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where the new canonical (angular) momenta are 

But since H does not depend on q-, j- is a constant of the motion. 
Furthermore, since J = 0, we have 1 = j and thus j -  = 0 and j +  
= I = j .  If we further realize that eq A3 implies that y = q+ + 
A, and that A is an arbitrary phase factor, we may take as can- 
onical momenta and coordinates (P,pj ,R,r ,y)  with Hamiltonian 

H = -  p2  + f + ;[ --$ + -1 + V(R,r ,y)  (B7) 
2p 2m mr2 

which is the required result. 

Appendix C 
Approximation of the Barrier Maximum and Separatrix 

Energy. In section IVB an effective potential in the R degree of 
freedom was defined as 

To obtain an idea of the nature of V(R,Fec,y), we have scanned 
rays of fixed y and determined the potential minimum position, 
R,, the well depth D,, and the Morse potential curvature factor 
given by 

where the second derivative is estimated with finite differences. 
The results of these calculations are shown in Table VI. From 
the data in Table VI it is evident that the collinear geometry, y 
= Oo, is the least stable of all possibilities. 

Two other functions of interest to us are the barrier maximum 
position, R*( j , y ) ,  and the height (or separatrix energy) t,(j,y). 
Consider a rectangular grid of j , y  values (ji,yj). For each pair 
(ji,yj) one may search along R to find the maximum of eq C1 and 
thus R*(ji,yj) and es(ji,yj). Now the most accurate approach would 
involve fitting some smooth analytical function to these data. 
However, for our purposes we simply employ reasonably dense 
grids o f j i  = 0, 1, 2, ..., 17h and yj = 0, 10, ..., 90’ and rely on 
two-dimensional linear interpolation to define our approximations 
to R* and es, and their corresponding derivatives. Table VI1 gives 
a small portion of the grids used to give the reader an idea of how 
the functions behave. 

In defining the above grids, it will be noticed that j extends up 
to only 17h. Actually, for a given value of y there is a certain 
value of j ,  j,,,,,,, above which the potential barrier and minimum 
have fused together to yield a purely repulsive effective potential. 
Such a repulsive potential is inconsistent with our notion of 
complexes, so that the region in phase space where complexes exist 
(to within our approximations) includes j values only up tojmmPLex. 
By explicit calculation we findjcomplex ranges from 14.69h at y 
= 90’ to 17.46h at  y = 0’ and is in fact well described by the 
linear relationship (y in radians) 

(C3) 

Finally, the maximum momentum along the R < R* branches 
of the separatrix, Ps(j ,y) ,  is also easily evaluated for the above 
(j,y) grid. , For fixed j and y the minimum in the effective po- 
tential, F$y(j,y), may be found by direct search along R .  The 
separatrix maximum is given by 

jcomplex = 17.46 - 1.7637 

PsO‘,r) = [24esO’,Y) - G?(.A-Y))I1l2 (C4) 
It turns out that P, is largest for y = 90’ a n d j  = 0, and decreases 
both for increasing j and decreasing y. We employ linear in- 
terpolation to define the numerical approximation required for 
P, in section IVB. 
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Classical transition-state theory is based on the “direct”, short-time (actually, zero time) classical dynamics through a dividing 
surface that separates reactants and products. This paper defines a new quantum mechanical version of transition-state 
theory by using the reactive flux correlation function of Miller, Schwartz, and Tromp [J. Chem. Phys. 1983, 79, 48891 to 
identify the short-time quantum dynamics through the dividing surface. It is seen that “short time” quantum mechanically 
is not zero time, as it is classically, but rather a time of order hp. This new quantum version of transition-state theory is 
also seen to have some of the variational character of the classical case. Finally, it is shown how the reactive flux correlation 
function of Miller, Schwartz, and Tromp can be generalized by choosing various forms of the “projector onto reactants”, 
and this is seen to have important consequences for the accuracy of this new quantum transition-state theory. 

