumulative reaction probability
for a generic hydrogen-exchange reaction at high collision
energies. Concluding remarks are given in Sec. VII.

II. THE INHOMOGENEOUS TIME-DEPENDENT
SCHRÖDINGER EQUATION

A key step in obtaining global solutions of the time-
dependent Schro¨dinger equation is the conversion of the
first-order initial-value problem@Eq. ~1.1!# into a boundary-
value problem on a finite time intervalt, where2T/2,t
,T/2.
In the (t,t8) propagators,6,7,9 this problem is solved by re-
placing Eq.~1.1! with a first-order equation intwo time vari-
ables. An alternative solution is obtained by adding imagi-
nary operators to the Hamiltonian in the extended space,
which explicitly impose two boundary conditions. Then, the
homogeneous Eq.~1.1! can be replaced by an inhomoge-
neous equation in asingle time variable, whose unique solu-
tion satisfies the boundary conditions. This approach was
applied in the reactive-scattering formulation for time-
dependent Hamiltonians in Ref. 12, and is briefly summa-
rized below.

Without loss of generality, let us consider the case of a
one-dimensional system, coupled to a time-dependent field.
~The generalization to higher spatial dimensions is straight-
forward.! The time-dependent Schro¨dinger equation@Eq.
~1.1!# thus reads

i\
]

]t
c~x,t !5F2\2

2m

]2

]x2
1V~x,t !Gc~x,t !. ~2.1!

We assume a typical situation in which the interaction is
composed of a field-free molecular term and a finite time-
dependent interaction term, i.e.,

V~x,t !5VM~x!1m~x,t !,

where

m~x,t !→0 as t→6T/2. ~2.2!

For simplicity, we also assume that the molecular system is
initially in a stationary state of the field-free Hamiltonian,
e2 iEt/\fE(x), i.e.,

eiEt/\c~x,t !→fE~x! as t→2T/2, ~2.3a!

where

F2\2

2m

]2

]x2
1VM~x!GfE~x!5EfE~x!. ~2.3b!

Equations~2.1! and ~2.3! define a unique time evolution.
However, in any global-grid or basis-set representation of
functions on the finite interval, inherent boundary conditions
are imposed also ast→T/2. For example, when a discrete
variable representation~DVR! is used~as in Ref. 12!, the
sampled functions decay to zero, while the functions are pe-
riodic in time if a Fourier grid or basis set is used.6,7,9 In
general, a solution of the homogeneous Schro¨dinger equation
@Eq. ~2.1!# that satisfies both boundary conditions will not
exist.22 However, within a given finite representation, awell-
behaved approximationC(x,t) to the solutionc(x,t) can be
obtained by imposing explicitly the boundary values in terms
of ‘‘smooth’’ imaginary boundary operators,12

e~ t !5e i~ t !1e j~ t !. ~2.4!

10031Peskin, Edlund, and Miller: Quantum time evolution

J. Chem. Phys., Vol. 103, No. 23, 15 December 1995Downloaded¬07¬Jul¬2008¬to¬136.152.155.22.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright;¬see¬http://jcp.aip.org/jcp/copyright.jsp



e i(t)→0 for all intermediate ‘‘physically interesting’’ times,
and imposes the physical initial condition by rising asymp-
totically as t→2T/2. e f(t) rises from zero ast→T/2, and
smoothly imposes the ‘‘artificial’’~final! boundary condition.

The inhomogeneous Schro¨dinger equation that corre-
sponds to Eqs.~2.1! and ~2.3! reads

FE1 i\
]

]t
1

\2

2m

]2

]x2
2V~x,t !1 i e~ t !G@eiEt/\C~x,t !#

5 i e i~ t !fE~x!1 i e f~ t !fb~x!. ~2.5!

Because of the inclusion of the imaginary boundary operator
e(t), the operator on the left-hand side is regular, and thus
the equation has a unique solution. At initial times~t→2T/
2!, bothm(x,t) andef(t) vanish. From Eqs.~2.3! and ~2.5!,
it follows thatC(x,t) satisfies the desired initial condition

eiEt/\C~x,t !→fE~x! as t→2T/2. ~2.6!

At intermediate times,ei(t) and ef(t) vanish, so that Eq.
~2.5! for C(x,t) coincides with the homogeneous Schro¨-
dinger equation forc(x,t) @Eq. ~2.1!#. The error [C(x,t)
2c(x,t)] is therefore significant only at positive asymptotic
times whereef(t) is switched on. Rather than approximating
c(x,t), C(x,t) smoothly approaches the boundary value at
T/2, which is determined by the choice offb(x) in Eq. ~2.5!.
For example, in Ref. 12, a DVR with absorbing boundary
conditions@fb(x)50# was applied. For this choice, it follows
that

eiEt/\C~x,t !→0 as t→T/2. ~2.7!

In the present work, we apply the Fourier grid method,
which explicitly imposes periodic boundary conditions on
the time interval,14,15 and so we set

fb~x![fE~x!, ~2.8a!

so that the artificial boundary condition is

eiEt/\C~x,t !→fE~x! as t→T/2. ~2.8b!

