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Symmetry-Adapted Transition-State Theory: Nonzero Total Angular Momentum 

William H. Mlller 

Department of Chemistry, and Maferials and Molecular Research Division, Lawrence Serkeley Laboratory, University of California, 
Berkeley, California 94720 (Received: December 28, 1982; In Final Form: February 8, 1983) 

It is shown how nonzero total angular momentum is incorporated in a recently proposed symmetry-adapted 
transition-state theory. The analysis is carried through explicitly for the unimolecular dissociation of form- 
aldehyde, H2C0 - H2 + CO, for which the transition state is planar, i.e., C, symmetry. The main qualitative 
result for this example is that mode specificity between A’ and A states, i.e., the difference of the rate constant 
ratio k A , / k A , ,  from unity, diminishes with increasing J but does not completely disappear even in the limit J - a. 

1.  Introduction 
It has recently been pointed out’ that any geometrical 

symmetry that a transition state may possess, which would 
also be the symmetry maintained along the reaction path,2 
will lead to selection rules in the dynamics of the reaction. 
These selection rules are the usual ones given by group 
theory, Le., states corresponding to different irreducible 
representations of the appropriate symmetry group are 
uncoupled, and they can also be deduced by analysis of 
the reaction path Hamiltonian3 for the system. Thus even 
if the reaction dynamics is as strongly coupled as it can 
possibly be, so that a statistical theory such as transi- 
tion-state theory would be expected to be a good approx- 
imation for determining the rate constant for the reaction, 
one should take account of these selection rules and apply 
the statistical approximation separately to each different 
irreducible representation. 

This “symmetry-adapted transition-state theory” has 
been applied’ to the unimolecular dissociation of form- 
aldehyde 

(1.1) 
which has a planar transition state: i.e., C, symmetry, and 
for total angular momentum J = 0 it was seen that the 
microcanonical transition-state theory rate constants for 
A’ and A“ states (the two irreducible representations of 
CJ, differ by a factor of -20 in the tunneling region which 
is important for this reaction. That is, there is a sym- 
metry-induced mode specificity that cannot be destroyed 
no matter how strongly coupled the dynamics might be. 
(The microcanonical rate constants for A’/”’ symmetry 
are the average rate constants a t  a given total energy for 
these symmetries; for individual states there may be even 
more mode specificity than this dictated by symmetry). 
It should also be noted that this symmetry feature is 
completely different from the role of symmetry numbers, 
or statistical  factor^,^,^ in transition-state theory; i.e., it has 
nothing to do with the identity of the two H atoms and, 
for example, applies equally to the case HDCO - HD + 
c o .  

H2CO - H2 + CO 
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The purpose of the present paper is to show how rota- 
tion, i.e., total angular momentum J > 0, is handled in 
symmetry-adapted transition-state theory. For the form- 
aldehyde reaction ( l . l ) ,  for example, it is clear that even 
(A’) and odd (A”) out-of-plane vibrational states are cou- 
pled by Coriolis interactions for J > 0, so that A’/“‘ vi- 
brational symmetry is no longer conserved. What is 
necessary, of course, is to consider the composite symmetry 
of the ro-vibrational states. Section 2 carries out this 
analysis for reaction 1.1, from which it is easy to see how 
one would proceed in general. For reaction 1.1 the main 
observation is that the degree of mode specificity dimin- 
ishes as J increases, but does not totally disappear. 

In concluding the Introduction I would like to say what 
a privilege it is to be able to contribute to this special issue 
honoring Henry Eyring. I did not have the pleasure of 
knowing him well personally, but his work has obviously 
been an inspiration to all of us working in the theory of 
chemical reaction dynamics. 

2. Application to Formaldehyde Dissociation 
As is usual in transition-state theory, one approximates 

the energy levels of the reactants and the “transition state” 
by a simple separable-mode approximation, in the hope 
that the various densities of states will not depend sen- 
sitivity on approximations to individual energy levels. For 
the present situation it is also necessary to determine the 
symmetry of the various states in order to separate them 
into the different noninteracting irreducible representa- 
tions. As noted in the Introduction, this will be carried 
out here specifically for reaction 1.1, which has a planar 
transition state, i.e., C, symmetry. The notation follows 
closely that used before.6 

For total angular momentum J the energy levels of the 
transition state are thus approximated as 

where the first term is the vibrational energy for the five 
vibrational modes n = (nI,n2,113,n4,)25), mode 5 being the 
out-of-plane (A”) mode; in practice a harmonic approxi- 
mation is usually used for et,,. The second term in eq 2.1 
is the rotational energy, approximated as that of a sym- 
metric rotor.7 

