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and H-, 
A formal discussion. and some numerical examples for the 2s2p I.9Pu autoionizing states of He 
indicates that usefully accurate autoionization lifetimes of atoms and molecules can be cornouted 

with commonly used techniques of clcctronic structure calculation. 

1. INTRODUCTION 

It has been recognized for some time now * 
that it is possible to compute the electronic ener- 
gy of an autoionizing electronic stale of an atom 
or molecule by fairly standard variational proce- 
dures. The terms stabilization method [2], con- 
figuration interaction in the continuum [3], trunc- 
ated diagonalization [4,5], etc., have been applied 
by various authors. In short, one chooses a 
bound-state type of trial function (e.g., certain 
molecular orbit& in a Hartree-Fock approxima- 
tion) which one expects to describe the metastable 
state and minimizes the energy with respect to 
variation of the trial function; with a configuration 
interaction approach one chooses the particular 
eigenvalue of the Hamiltonian matrix whose eigen- 
vector has a maximum contribution from the con- 
figuration which one believes on physical grounds 
to describe the autoionizing state. 

There have been many fewer attempts at a 
direct ** computation of the lifetime 7, or width 
P (I’ = TIT), of these states. Several years ago 
this author [5], working within the Feshbach [S] 
description of scattering resonances, suggested 
that the width could be evaluated by all expression 
analogous to the familiar “golden rule” t: 

r = Znp](il~lf>12 , (1) 

where the initial state I i} is just the metastable 

* For a good review of this idea, see ref. [l]. 
** Scattering calculations, of course, provide a width 

indirectly but involve considerable extra computa- 
tional effort. 

t See, for example ref. 171. 

bound-state wave function (normalized to unity) 
obtained by the truncated diagonalization method 
discussed above, If> is a continuum state ener- 
getically degenerate with 1 ii, p is the energy- 
density of these continuum states, and V is some 
interaction coupling the discrete and continuum 
states. Eg. (1) has the desirable feature that F 
can be obtained simply by evaluating the appro- 
priate matrix element once the metastabIe bound- 
state function and its energy have been determin- 
ed by the procedures discussed above. Precisely 
what interaction V and what continuum state 1 f> 

one chooses are purposely vague at this point and 
will be discussed below. This author [5] observed 
good numerical results with eq. (I) in computing 
the width of the 2s2p lPu autoionizing state of He, 
but a discouraging feature was that it seemed that 
an extremely accurate description of the bound- 
state wave function was necessary to give an ac- 
curate value of F. The notion that it is extremely 
difficult to compute I’ accurately has persisted, 
and it is the purpose of the present paper to show 
that this is not true - i.e., that one CCZIL compute 
widths of quite useful accuracy by empLoying eq. 
(1) with modest (but appropriate) wave functions 
+ and x- 

Section 2 discusses the formal basis of eq. (1) 
in terms of Feshbach’s description of resonances, 
with particular attention to the proper definition 
and practical choice cri the “interaction” and the 
“continuum function”. Section 3 presents some 
simple numerical examples for the well-studied 
2s2p lp3Pu autoionizing states of He and H-. By 
virtue of the modest wave functions empLoyed, it 
is hoped to show that usefully accurate lifetimes 
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for autoionizing states of atoms and molecules 
can be computed with the traditional techniques 
of electronic structure computation. 

2. FORMAL CONSJDERATIONS 

Let # be the bound-state wave function (norm- 
alized to unity) describing the metastable state 
which is obtained by the truncated diagonafization 
procedure. The resonance energy E is given, 
therefore, by 

B = WH!4), 12) 

plus a negligible shift. Employing Feshbaeh’s pro- 
cedure with a one-dimensional projector [5], one 
finds the width to be given (exactly) by 

l” =2ap](#jB-E~X)~2 + (31 

where x is the continuum function which satisfies 
the equation 

PW-E)Px= 0 ; (41 

Px=xt (5) 

P being the projeetor 

P= l- I#)+$J; (6) 

if the radial part of x is normalized as 
sin(kri$J/?- as ‘Y - *, the corresponding densi- 
ty of states is p = 2p/?ifZ2zzlk, or since p = !ne for 
aunc$zation, one has 2rp = 4/k in atomic units 

e = 1). 
It is clear that the exact determination of x is 

just as difficult as the complete solution of the 
original Schrijdinger equation. In fact, the formal 
solution of eqs. (4) and (5) is 

x = i3/ - C”W#,($ I ~~~~~~G~(~) I@, (71 

where z& is the solution of ths original Schrijdinger 
equation 

Clf-El&=0 f 

with the continue part of J/ t?ortitized as 
sin(&+6)/7- asv -4); G+(E) is the full Green 
function 

G”(E) = $imo(E +ic: -IW1 . 