Our strategy is to solve the inhomogeneous Eq.~2.5!
rather than the homogeneous Eq.~2.1!. Equation~2.5! can be
rewritten as a standard linear system of the type

Âx~x,t !5w~x,t !, ~2.9!

with a known input function representing the boundary con-
ditions @Eqs.~2.6! and ~2.8!#

w~x,t !5 i e~ t !fE~x!, ~2.10!

a regular non-Hermitian differential operator

Â[E2 p̂t2
1

2m
p̂x
22V̂1 i ê

5E1 i\
]

]t
1

\2

2m

]2

]x2
2V~x,t !1 i e~ t !, ~2.11!

and an output

x~x,t !5eiEt/\C~x,t !, ~2.12!

whereC(x,t) approximates the exact time evolution of the
physical system,c(x,t).

In the next section, we briefly discuss the recent ad-
vances in developing iterative Krylov subspace-based meth-
ods to solve non-Hermitian linear systems of the Eq.~2.9!
type.

III. ON KRYLOV SUBSPACE METHODS FOR SOLVING
NON-HERMITIAN LINEAR SYSTEMS

When a linear system of the typeÂx5w is very large,
direct methods for solving the system may exceed the avail-
able computer storage or require too much computation time.
In this case, iterative methods can be applied to find an ap-
proximate solutionxk , with a residuer k5w2Âxk . If Â has
a structure that makes its operation onto a vector economical,
then iterative methods that only demand this operation re-
peatedly are a preferable choice. Most of today’s best itera-
tive methods belong to the large class of Krylov subspace
methods where, at thekth step, the space of the approximant
is spanned by the Krylov subspace

xk2x0PK k~r 0 ,Â![span$r 0 ,Âr 0 ,Â
2r 0 ,...,Â

k21r 0%. ~3.1!

When Â is Hermitian, there are two dominant Krylov
methods: the Lanczos method23 and the conjugate gradient
~CG! method.24 In the Lanczos method, an orthonormal basis
for K k(r 0 ,Â) is created by using the Gram–Schmidt or-
thogonalization, which reduces to a three-term recursion.
The basis vectors created have to be saved for the final con-
struction of the approximate solution. The Lanczos method
makesr k orthogonal toK k(r 0 ,A) and therefore minimal in
this space. The CG method is a well-established Krylov
method with optimal minimization and computational prop-
erties for the case thatÂ is Hermitian and positive definite.
The fact that the basis vectorvk11 is parallel to the residue
r k is used to calculate the approximate solutionxk recur-
sively without the need to save the basis vectors as in the
original Lanczos case. In the CG method, the norm ofr k is
explicitly minimized.

For non-Hermitian Â, many attempts have been made to
maintain the ideas of the CG and Lanczos methods. While in
the Hermitian case the construction of an orthonormal basis
for the Krylov space can be reduced to a three-term recur-
sion, this is not the case for non-Hermitian matrices, where
the Gram–Schmidt orthogonalization gives rise to long-term
recurrences, e.g., by the Arnoldi algorithm.25 In the general-
ized minimal residual~GMRES! algorithm,26 the Arnoldi
process is coupled to a least-squares minimization of the re-
sidual norm in every step. The result is a very robust method,
but with the drawback of a linear growth in the storage and
computational effort with the dimension of the Krylov space,
sincek-orthogonal-basis vectors are needed to construct the
approximate solutionxk .

An ideal solver for the non-Hermitian problem that has a
rigorous minimization property and is based on short recur-
rences is theoretically possible only for a very narrow class
of operators, as was shown in Refs. 27 and 28. One is there-
fore led to consider one of the following strategies:

~1! Maintain the Hermitian property by solving the normal
equationÂ†Âx5Â†f ~see, e.g., Ref. 29!.
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~2! Try to minimize the cost of GMRES by using restarts,26

preferably adaptive restarts,30 or some hybrid-GMRES
method using GMRES to gain knowledge of the system,
replacing it finally with some optimal polynomial in
Â.31,32

~3! Use short-term recursive methods based on a generalized
~complex! inner product without a rigorous residual
minimization but with ‘‘look-ahead’’ strategies33,34 to
avoid possible breakdowns.

In practice, the latter strategy seems to be the most suc-
cessful for a large class of problems. The CG method is
extended to the biconjugate gradient~BCG! method,35 where
two biorthogonal sequences of residuals are created using
coupled two-term recurrences. This is guaranteed to work
well36 as long as the method does not break down because of
accidental zero coefficients in the algorithm. Conjugate gra-
dient squared~CGS!36 is an extension of the BCG method in
which the symmetry of the bilinear form~constructing the
biorthogonal sequences of residuals! is used so that the op-
erationÂ† on a vector is replaced by an extra operation ofÂ
in each iteration. When the operation ofÂ on a previous
residual vector results in its contraction, a double effect is
possible whenÂ operates twice. However, like the BCG
method, CGS does not include any explicit minimization
property.36

Recently,37 Freund and Nachtigal introduced the qua-
siminimal residual~QMR! algorithm. QMR is based on add-
ing a quasiminimization property to the BCG method with an
efficient look-ahead version34 to avoid most breakdowns and
loss of orthogonality. This results in smoother convergence
behavior and in a ‘‘safer’’ algorithm but also in complicated
coding38 and analysis,39,40 especially because of the look-
ahead algorithm. Freund41 introduced the transposed free
quasiminimal residual~TFQMR! algorithm, where a qua-
siminimization property is added to the CGS method.~An
implementation of a look-ahead version for TFQMR is under
construction.42! The quasikernel polynomial formulation of
QMR and TFQMR in Refs. 39 and 40 provides a deeper
understanding of the Krylov-subspace methods, especially of
the quasiminimal-residue algorithms. Upper bounds for the
QMR and TFQMR iterates have been derived in Ref. 39,
showing that QMR and TFQMR are expected to have a con-
vergence rate similar to that of GMRES.