~ * j & ~  = 1/2(B’ + C’)J(J + 1) + [A’ - ’/2(B’ + C*)]K,* 
(2.2) 

Here the a axis, with rotation constant At, is the “almost” 
symmetric rotor axis of the transition state, i.e., the in- 

(6) W. H. Miller, J. Am. Chem. SOC., 101, 6810 (1979). 
(7) The present labeling of the principal axes, i.e., such that A > B > 

C, is the customary one. Note that ref 6 has A and C interchanged. 
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plane axis that points almost along the CO bond. The 
rotation constant At is thus the large one (A* = 9 cm-'1, 
and Bl and C* are small and almost equal (B* C* = 1 
cm-I). 

The symmetry of the vibrational state is easy to ascer- 
tain: it is A' (A") if the out-of-plane vibrational quantum 
number n5 is even (odd). The rotational state symmetry, 
however, is more difficult to deal with. Asymmetric rotor 
states designated as JKoKc, where K, and K,  denote the 
conserved projections in the prolate and oblate limits, 
respectively, are A' (A") in Cs symmetry if K, is even 
(odd).8 Formaldehyde and its transition state, however, 
are almost prolate rotors, with approximate energy levels 
characterized more appropriately by K,  (cf. eq 2.2). In 
terms of K, the doubly degenerate levels for K,  > 0 (i.e., 
lKal and --IK,l have the same energy) give rise each to one 
A' state and one A" state; K, = 0 levels are nondegenerate 
and are A' (A") if J is even (odd).8 The composite sym- 
metry of the ro-vibrational states is obtained by using the 
multiplication rule of Cs symmetry: A' 8 A' = A ,  A" 8 

The symmetry-adapted microcanonical transition-state 
theory rate constants are given by' 

A,(E,J) = Nx(E,J)/ [~*~P,(E,J)I  (2.3) 
for X = A' or A", where E is the total energy, and Nx and 
p x  involve sums over states of composite symmetry A. 
Following the discussion in the previous paragraph, it is 
not hard to see that these sums over states are 

A" = A', A' 8 A" = A". 

Nx(E,J) = 
m J  c 72[1 f (-1)J+"56~a,o]P(E - vo - (2.4a) 

n=O KO = -J 

(2.4b) 

where the ''+, and u-n signs for X = A' and A", respectively, 
P is the usual6 one-dimensional tunneling probability as 
a function of translational energy in the reaction coordi- 
nate, 6 is the Dirac delta function, and Endso is an energy 
level of the reactant molecule that is given by an expression 
similar to eq 2.1 (except here n = (n1,n2,n3,n4,n5,n8), with 
n5 still being the out-of-plane vibrational quantum num- 
ber). The "symmetry factor" 1/2[1 f (-1)J+"56Ka,o] in eq 2.4 
is a concise statement of the fact that the state with 
quantum numbers (n,J,Ka) is, on the average, 50% A' and 
50% A" for K, # 0, and for K,  = 0 it is A' (A") if J + n5 
is even (odd). 

The generalization of eq 2.4 to arbitrary symmetries is 
that the "symmetry factor" becomes a factor Px(n,J,K) 
which is the fraction that the state (n,J,K) is in the irre- 
ducible representation A. In the present example of C, 
symmetry it is quite simple to deduce these factors, but 
for higher symmetries one would need to utilize more of 
the full apparatus of group theorys4 Since 

CPDx(n,J,K) = 1 

for all states (n,J,K), it is easy to see that the auerage 
microcanonical rate constant 

k(E ,J )  Cpx(E,J)kx(E,J)/Cpx(E,J) (2.5) 

is given by the standard microcanonical transition-state 

x 

x x 

(8) See, for example, P. R. Bunker in "Vibrational Spectra and 
Structure", Vol. 3. J. R. Durig, Ed., Marcel Dekker, New York, 1975, pp 

(9) See, for example, P. R. Bunker, "Molecular Symmetry and 
1-126. 

Spectroscopy", Academic Press, New York, 1979. 

expression without regard for symmetry (i.e., eq 2.4 without 
any symmetry factors). 