I. Introduction 
It is well recognized that transition-state theory provides an 

extremely useful description of chemical reaction rates.’ Tran- 
sition-state theory, however, is based inherently on classical 
mechanics; e.g., its ‘fundamental assumption” is that no classical 
trajectory crosses the dividing surface that separates reactants 

(1) See, for example: (a) Glasstone, S.; Laidler, K. J.; Eyring, H. The 
Theory ofRare Processes; McGraw-Hill: New York, 1941. (b) Pechukas, 
P. In Dynamics of Molecular Collisions; Miller, W. H., Ed.; Plenum: New 
York, 1976; p 269. (c) Truhlar, D. G . ;  Hase. W. L.; Hynes, J. T. J .  Chem. 
Phys. 1983, 87, 2264. 

and products more than once (Le., that the reaction dynamics is 
direct). Nature, of course, is quantum mechanical, but attempts 
a t  defining a rigorous quantum mechanical version of transi- 
tion-state theory have been only partially successful.’s2 

The purpose of this paper is to present a new way for defining 
a quantum mechanical generalization of classical transition-state 
theory, one that has several very attractive features. The reason 

(2) (a) Eu, B. C. ;  Ross, J .  J .  Chem. Phys. 1966, 44,  2467. (b) Pechukas, 
P.; McLafferty, F. J. J .  Chem. Phys. 1973.58, 1622; Chem. Phys. Letf .  1978, 
27, 54. (c) Miller, W. H. J .  Chem. Phys. 1974, 61, 1823; Ace. Chem. Res. 
1976, 9, 306. 
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CL OM 

Figure 1. Symmetrical Eckart potential barrier, where so indicates the 
location of the "dividing surface" which separates reactants from prod- 
ucts. 

that classical transition-state theory is so useful is that only "zero 
time" classical dynamics (Le., no dynamics) is required for its 
implementation; it will be seen that the present quantum me- 
chanical generalization correspondingly requires determination 
of the quantum dynamics not for zero time but only for short times 
(of order h@ N 25 fs a t  T = 300 K). The present quantum 
mechanical transition-state theory also has some of the variational 
character of classical transition-state t h e ~ r y , ~ ~ , ~ , ~  Le., that the 
transition-state-theory rate computed through any dividing surface 
is an upper bound to the true rate, so that one varies the dividing 
surface to minimize the transition-state-theory rate. 

The key to this new approach is to use the reactive flux cor- 
relation function of Miller, Schwartz, and Tromp5 to identify 
quantum mechanically the "direct", short-time dynamics on which 
transition-state theory is based. Section I1 thus first summarizes 
the definition and character of reactive flux correlation functions 
and then shows how transition-state theory's "fundamental 
assumption" of direct dynamics can be invoked quantum me- 
chanically. Section 111 then shows how the reactive flux correlation 
function can be defined more generally, namely choosing the 
projector-onto-reactant states in a more general fashion. This is 
seen to have important consequences for the validity of this new 
quantum version of transition-state theory. 

11. Flux Correlation Function and Quantum Mechanical 
Transition-State Theory 

In a previous paper Miller, Schwartz, and Tromp5s6 showed that 
the fully quantum mechanical equilibrium thermal rate constant 
for a bimolecular chemical reaction can be written as 

where Q is the reactant partition function and Cdt) is the flux-flux 
autocorrelation function defined by 

Cf(t) = Tr  [ F  exp(iHt,*/h)F exp(-iHt,/h)] (2.2) 

where t, is the complex time t, = t - ih@/2 and F is an operator 
for flux across a dividing surface separating reactants and products. 
For example, for a coordinate system with a reactant coordinate 
s and a dividing surface defined by s = so, F is given by 

F = l[ 6(s -so)- + --6(s - so) ] (2.3) 2 m m  

where p is the momentum operator conjugate to s and m is the 
reduced mass for the reaction coordinate motion. Equations 
analogous to eq 2.1-2.3 for the rate constant and correlation 
function also exist in the limit of classical  mechanic^,^^^ with 
obvious modifications (e.g., the trace becomes a phase-space 
average). 