In the present work, TFQMR from Ref. 38 was used to
solve the inhomogeneous linear equations. While the scaling
of the number of iterations with the problem was similar to
that of GMRES~with no restarts!, TFQMR seems to be more
promising in studying large systems. Unlike GMRES, it re-
quires only a linear~order-N! increase in the storage and
algorithm operations with the size of the system,N. Thus,
the computational task in a single iteration reduces essen-
tially to the operationÂ itself ~which, in mostcurrent repre-
sentations, scales asN logN→N2!.

IV. THE FOURIER GRID PRECONDITIONER

We now focus on the basic operatorÂ. As an example,
we discuss the inhomogeneous time-dependent equation@see
Eqs. ~2.9!–~2.12!#. The generalization of the following dis-

cussion to systems of higher dimensions or to the stationary
reactive-scattering case@Eq. ~1.3!# is straightforward. Within
the Fourier grid method,14,15 the operatorÂ is grouped into
local operators, which are diagonal in time-coordinate (x,t)
representation, and differential operators, which are diagonal
in the canonically conjugate momentum representation
(px ,pt).

9 The operation of the local operators, [E2V(x,t)
1 i e(t)], onto a functionx(x,t) is obtained by direct multi-
plication on a discretized grid:

xi5
2L

2
1~ i21!

L

Nx
; i51,...,Nx,

~4.1!
t i5

2T

2
1~ i21!

T

Nt
; i51,...,Nt .

The operation of the differential operator, (2 p̂t2 p̂x
2/2m), is

obtained by transformingx(x,t) to its momentum~energy!
representationx(px ,pt), multiplying it by (2pt2px

2/2m) on
the discretized momentum energy grid:

pxi5
2p\Nx

L
1~ i21!

2p\

L
; i51,...,Nx,

~4.2!
pti5

2p\Nt

T
1~ i21!

2p\

T
; i51,...,Nt ,

and back transforming to coordinate-time representation. The
transformations between the discrete (x,t) and (px ,pt) rep-
resentations are most efficiently performed by the FFT
algorithm,43 where periodic boundary conditions are im-
posed on the intervals

2L/2,x,L/2; 2T/2,t,T/2.

Once the operation ofÂ has been well defined, it can be
used iteratively to generate the Krylov subspace for the ap-
proximate solution. However, the iterative solvers can be ac-
celerated by applying preconditioners, i.e., an approximate
solution to the equationÂx(x,t)5w(x,t) can be obtained
faster by solvingÂ0

21Âx(x,t)5Â0
21w(x,t). Although the

two equations are equivalent, the corresponding finite Krylov
subspaces are different, and so are the residual~error! func-
tions obtained in thek8th iteration. One wishes to chose a
preconditionerÂ0 that reduces the number of iterations with-
out increasing significantly the computational cost of a single
iteration. To reduce the number of iterations, the precondi-
tioner should approximateÂ, so that Â0

21Â' Î in some
sense.

As an approximation to the full dynamical system de-
fined by Â, we chose the free-evolution problem, character-
ized by Â0,

Â05E2 p̂t2
p̂x
2

2m
2V01 i e0 , ~4.3!

where the kinetic~differential! terms in Â @Eq. ~2.11!# are
included explicitly and the local operators are approximated
as constants. This resembles the choice of Zhang,44 Tannor,45

and coworkers, who used the kinetic-energy operator as a
zero-order Hamiltonian within an interaction picture of the
Schrödinger equation. This choice is particularly useful when
the Fourier grid method is used to represent the differential
operators, as discussed below.
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Clearly,Â'Â0 when the kinetic terms dominate its spec-
tral presentation. Physically, this situation is typical of dy-
namics in highly oscillatory driving fields and/or of high
translational energies in the molecular system~highly oscil-
latory wave functions!. The extent to whichÂ0 approximates
Â is reflected in the clustering of the spectrum ofÂ0

21Â
around~1,0! in the complex plane. A typical example for the
clustering is presented in Fig. 1 for the driven-oscillator
model discussed below.

Within the Fourier grid representation, the ‘‘kinetic’’-
preconditioner operation involvesno additional computa-
tional effortwhile the number of iterations is reduced. The
kinetic-preconditioned system is defined as

B̂x~x,t !5Â0
21w~x,t !, ~4.4!

where

B̂5Â0
21Â5 Î1Â0

21~Â2Â0!. ~4.5!

The task in operatingB̂ on a functionx(x,t) is first to mul-
tiply the function by the local operator~Â2Â0! on the grid
defined in Eq.~4.1!, then to transform the result to (px ,pt)
representation, multiply by the inverse ofÂ0,
(E2pt2px

2/2m1 i e02V0)
21, on the grid defined in Eq.