In the region of configuration space characteriz- 
ing the me&stable state, however, one has that 

9- ~~~~~}; W 

Isad 
@@f * (E-E +il?/2) ’ 

so that from eqs. (7), (Cl), and (9) one sees that 

x- 0 (10) 

in this region.. Eq. (10) may also be looked upon 
as a result of eq. (5), which is equivalent to the 
requirement 

G$rx> =0 * (5’) 

IL is not necessary, however, to orthogonalize to 
# any approximate choice for X_ To see this, 
suppose one adds to x an arbitrary amount of Q1: 

x-+x+ c#. 011 

By virtue of eq. (2) one sees that the second term 
in eq. (II) does not contribute to the matrix ele- 
ment I, 

r=(#fH-E/X) . ml 

Thus we conclude that the form of x in the region 
characterizing the metastable state is unimport- 
ant. 

Another way of drawing this same conclusion 
is to note that since d, is a bound-state function 
(decays exponentially as Y * 4, eq. (12) may 
also be written as 

i= <Xl.&El@) I 0.2? 

Since tp approximates the exact wave function JI 
in the region of configuration space characteriz- 
ing the metastable state, one has that 

(H-EM -0 

in this region - so that this region does not con- 
tribute significantly to 1. Thus one onfy needs to 
know x in that region of configuration space for 
which $J is not approximated well by # - i.e., in 
the asymptoiic region. 

Finally, one may ask what result one obtains 
for the matrix element I with some aFpro~mate 
x, but with # chosen to be “as good as possible”. 
Thus, we suppose that 

for Y >R, where R is a value of ihe continuum 
coordinate beyond which the interaction is essen- 
tially zero. With + normalized as above it is not 
hard to show that the value of c should be 

C=- rpf = - zpr/d% . 

For x we have that 

X = sin G?r+ @/r 

for Y 3 R, and it will not be necessary to specify 
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x for r CR. Starting with eq. (12), one integrates 
by parts twice to obtain 

Or 

Z = 0 +I sin(d- 150) . 

At the resonance energy, however, 

l5+Ti6p, 

so that we obtain 

Z= Zcos(6p-60) - 

If C#I is sufficiently accurate, therefore, we obtain 
the exactly correct value for Z.provided only that 
x has a phase shift sufficiently close to the cor- 
rect background phase shift. Again we see that 
the form of x in the region of space characterizing 
the metastable state is unimportant. The analysis 
in this paragraph also demonstrates that one ob- 
tains essentially the same value for I? by this 
procedure as by the Siege& formalism used by 
Bardsley et al. [8]. It is not necessary, however, 
that we introduce an explicit boundary between 
the resonant and asymptotic region as is the case 
in this latter method. The function @, determined 
by the trur,\,ated diagonalization procedure, ef- 
fectively defines the resonant region, but in a 
natural -Nay. 

3. NUMERICAL FXAMPLES 

Here we present results obtained for E and r 
for the 232~ Iy3Pu autoionizing states of He and 
the 2s2p P, state of H-. For x we make one of 
the simplest possible choices, 

x0,2) = [Is(l) kP(2) f ~P(W&)]/JZ , (13) 

where 

Is(r) = 2Z~ee-Z’~Y00(~) ; 

and Z = 1 or 2 for H- and He, respectively; 
Fl(q, p) is the regular coulomb wave function. 
This choice for X corresponds to the continuum 
electron in a (+ 1) coulomb field ior He, and a 
free electron for H- [F&O, p) p pj&p)]; i.e., we 
neglect distortion of the Is He+ or H state. We 
have considered only this simple choice for x 
since it would be prohibitively cumbersome to 

include distortion in treating a nroleculuar auto- 
ionizing State. One would expect this negIect of 
distortion of the remnant state to be more justi- 
fied for autcionization of a neutral (leaving a pos- 
itively charged remnant) than for a negative ion 
(leaving a neutral remnant), since the coulomb 
field in the former case should dominate at Long 
range whereas there is no long range coulomb 
field in the latter case. 

For the bound-state function + we first con- 
sider a product of hydrogenic orbitals with vari- 
able nuclear charge 

@:1,2) = [ 2s(1)2~(2) f 2p(l)2s@)]/fi , (144 

where 

2s(r) = s(2 - Z’r)e -Z’r/2 
YoOG? ; (14b) 

2’5h -Z’P/2 
BP(~) = fi ye YIOV) - (14c) 

Evaluating ($I ) HI $I) one finds 

E(Z’) = (9 IHI $9 = $2’2 - 4221 t +$ ,(15) 

so that the optimum choice for 2 is 

a,s/azf = 0 

Z’ = Z - (83* 15)/256 , (16) 

and then 

,Q= _@,2. (IV 

Table 1 shows the results of this calculation for 
E and I’ for the three states indicated. Table 2 
shows how J? varies with the choice of Z’; it is 
encouraging that one obtains reasonable widths 
for quite less than optimum 2’. 