To motivate our basic idea, consider the symmetrical one-di- 
mensional Eckart barrier potential' shown in Figure 1. Figure 

(3) Keck, J. C. J .  Chem. Phys. 1960,32, 1035; Adu. Chem. Phys. 1967, 

(4) Truhlar, D. G.; Garrett, B. C. Acc. Chem. Res. 1980, 13, 440. 
(5) Miller, W. H.; Schwartz, S. D.; Tromp, J. W. J .  Chem. Phys. 1983, 

79, 4889. 
(6) For alternate choices of the flux operator, see: (a) Yamamoto, T. J .  

Chem. Phys. 1960, 33, 281. (b) Wolynes, P. G. Phys. Rev. Lett. 1981, 47, 
968. 

(7) Chandler, D. J .  Chem. Phys. 1978,68, 2959. 
(8) (a) Northrup, S. H.; Hynes, J.  T. J .  Chem. Phys. 1980, 73,2700. (b) 

13, 85. 

Grote, R. F.; Hynes, J. T. J.  Chem. Phys. 1980, 73, 2715. 
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Figure 2. Classical (CL) and quantum mechanical (QM) flux axrelation 
functions are shown for the potential of Figure 1 for the case that the 
dividing surface is chosen at the top of the barrier (so = 0) or displaced 
from it (so # 0). The shaded regions in the classical (CL) case indicate 
8 functions at t = 0. 

2 shows a sketch of classical and quantum flux correlation 
functions for this potential, for the case that the dividing surface 
is chosen at  the top of the barrier (so = 0) or displaced from it 
(so # 0). The classical flux correlation functions of Figure 2 have 
a 6 function a t  t = 0, and it is the integral over this 6 function 
which gives classical transition-state theory,' i.e. 

For the case that the dividing surface is chosen at  the top of the 
barrier (so = 0), classical transition-state theory gives the correct 
classical rate because there is no contribution to the time integral 
eq 2.1 for t > 0. If the dividing surface is not chosen at  the top 
of the barrier, eq 2.4 does not give the correct rate because it omits 
the (negative) contribution to eq 2.1 for t > 0. (Keep in mind 
that the integral of Cdr) from 0 to m is invariant to where the 
dividing surface is located, even though Cf(t)  itself is not.) That 
is, transition-state theory neglects the effect of trajectories that 
recross the dividing surface, as some obviously do if the dividing 
surface is not chosen at  the top of the barrier. This also illustrates 
the variational aspect of classical transition-state theory: The effect 
of recrossing trajectories, Le., the negative lobe of Cr(t), gives a 
negative contribution to the rate constant, so omitting them gives 
an upper bound to the rate. For transition-state theory to give 
the best approximation to the rate one thus varies the location 
of the dividing surface to minimize this upper bound, Le., to 
minimize the effect of recrossing trajectories. In the present 
example this is accomplished quite trivially by choosing so = 0. 

Figure 2 also shows that quantum mechanics broadens the 
classical 6 function at  t = 0 to a positive lobe of finite width (of 
order -ha). If the dividing surface is located at  the top of the 
barrier, then Cf(t) has only this positive lobe, whereas it also has 
a negative lobe (corresponding to recrossing flux) if the dividing 
surface is displaced from so = 0. The definition of quantum 
mechanical transition-state theory that we propose is 

where to is the first zero of Cdt) .  That is, we identify the positive 
lobe of the quantum Cf(t) with the classical 6 function at  t = 0 
and define the quantum mechanical transition-state theory rate 
as the area under it. It is clear that for the quantum mechanical 
correlation functions in Figure 2 this gives an upper bound to the 
correct quantum mechanical rate constant because the omitted 
integral from to - gives a negative contribution. Thus, just 
as in the classical case, one should vary the location of the dividing 
surface to minimize the rate constant given by eq 2.5. (We have 
been unable, however, to prove the eq 2.5 will always give an upper 