~4.2!, and transform back to (x,t) representation. Since both
the local and the differential operators are diagonal in the
corresponding representations, the inverse operation be-
comes trivial, and the main computational effort reduces to
the direct and inverse Fourier transformations, just like when
the nonpreconditionedÂ is applied.

The operatorB̂ can be further preconditioned with no
significant extra effort by using a standard diagonal precon-
ditioner in the coordinate (x,t) representation. The diagonal
preconditioner improves the clustering of the eigenvalues
@see, e.g., Fig. 1# when the matrix representation ofB̂ is
diagonally dominant. The diagonal part ofB̂ @Eq. ~4.5!# in
the (x,t) representation is given by

diag~B̂!5 Î1diag~Â0
21!~Â2Â0!, ~4.6!

where diag~Â0
21! in the coordinate representation is a con-

stant given by the average value of (E2pt2px
2/

2m1 i e02V0)
21 on the discrete grid@Eq. ~4.2!#. The

diagonal-preconditioned system is therefore defined as

Ĉx~x,t !5diag~B̂!21Â0
21w~x,t !, ~4.7!

whereĈ is explicitly given by

Ĉ5diag~B̂!21B̂

5@ Î1diag~Â0
21!~Â2Â0!#

21@ Î1Â0
21~Â2Â0!#. ~4.8!

The diagonal-preconditioner operation requires only an extra
vector multiplication~which scales asN! and is thus of neg-
ligible extra numerical effort with respect to the operationB̂
~or Â! which scales as const3N logN.

V. APPLICATIONS: TIME EVOLUTION IN
TIME-DEPENDENT FIELDS

A. Bound systems: A pulsed-driven oscillator

First, we consider field-induced processes in bound sys-
tems. As a representative model, we choose the pulsed-

FIG. 1. ~a! Discretized spectrum of the operatorÂ for the pulsed-driven
harmonic oscillator model. The model and grid parameters are given in
Table I. A matrix representation was obtained by operatingÂ on a basis of
unit vectors in the discrete time-coordinate representation, and the eigenval-
ues were obtained by diagonalization.~b! The spectrum after the kinetic-
preconditioner operation~diagonalizing B̂!. ~c! The spectrum after the
kinetic-preconditioner operation followed by a diagonal preconditioner~di-
agonalizingĈ!.
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driven harmonic oscillator.9,12,46,47 Since analytical results
are available, this model enables a careful study of the prop-
erties and performances of the present approach. The poten-
tial consists of the field-free harmonic term and a linear cou-
pling term to a time-dependent field

V~x,t !5
mV2

2
x21x f~ t !, ~5.1!

which is modeled as

f ~ t !5le2t2/2s2 cos~vt !, ~5.2!

wherel, v, ands, respectively, characterize the pulse inten-
sity, the carrier frequency, and the width. In the simulations
below, the oscillator is assumed to be initially in its ground
stationary state so that

E5
1

2
\V ~5.3!

and

fE~x!5SmV

p\ D 1/4e2mVx2/2\. ~5.4!

To impose the boundary conditions on a finite grid (2T/2
,t,T/2), imaginary boundary operators are added to the
Hamiltonian,12

e~ t !5e i~ t !1e f~ t !,

e i~ t !5emaxe
2~ t1T/2!2/Tew, ~5.5!

e f~ t !5emaxe
2~ t2T/2!2/Tew,

whereemax andew characterize the strength and the relative
width, respectively, of the boundary operators.

In Fig. 2~a!, a driving pulse is presented as a function of
time along with the imaginary boundary functions. The cal-
culated average displacement of the oscillator in phase space
[ ^x(t)&,^px(t)&] following the pulse excitation is plotted in
Fig. 2~b! ~the model and computational parameters are given
in Table I!. The time evolution@C(x,t)# was obtained by
substituting the interaction term, the boundary operators, and
the initial condition @Eqs. ~5.1!–~5.5!# into the inhomoge-
neous Schro¨dinger equation@Eqs. ~2.9!–~2.11!# and solving
iteratively the linear system@or its preconditioned versions,
Eqs.~4.4! and~4.7!# using the TFQMR algorithm.38 The po-
sition and momentum expectation values are defined as

^x~ t i !&5
1

Nx
(
j51

Nx

uC~xj ,t i !u2xi ,

~5.6!

^p~ t i !&5
1

Nx
(
j51

Nx

2 i\C* ~xj ,t i !C8~xj ,t i !,

whereC8(x,t) is obtained by differentiatingC(x,t) with
respect tox on the Fourier grid. The absolute error in the
position and momentum calculations with respect to the ex-
act ~analytical! solution is plotted in Fig. 2~c!. The error is
shown to be uniformly distributed along the physically rel-
evant time interval, which is typical of global propagators.
The error at asymptotic times,t→T/2 is large, illustrating the

deviation of the solution of the inhomogeneous equation
C(xj ,t i) from the exact solution, because of the finite-
interval representation.