A somewhat more rigorous way of choosing Q 
is as follows, considering the IPu state for def- 
initeness: the lowest state of IP, symmetry is 
obviously the ls2p ‘Pu state. The 2s2p lPu state 
we are attempting to describe consists, qualita- 
tively, of one electron in a p-orbital of Iowest 
energy and one electron in an s-orbitaI of second 
lowest energy. Thus we choose a basis of two s- 
orbitals and one p-orbital: 

241(r) =fl<y) Yof$) (=a) 

z+) =fz(r) Yoo(P) (18b) 

u3(r) =f3(r) YlO(P) , (18~) 

and form the trial function 

@(1,2) = c@#,2) + c2920,2) , (19) 
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Table I Table 3 
2sZp au~ion~~ing states of He and N-@ 

Accurate values b, 

State Best 2’ Sf,lu) rftv E&u) .f?ev) 

Re ‘Pu 1.6172 - 0.6538 0.03691 - 0.6929 0.0374 

He 3Pu 1.7344 - 0.7520 0.00529 - 0.7615 0.0084 

B 3Pu 0.7344 - 0.1348 0.00141 - 0.1426 0.0063 

o.) The bound-state wave function consists of 2s, 2p 
hydrogenic orbit& with optimized effective nuclear 
charge 2’ (see te.xt). 

b) Ref. ftO]. 

2&!p autoio~z~g states of He and H-a) 

State Pest 21 Best Z2 Best 23 S@u) I: (ev) 

Re 1P 1.84 
He 3P 

x.14 1.98 - 0.6579 0.03746 

H- 3P 
1.60 1.60 1.70 - 0.7531 0.00782 
0.90 0.67 0.71 - 0.3357 0.00996 

a) The bound-state wave function conaista of a two- 
state coufiguration interaction fla2p, 2s2p) expansion 
(see text). 

(the (_&I are not normalized and ($11 _&j + 0 as 
shown here). Table 3 shows the results, which 
axe indeed improved over table 1. 

ZsZp “Pu autoi*Z?Zg28tate of He *) 

2’ E&u) TteV, 

1.4 - 0.6420 0.0181 
1.5 - 0.5504 0.0259 
1.6 - 9.6538 0.0352 
1.7 - 0.6521 0.0456 
1.8 - 0.6455 0.0569 

a) The bound-state wave function consists of 2s. 2p 
hydrogenic orbitala with effective nuclear charge 2’ 
(see text). 

where 

+2(1,2) = [q(xh&!) f U30)u2(2)]/fi . 

Physically, eq. (19) corresponds to a two-state 
configuration interaction (CL) expansion fls2p and 
2~2~). One forms the 2 X 2 matrix of B in this 
basis (one can take (~L/zt2) = 0 without restric- 
tion) and chooses E tc be the higher root: 

E= Q(&+~~l) + [Q(H22-q# +$23$ - 

It is not hafd to convince OneSe~ that minimizing 
this energy expression with respect to the func- 
tions {_KIL) , i = X, 2, 3, will not “leak over” into 
the Is&p continuum and “slide down” to the ioni- 
zation limit. 

One can quite easily show that the above pro- 
cedure is entirely equivalent to a method used to 
obtain Iiartree-Fock descriptions of ordinary ex- 
cited states *. For example, suppose one wished 
to describe the l&p I-P,, state of He. One would 
expand the 3p orbital in a basis of size 2vp and 
the Is orbital in a basis of size N,. At each iter- 
ation of the Hartree-Fock equations one soKves a 
pseudo-ei~env~ue problem for the s-orbital and 
one for the p-orbital, and chooses the s-orbital 
to be Ehe one corresponding to the lowest s-or- 
bital energy and the p-orbital to be the one cor- 
responding to the second lowest p-orbital energy. 
This procedure is iterated to self-consistency:y. 
To describe the 292~ lPu state one proceeds 
identically, but at each stage of iteration one 
selects the s-orbital to be the one corresponding 
to the second lowest s-orbital energy and the p- 
orbital to be the one corresponding to the lowest 
p-orbital energy. 
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* See, for example ref. f9j. 
We actually used a simple approximation to 

the best functions {fit, 

fl(Y) = .--- ; 

fz(T) =T~~z2;y’2 j 

f3k) =ye 
-rrJ7-,‘2 

, 

and minimized E with respect to Zlt 22, 23 
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