(9) Johnston, H. S. Gas Phase Reaction Rate Theory; Ronald: New York, 
1966; pp 40-42. 
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Figure 3. Same as Figure 1, except for an unsymmetrical Eckart po- 
tential. 

bound to the true quantum rate constant.) 
This quantum mechanical transition-state theory requires more 

“work” than classical transition-state theory in that it is necessary 
to determine the dynamics, i.e., C,.(t), for some finite amount of 
time up to to. This is a short time, though, of order hj3. If there 
is no recrossing flux, Le., Cdt) has no negative lobe as in Figure 
2 with so = 0, then to - a, but even here Cht) falls to zero 
sufficiently rapidly that as a practical matter it is still necessary 
to determine it only for times of order hp. The quantum me- 
chanical transition-state-theory rate is thus determined by the 
short-time dynamics, analogous to the classical situation where 
it is determined by the zero-time dynamics. 

developed recently for calculating 
the quantum mechanical Cdt) are most efficient and reliable for 
short times. It should thus be feasible to implement this version 
of quantum mechanical transition-state theory for systems of 
practical interest. 

111. Better Flux Operator 
Consider now the unsymmetrical Eckart barrierg shown in 

Figure 3; this describes an exothermic reaction if reactants are 
to the left (s - -m) and products to the right (s -+ +m). Parts 
a and b of Figure 4 show quantum flux correlation functions like 
those of Figure 2 for this unsymmetrical barrier. Here things look 
strange. With the dividing surface located at the top of the bamer 
(so = 0, Figure 4a)-for which there would no recossing effects 
classicaly-the quantum correlation function shows pronounced 
oscillations for t > 0, symptomatic of quantum recrossing effects. 
If the dividing surface is moved toward reactants, the oscillations 
are diminished (Figure 4b), but there is still a negative lobe to 
Cf(t) (which is understandable classically). We have even seen 
some cases for which eq 2.5 does not give an upper bound to the 
correct quantum rate constant, which violates our notion of what 
a transition-state theory should be. Fortunately, these deficiencies 
are eliminated in the following way. 

To see the origin of the oscillations in Cdt) for so = 0, it is useful 
to write out the explicit expression for Cdt) in a basis set (which 
is actually how these Cf‘s have been ~ a l c u l a t e d ) ~  

(3.1) 

Fortunately, the 

Cdt)  = c e - @ ( E ~ + E ~ ) / z  cos [ (E,  - E,)t/h]I(+,IE;1+,)1* 
IJ 

with 

l(+,IE;1+j)lZ = ( h  /2m)21+,’(so)+,(so) - +z(s0)+;(s0)12 
where (E,] and (+,I are the eigenvalues and eigenfunctions which 
result from diagonalizing the Hamiltonian matrix in some finite 
basis. The sums in eq 3.1 are over all such eigenstates and thus 
include terms for which E, < V,-cf. Figure 3-i.e., whose energies 
are less than the asymptotic energy of reactants. The wave- 
functions corresponding to these energy levels E, < V, are nonzero 
predominantly on the product side of the barrier, but they do have 
tunneling “tails” that are nonzero at  the dividing surface s = so 
= 0 and thus contribute to the flux there. Such states will not 

~~ ~ ~~ 

(10) (a) Thirumalai, D.; Beme, B. J. J.  Chem. Phys. 1983, 79,5029. (b) 
Thirumalai, D.; Bruskin, E. J.; Berne B. J. J .  Chem. Phys. 1983, 79, 5063. 

(11) Doll, J. D. J .  Chem. Phys. 1984, 81, 3536. 
(12) Behrman, E. C.; Wolynes, P. G.  J .  Chem. Phys. 1985, 83, 5863. 
(13) Sprik, M.; Klein, M. L.; Chandler, D. Phys. Reu. B: Condens. Mutter 

1985.31, 4234; J .  Chem. Phys. 1985, 83, 3042. 