The efficiency of the TFQMR algorithm with a Fourier

FIG. 2. ~a! Solid line: A time-dependent field~pulse!, driving an oscillator
from its stationary ground state. Dashed line: Time-dependent imaginary
boundary operators.~b! Averaged displacement of the pulsed-driven oscilla-
tor. Solid line: position. Dashed line: momentum~in a.u!. ~c! The absolute
error in the oscillator displacement. Solid line: positionuxexact(t)2^x(t)& u.
Dashed line: momentumupxexact(t) 2 ^px(t)&u ~in a.u!. Note the uniform dis-
tribution of the error along the ‘‘physically relevant’’ time interval. The
imaginary operators distort the motion at asymptotic times, resulting in a
‘‘nonphysical’’ damping of the oscillator coherent motion.
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grid preconditioner is demonstrated in Fig. 3, comparing its
performances to the recent (t,t8) Newton–Chebyshev
method by Peskin, Kosloff, and Moiseyev.9 The convergence
of the simulation~Fig. 2! with increasing numerical effort is
demonstrated by plotting a measure of the global error on the
‘‘physically interesting’’ interval~where the pulse is ‘‘on’’!
versus the number of iterative operations@number of Fourier
transformations (x,t)→(px ,pt)→(x,t)#. Like the Newton
interpolation scheme,9 the TFQMR algorithm exhibits expo-
nential convergence. However, TFQMR requires fewer itera-
tions to obtain any given accuracy, where a special accelera-
tion ~by an order of magnitude! is obtained when the Fourier
grid preconditioner is applied. The latter is consistent with
the clustering of the spectrum of the preconditioned system
~see Fig. 1!. Note that the (t,t8) Newton–Chebyshev scheme
is far from its optimal performances since the detailed time
evolution requires a frequent truncation of the polynomial
interpolation, so that only short recurrences~'20! are ap-
plied at each time (t) step. This situation is typical in cases
where the detailed dynamics is of interest, e.g., in iterative
schemes for controlling chemical processes by ‘‘tailored’’
light fields.11

Figure 4 demonstrates an increase in the preconditioner
efficiency with an increase in the number of sampling points
along the time interval. This is a highly desirable feature,
since any discrete representation requires increasingly dense
grids for higher accuracy. As the grid densityNt/T increases,
the discrete spectral range of the operatorp̂t increases ac-
cording to Eq.~4.2!. The ‘‘bad news’’ is the overall increase
in the spectral range of the basic operationÂ ~or the ex-
tended Hamiltonian in the Newton–Chebyshev scheme!. The
‘‘good news’’ is that this increase is compensated by a more
efficient kinetic preconditioner, since the differential terms
become more dominant (Â→Â0).

The promising scaling of the number of iterations with

the grid density provides an efficient treatment of systems
with highly oscillatory fields. In particular, it provides a pos-
sible solution to the important problem of dynamics with
different time scales, e.g., when a driven field includes a
broad envelope and high carrier frequencies.

While the present scheme seems to be accurate as well
as economical, it contains nonphysical parameters that may
affect the accuracy and/or the required numerical effort and
that, in principle, should be optimized. In Fig. 5~a!, the
‘‘saturated’’ degree of accuracy is plotted for different pa-
rameters of the boundary operators. Accurate results are ob-
tained over four orders of magnitude inemax. This high sta-
bility is not typical in standard applications of absorbing
boundary potentials to the time-independent Schro¨dinger
equation.48 We attribute this enhanced stability to the fact
that the Schro¨dinger equation is first-order in the time vari-
able and therefore the absorbing boundary does not induce
reflections that are typical of the second-order~wave! equa-
tion ~see Ref. 12 for a more detailed discussion of this issue!.

In Fig. 5~b!, the sensitivity of the TFQMR iterative
solver to the parameters of the Fourier grid preconditioner is
illustrated. On a logarithmic scale, the numerical effort asso-
ciated with obtaining a given global accuracy is only slightly
dependent on the choice ofe0 andV0 within a broad region.
SinceV0 approximates the interaction potentialV(x,t) over
the entire grid, a reasonable rule of thumb for its optimal
selection is a measure of the effective potential energy during
the time evolution, i.e.,

V0'
1

NxNt
(
t i51

Nt

(
xj51

Nx

uC~xi ,t i !u2V~xj ,t i !.

SinceC(xi ,t i) is a priori unknown, any educated guess for
V0 could be applied, based on physical approximations or
low-accuracy calculations.e0 should be chosen to be large
enough that the preconditionerÂ0 is not singular, i.e., larger
than the typical spacings in the discrete representation of the
kinetic operators, and yet small enough so that it does not

FIG. 3. Log-log plot of the absolute global error vs the numerical effort
measured in number of iterations~direct1inverse two-dimensional-FFT op-
erations!. Dots represent Newton–Chebyshev (t,t8) algorithm. Squares rep-
resent unpreconditioned TFQMR. Triangles represent TFQMR with kinetic
preconditioner. Diamonds represent TFQMR with kinetic1diagonal precon-
ditioners. The global error is defined as@(2/Nt)( t i52T/4

T/4 uxexact(t i)
2 ^x(t i)&u2#1/2. ~The saturation of the error at'1025 is due to the finite-grid
representation.!

FIG. 4. Number of iterations required for a fixed accuracy~error,1023.5!
as a function of the grid density. The global error is defined as for Fig. 3 and
the grid density is in units of points per cycle of the driving frequency~v58
rad/sec!. Squares represent iterating with the unpreconditioned operatorÂ.
Diamonds represent iterating with the preconditioned operatorĈ.
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change significantly the spectral range ofÂ0, i.e., much
smaller than the range of the discrete kinetic spectrum.