( b )  C , ( t )  

I 

Figure 4. (a) and (b) show the quantum flux correlation functions for 
the potential of Figure 3 for the case that so = 0 and so < 0, respectively, 
where the flux operator F is the normal one, eq 2.3. (c) shows the flux 
correlation function for the potential of Figure 3 for the modified flux 
operator F, of eq 3.9 for the case so = 0. 

contribute to the net flux, though, for all the system can do at  
an energy less than V, is to tunnel into the barrier region and tunnel 
back out; Le., such states contribute to recrossing flux but not any 
net reactive flux. 

It thus seems intuitively clear that this undesired oscillatory 
contribution to Cf( t )  can be eliminated-without changing the 
rate constant, the integral of C,.(t)-by dropping from eq 3.1 all 
terms for which E, or Ej are less than V,. Doing so yields the 
correlation function in Figure 4c, which has the anticipated be- 
havior: there is now no negative lobe to Cdt) if the dividing surface 
is chosen at  the top of the barrier. This modification of eq 3.1 
thus eliminates the ‘‘spurious” recrossing flux in Cr(t) so that eq 
2.5 once again gives a well-behaved quantum transition-state 
theory. 

To justify the above modification we note that the flux cor- 
relation function can be written as 

(3.2) 

(3.3) 

Cf(Z) = (d2/dtZ)Cs(t) 

where the “left-right” correlation function C,(t) is5 

cs(t) = Tr [Ppe‘Hb*/hP e-iHr/h] 

where P, is the projector onto reactant space and P, is its com- 
plement 

(3.4) 

which projects onto product space. In ref 5 the projectors were 
chosen as 

P, = h(-s) (3.5a) 

(3.5b) 

P, = 1 - P, 

P ,  = 1 - h(-s) = h(s )  

where h is the usual step function 

h ( 0  = 1, t > 0 
= 0, t < o  (3.6) 

Le., P, projects,onto all physical space to the left of the dividing 
surface and P, onto all space to the right. 

Equations 3.3 and 3.4, however, can be interpreted more 
generally; P,  can be chosen to be any projection operator that 
projects onto all reactant space. Since these projectors can be 
chosen in different ways, eq 3.2-3.4 open the door to a great variety 
of correlation function expressions for the rate constant (via eq 
2.1). Carrying out the two time derivatives (eq 3.2) gives the 
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generalized flux correlation function, which has the same form 
as eq 2.2, but where F is replaced by the generalized flux F,. 

F, = ( i /h) [H,P,I  (3.7) 

Equation 3.1 also applies to this generalized case, also with F, 
replacing F. With PI chosen as before, eq 3Sa, it is easy to show 
that eq 3.7 gives the ordinary flux operator of eq 2.3. 

We now choose the projector P, as follows 
PI = h(H - V,)h(-s)h(H - V,) (3.8) 

where H is the Hamiltonian. This choice of projector requires 
the energy of the system to be greater than VI, as well as requiring 
the system to be on the left side of the dividing surface; it is clearly 
an acceptable definition of the projector onto all reactant states. 
The symmetrical form of eq 3.8 ensures the PI is hermitian. It 
is easy to show that the generalized flux F,, eq 3.7, which results 
from this choice of PI, is 

F, = h(H - V,)Fh(H - VI) (3.9) 

where F on the right-hand side is the ordinary flux operator, eq 
2.3. Equation 3.1 thus becomes 

xe-@(Ei+Ej)/2 cos [(Ei - E j ) t / h ] l ( ~ i 1 4 ~ j ) 2 h ( E i  - V,)h(Ej - VI) 

(3.10) 

which is the desired result; i.e., one simply omits from the sum 
over states all terms for which Ei or Ej is less than VI, and the 
correlation function in Figure 4a becomes that in Figure 4c. 

This example shows that a rather simple modification of the 
projector PI and the corresponding flux operator F, can have major 
effects on the resulting flux correlation function, in particular the 
extent to which it shows recrossing effects. Since transition-state 
theory-including the quantum mechanical version we have de- 

Cdt) = 

i j  

fined in section 11-ignores recrossing effects, it will be most 
accurate when a projector P, is chosen that minimizes them, i.e., 
minimizes the regions where Cdt) is negative. 

IV. Summary and Concluding Remarks 
We have shown how to define a quantum mechanical transi- 

tion-state theory by utilizing the flux correlation function of Miller, 
Schwartz, and Tromp. The flux correlation function allows one 
to identify the short-time “direct” dynamics quantum mechanically 
and, in the spirit of classical transition-state theory, to neglect 
recrossing dynamics. Just as with classical transition-state theory, 
one choses the dividing surface to minimize the transition-state- 
theory rate (which is equivalent to minimizing recrossing effects 
which are omitted.) 

We have also shown that the flux correlation function of Miller, 
Schwartz, and Tromp and the quantum mechanical transition-state 
theory defined in terms of it can be generalized by choosing 
different forms for the “projector onto reactants”. This flexibility 
can be used to minimize recrossing effects (Le., regions where Cdt) 
is negative) and thus make this quantum mechanical transition- 
state theory more useful. The example of an unsymmetrical 
Eckart barrier shows that a simple modification of the usual 
projector can have a major effect on the extent of recrossing flux. 

The results and ideas developed here raise as many questions 
as they answer: most importantly, how does one go about finding 
the “best” projector P,, i.e., the one which minimizes (totally 
eliminates?) recrossing effects? There is probably no completely 
general answer, but the example presented here shows that simple 
choices can be quite successful. What is needed are exploratory 
calculations on more interesting examples to gain experience. 
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The application of statistical adiabatic channel models to arbitrary attractive potential energy surfaces is discussed. Simple 
short-range/long-range switching models for the radial and angular interaction potential are employed. Channel eigenvalues 
of different degree of accuracy are discussed. The approach allows one to obtain transparent general relations between rate 
and potential parameters. The contribution from short-range and long-range parts of the potential, as well as complex- 
redissociation effects, is illustrated for the bimolecular reaction HO + 0 + H02* - H + 02. The results, being free from 
adjustable parameters, agree with recent experimental results over the full range 200-2500 K within experimental error. 

1. Introduction 
Kinetic phenomena to a large extent are governed by properties 

of potential energy surfaces (PES). It is, therefore, important 
to establish direct relationships between observable rate parameters 
and relevant details of the PES. Such relations should allow one 
to predict rate parameters on the basis of complete or fragmentary 
ab initio or empirical knowledge of the PES. On the other hand, 
rate measurements may serve as a “spectroscopy of the potential 
energy surface” which provides a (limited) access to unknown 
major features of the PES. 

The present article discusses relationships between potential 
and rate parameters for reactions on attractive PES. Simple 
unimolecular bond fissions, as well as the reverse radical association 

reactions and many bimolecular reactions, proceed on such sur- 
faces. In the absence of high local maxima of the PES, the 
definition of an “activated complex” is not as obvious as in the 
presence of such maxima. However, variational transition-state 
theories for bimolecular reactions (see, e.g., ref 1-4) and uni- 
molecular reactions in canonical (see, e.g., ref 2, 5-7) and in 

(1) Truhlar, D. H.; Hase, W. L.; Hynes, J. T. J .  Phys. Chem. 1983, 87, 
2664, and references therein. 

(2) Quack, M.; Troe, J. In Theoretical Chemistry. Theory of Scattering. 
Papers in Honor of Henry Eyring, Vol. 6B, Henderson, D., Ed.; Academic 
Press: New York, 1981; p 199 and references therein. 

(3) Garrett, B. C.; Truhlar, D. G. J .  Chem. Phys. 1979, 70, 1593. 
(4) Wong, W. A.; Marcus, R. A. J .  Chem. Phys. 1971, 55, 5625. 
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