B. Dissociative systems: A nonsymmetric Eckart well

Dissociative systems are not only more interesting from
a practical point of view, since they relate to bond-breaking
reactions, but they also provide an extra challenge for stable
and accurate quantum-dynamics simulations, since, at least
for one coordinate~the reaction coordinate!, the exact wave
function ‘‘stretches’’ to infinity. A way to overcome this dif-
ficulty is to solve the time-dependent Schro¨dinger equation
with absorbing boundary conditions for the scattering
coordinate~s!.49 Stable global propagators such as the New-
ton polynomial interpolation of the time-evolution operator
can still be applied2,20,50 in this case, but the interpolation
requires complex sampling points around the spectral do-
main of the non-Hermitian generator of motion. Below, we
suggest TFQMR with a kinetic-energy preconditioner as an
alternative to this approach.

As a model system for field-induced dissociation, we
choose the nonsymmetric Eckart potential well,51 coupled to
a time-dependent field via a local dipole interaction

V~x,t !5VM~x!1m~x! f ~ t !. ~5.7!

The nonsymmetric Eckart well, plotted in Fig. 6~a!, is given
by

VM~x!5e2axS v02v1
11e2ax2

~Av01Av1!2

~11e2ax!2
D , ~5.8!

where the dipole interaction is modeled as

m~x!5
4v0x

~eax1e2ax!2
. ~5.9!

The driving field f (t) is given in Eq.~5.2!. The initial state
was taken as the ground state of the field-free Hamiltonian
@see Fig. 6~a!#, which was obtained numerically by solving

F p̂x22m1VM~x!GfE~x!5EfE~x!, ~5.10!

and the ground-state energy is

E520.6007035 a.u. ~5.11!

FIG. 5. ~a! Log-log plot of the global error vs the imaginary potential
strengthemax. The global error is defined as for Fig. 3. The dotted, dashed,
and solid lines correspond to different widths of the imaginary potential:
ew50.04, 0.08, and 0.12, respectively.~b! Log of numerical effort required
for a fixed accuracy~global error,1024!, as a function ofe0 in the Fourier
grid preconditioner. The circles, squares, and diamonds correspond to
V051.5, 0.5, and20.5 a.u., respectively.

FIG. 6. ~a! Solid line: A nonsymmetric Eckart well potential. Dashed line:
The ground state eigen function.~b! Contour plot of the probability density
uC(x,t) u2 corresponding to a field-induced dissociation process.
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As before, the interaction terms, the initial condition, and the
boundary operators@Eq. ~5.5!# were substituted in the inho-
mogeneous Schro¨dinger equation@Eqs. ~2.9!–~2.12!#, and
the equation was solved using preconditioned TFQMR to
obtain the time evolution of the dissociating system. A con-
tour plot of the probability density evolutionuC(x,t)u2 is
given in Fig. 6~b! ~the computational parameters are sum-
merized in Table II!.

A detailed description of the dissociation dynamics as
plotted in Fig. 6~b! requires a linear increase in the grid size
L with the sampled time intervalT due to the asymptotic free
evolution. To decreaseL, we apply imaginary coordinate-
dependent operators asx→6L/2, which absorb outgoing
flux at the grid boundaries. The effect is demonstrated in Fig.
7, where a snapshot of the probability density att55p a.u. is
plotted. Figures 7~a! and 7~b! correspond to a time evolution
on a truncated grid~see Table II! where the wave function is
strongly distorted near the grid boundaryx→2L/2. When
imaginary boundary operators are added to the Hamiltonian
@Fig. 7~c!#,

ê~x!5 êR~x!1 êL~x!,

êR~x!5emaxe
2~x1L/2!2/Lew, ~5.12!

êL~x!5emaxe
2~x2L/2!2/Lew,

the wave function decays to zero asx→2L/2, while the
interior part is recovered and approximates the correct solu-
tion.

Note that by using the reactive-scattering formulation of
Ref. 12, one can obtain theentire time evolution~for asymp-
totic x and t!, although a finite-grid representation is used.
The asymptotic evolutionis fully determined by the scatter-
ing matrix elements in the extended (x,t) space, which are
readily obtained from the solution of the inhomogeneous
equation on the grid,C(x,t).12

Also note in Figs. 7~a! and 7~b! that the addition ofê(x)
to the Hamiltonian does not involve a significant increase in
the numerical effort when the preconditioned TFQMR is
used. The (t,t8) Newton–Chebyshev scheme,9 which is far
more expensive before imaginary boundaries are applied,
would require a significantadditionalnumerical effort when

the spectral domain of the Hamiltonian expands to the com-
plex plane due to the inclusion of the imaginary boundary
operators.

VI. APPLICATIONS: REACTIVE SCATTERING

The Fourier grid preconditioner is readily applicable also
to stationary ~time-independent! scattering calculations
involving time-independent Hamiltonians. The main compu-
tational task in calculating state-to-state, partial-state-
resolved,18 or cumulative reaction probabilities17 is the
evaluation of the Green’s operation on a finite grid in coor-
dinate space, where the finite-grid boundaries are imposed,
e.g., in terms of imaginary boundary operators. The Green’s
operator is defined as

Ĝ~E!5@E2Ĥ1 i ê #21, ~6.1!

whereĤ is the molecular time-independent Hamiltonian and

ê5 ê r1 êp ~6.2!

includes the boundary operators in the reactantsr and prod-
uctsp regions.

A realization of the Green’s operator enablesdirect cal-
culations of the cumulative reaction probabilityN(E), avoid-
ing the need to perform state-to-state calculations. Among
the several methods suggested in the past few years, we have
chosen that of Manthe and Miller,19 which expressedN(E)
as a trace of a low-rank Hermitian operator,

N~E!5tr @ P̂~E!#, ~6.3!

where

P̂~E!54ê r
1/2Ĝ~E!êpĜ* ~E!ê r

1/2. ~6.4!

The trace can be most efficiently evaluated in this case by
constructing a Krylov-basis representation ofP̂(E), using
the Lanczos algorithm~with or without full orthogonaliza-
tion!. For an initial normalized vector in coordinate space,
uv1&, a sequence of orthonormal-basis vectors$uvk&% is con-
structed recursively as

uvk&5
1

Ck
S 12 (

l51

k21

uv l&^v l u D P̂uvk21&, ~6.5!

TABLE I. Parameters for the pulsed-driven oscillator model.\5V5m51 ~all in a.u.!.

Fig. l s v Nx L Nt T emax ew V0 e0

1 1 2 2 16 3p 32 5p 10 0.05 0.25 1
2,3 1 2 2 32 4p 120 10p 10 0.05 0.25 1
4 1 2 8 32 4p 150–360 10p 10 0.05 0.25 1
5~a! 1 2 2 32 4p 180 10p 1–104 0.04,0.08,0.12 0.25 1
5~b! 1 2 2 32 4p 120 10p 10 0.05 1.5,0.5,20.5 1–10

TABLE II. Parameters for the dissociative unsymmetric Eckart model,\5m51, a5321/2, v052, v151 ~all in
a.u.!.

Fig. l s v Nx L Nt T emax ew V0 e0

6 1.2 4 2 340 40p 320 30p 10 0.15 20.2 1
7 1.2 4 2 220 26p 320 30p 10 0.15 20.2 1
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whereCk is the kth normalization constant. The trace of
P̂(E) can be accumulated during the iterative procedure so
that

N~E!5(
l51

k

^v l uP̂uv l&, ~6.6!

and the process can be stopped whenN(E) converges within
a certain tolerance. Each iteration of the operatorP̂(E) in-

volves two successive Green’s operations and thus two itera-
tive solutions of a linear system, as follows. First, a vector
uu& is obtained by

@E2Ĥ2 i ê #uu&5 ê r
1/2uvk21&; ~6.7!

then uw& is obtained by

@E2Ĥ1 i ê #uw&5 êpuu&; ~6.8!

finally, the operation ofP̂(E) is obtained by

P̂~E!uvk21&54e r
1/2uw&. ~6.9!

A. Cumulative reaction probabilities for the collinear
H1H2 reaction

As a model system, we choose the collinearH1H2 re-
action in the bond-length coordinates (x,y), with the LSTH
potential energy surface52 ~applying a ‘‘cutoff’’ energy of 8.5
eV!,

Ĥ[
2\2

m S ]2

]x2
1

]2

]y2
2

]

]x

]

]yD1VLSTH~x,y!, ~6.10!

on a finite grid

xi5L01~ i21!
L12L0
Nx

; i51,...,Nx ,

~6.11!

yi5L01~ i21!
L12L0
Ny

; i51,...,Ny .

Note that the kinetic-coupling term~the mixed second de-
rivative! induces no extra complications when the Fourier
grid method is used because of the diagonal representation of
the differential operators.

To impose the boundary conditions, the following
boundary operators were applied along the nonsymmetric
stretch~the reaction! coordinate,Q(x,y)5(x2y)/&,

ep~x,y!5emaxe
@Q~x,y!2Q~L1 ,L0!#2/$ew@Q~L1 ,L0!2Q~L0 ,L1!#%,

e r~x,y!5emaxe
@Q~x,y!2Q~L0 ,L1!#2/$ew@Q~L1 ,L0!2Q~L0 ,L1!#%.

~6.12!

To calculateN(E), Eqs. ~6.5! and ~6.6! were iterated
starting from a uniform vectoruv1&, until convergence of the
trace within an absolute error of 1023. In each iteration, the
operationP̂(E) was applied according to Eqs.~6.7!–~6.9!,
with Ĥ and ê from Eqs. ~6.10!–~6.12!. Each linear system
~Eqs.~6.7 and 6.8!! was solved iteratively using Fourier grid
preconditioned TFQMR38 ~see Sec. IV! with a tolerance of
1026. The results are plotted in Fig. 8. The dots correspond
to converged values for the computational parameters in
Table III within the tolerance of the iterative solution. The
relative error in the calculatedN(E), estimated according to
the sensitivity of the result to the choice of the absorbing
potentials, is 2% for most energies. However, a larger error is
associated with the results at the threshold energies~the vi-
brational levels ofH2, as marked on the plot!, where larger
grids are required for higher accuracy.

In Fig. 9, the gain in using the Fourier grid precondi-
tioner is demonstrated for the energyE54v0 ~four times the
reaction barrier height!. The principal trend that was ob-

FIG. 7. Snapshot of the dissociating wave functionuC~x,t55p!u2. The solid
lines correspond to an accurate result~obtained on a larger grid! and the
dashed lines correspond to an approximate calculation on a truncated grid.
Each plot was converged to within an absolute accuracy of 1024, and the
corresponding number of iterations is marked on the plot.~a! A Newton–
Chebyshev propagation~Ref. 11!. ~b! TFQMR with a Fourier grid precon-
ditioner. ~c! TFQMR with a Fourier grid preconditioner and imaginary
coordinate-dependent operatorsê(x).
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served in the time-dependent models is demonstrated also
here, i.e., the Fourier grid preconditioner significantly re-
duces the required numerical effort, and the relative gain in
iterations increases with increasing grid density.

VII. CONCLUSIONS

A Fourier grid preconditioner has been introduced for
accelerating quantum dynamics calculations involving the
solution of inhomogeneous linear equations. The numerical
scheme presented here is applicable in stationary reactive-
scattering calculations~involving the Green’s operator! as
well as for a global solution of the time-dependent Schro¨-
dinger equation with time-dependent Hamiltonians~involv-
ing the Green’s operator in the extended time-coordinate
space!.

The promising scaling of the method with increasing
grid density suggests that it should be especially useful for
accurate large-scale simulations involving high grid densi-
ties. Among the various applications of this type are quantum
evolution in highly oscillatory pulsed driving fields, involv-
ing different time scales, and high-energy quantum-scattering
calculations.

While the models studied so far show promising results,
a few questions are still left for further study and investiga-
tion. First, one may wish for a better class of preconditioners,
based on the Fourier grid methods. One possible generaliza-
tion would be the application of polynomial preconditioners,

which is equivalent to approximating the inverse ofÂ by a
truncated ‘‘Born series’’ in each iteration. Another direction
could be adaptive preconditioning in which the precondi-
tioner parameters are optimized within the iterative solu-
tions. Other physically motivated preconditioners can also be
applied that are based on diagonalizing a zero-order Hamil-
tonian and using its diagonal representation as a precondi-
tioner. In fact, the Fourier grid preconditioner can be re-
garded as an application of this idea where the zero-order
Hamiltonian includes only the~shifted! kinetic-energy terms.
It is important to note, however, that while a ‘‘better’’ choice
of the zero-order Hamiltonian is likely to reduce the number
of iterations, the diagonalization transformations are likely to
increase the cost of a single iteration. The Fourier grid is
especially appealing because of the highly efficient transfor-
mations~the FFT algorithm!.

Finally, we point out a similarity between the Fourier
grid preconditioner as introduced here and the interaction-
picture method of Zhang,44 Tannor,45 and coworkers for solv-
ing the time-dependent Schro¨dinger equation. Within the in-
teraction picture, the generator of motionĤ5Ĥ01V̂ is

replaced byĤI 5 eiĤ0t/\V̂e2 iĤ0t/\. ChosingĤ0 as the kinetic-
energy operator, the spectral range ofĤI is determined by
the interaction-potential operatorV̂. For finite-range poten-
tials, this enables a compact and efficient grid representation
in the coordinate space and a significant reduction in the

FIG. 8. Dots represent calculated cumulative reaction probabilities for the
collinear H1H2 as a function of energy in units of the reaction barrier
height,v0'0.425 eV. The corresponding computational parameters are sum-
marized in Table III. Triangles represent the vibrational~threshold! energy
levels ofH2.

TABLE III. Parameters for the collinearH1H2 model,\51,m51836,v050.01561810~all in a.u.!.

Fig. E/v0 Nx Ng L0 L1 emax ew V0 e0/v0

8 1–4 64 64 0.5 10 0.4 0.04 0.53E 2
8 4–6 64 64 0.5 10 0.4 0.1 0.53E 2
8 6–7.5 72 72 0.5 10 0.4 0.1 0.53E 2
8 7.5–8 100 100 0.5 10 2.0 0.1 0.53E 2
9 4 72–180 72–180 0.5 10 0.4 0.04 0.53E 2

FIG. 9. Average number of iterations required for solving the linear systems
@Eqs. ~6.7! and ~6.8!# as a function of the number of grid points~the grid
density!. Circles represent TFQMR with no preconditioner. Diamonds rep-
resent TFQMR with the Fourier grid preconditioner. The average number of
iterations corresponds to a relative tolerance of 1026 for the TFQMR algo-
rithm. EachN(E) calculation required six to eight ‘‘external’’ Lanczos it-
erations for an absolute accuracy of 1023.
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computational cost. Although the interaction-picture wave

function eiĤ0t/\c(x,t) is less detailed and contains less in-
formation than the Schro¨dinger wave functionc(x,t), it is
sufficient for obtaining most relevant dynamic
observables.44,45,53A drawback of the interaction representa-
tion is that for a time-independent Hamiltonian, the generator
of motion becomes time-dependent. When the Schro¨dinger
Hamiltonian is implicitly time-dependent, this involves no
extra complication, and this method can be used as an alter-
native to, or in combination with, the method presented here
in order to manipulate the spectral range of the Hamiltonian.
This has not been tried yet and is beyond the scope of the
present work.
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