Calculations similar to earlier ones6 have been carried 
out for reaction 1.1 by using eq 2.4, but one can understand 
the essential results by considering a simple approximation. 
In the tunneling region the ground vibrational state n = 
0 of the transition state makes the dominant contribution 
to N,, and the rotational energy is sufficiently small for 
low J that is can be set to zero; thus 

NA(E,J) (2.64 

The energy relative to the reactive molecule is so high 
(-80 kcal/mol), however, that the densities of A' and A" 
states are essentially equal 

PA(E,J) 3 PA@,J) (2.6b) 

[J + 7A1 f t-1IJ)1P(E - VO -  EO,^,^) 

For J > 0, eq 2.6 gives 

(2.7) 
= (1 + l/J)-l J o d d  

and this is accurate to a few percent up to J = 5. Com- 
pared to a ratio of -20 for J = 0, eq 2.7 shows that the 
"mode-specific ratio" is 0.5, 1.5, 0.75, and 1.25 for J = 1, 
2, 3, and 4. For larger J one can use the fact that in the 
tunneling region P is approximately exponential 

P(E,) N aeYEtr (2.8) 

It is then not hard to show that the ratio in eq 2.7 becomes 

(2.9) 

for J even, and the reciprocal of this for J odd. The ex- 
ponential parameter y and the rotation constants of the 
transition state give 

?[A' - 72(Bt + Ct)] 0.0248 

One can easily see that eq 2.7 is regained from eq 2.9 if 
J is small. For large J ,  however, the ratio kAt/kA" does not 
approach 1, as eq 2.7 would suggest, but actually reaches 
a constant value of -1.18 for J even and -(1.18)-l = 0.85 
for J odd. 

The chief reason for this diminished mode specificity 
for J > 0 is, of course, that A' and A" states both have a 
contribution from the ground vibrational state n = 0 of 
the transition state (cf. eq 2.6a). For J = 0, on the other 
hand, the ground vibrational state is pure A'; the lowest 
A" state has n5 = 1 and thus a significantly smaller value 
for NP. 

3. Concluding Remarks 
It has been shown how symmetry-adapted transition- 

state theory can be generalized to deal with nonzero total 
angular momentum; one simply considers the overall 
symmetry of the ro-vibrational states. For the dissociation 
of formaldehyde, reaction 1.1, the degree of mode specif- 
icity between A' and A" states, i.e., the difference of the 
ratio kAJ/kAN from unity, diminishes as J increases, but does 
not disappear completely even in the limit J - a. 

In concluding, it should be emphasized again that k x -  
(E,J) is the average rate constant for states of symmetry 
A, energy E, and total angular momentum J ,  and also that 
the degree of mode specificity imposed by symmetry is the 
minimum that can exist; i.e., there is always the possibility 
that there may be additional mode specificity if all the 
states within a given symmetry are not sufficiently strongly 



J. Phys. Chem. 1903, 87, 2733-2738 2733 

coupled. If, for example, coriolis coupling between vi- 
brational and rotational states is extremely weak, which 
might be true for small J ,  then the Af/Af’ symmetry of 
vibrational and rotational states would be conserved sep- 
arately, not just the composite ro-vibrational symmetry. 
In the tunneling region of reaction 1.1, for example, there 
would then be a factor of - 20 between rate constants for 
states whose vibrational symmetries are A’ and A”. Sym- 
metry alone, of course, cannot answer the question of 
whether or not there exist weak coupling, i.e., weak se- 
lection rules, between states within a given irreducible 

representation; for this one needs a Hamiltonian and dy- 
namics. 

Acknowledgment. This work has been supported by the 
Director, Office of Energy Research, Office of Basic Energy 
Sciences, Chemical Sciences Division of the US. Depart- 
ment of Energy under Contract DE-AC03-76SF00098. All 
calculations were carried out on a Harris H800 minicom- 
puter supported by the National Science Foundation, 
Grant CHE-79-20181. 

Registry No. H2C0, 50-00-0. 

Methods for Plotting Trajectories for Triatomic Molecules and Visualizing the Caustics 

D. W. Noid,+ D. M. Wardlaw,* M. L. Koszykowskl,i and R. A. Marcus” 

Oak RMge National Laboratory, Oak RMge, Tennessee 37830, Arthur Amos Noyes Laboratory of Chemical Physics, California Institute 
of Technology. Pasadena, Californ& 9 1125, and Sandia National Laboratory, Livermore, California 94550 (Received: January 3, 1983) 

A simple and efficient computational method is introduced for visualizing the structure of three-dimensional 
classical trajectories. Examples are presented for Hamiltonians with incommensurate frequencies, as well as 
with 1:l and 2:l resonances. Results are also presented for several states of OCS, one of which shows an accidental 
41 resonance. Implications of this method for path integral quantization and perturbation methods me discussed. 

Preface 
Henry Eyring was one of the pioneers in the recent 

theory of chemical reaction rates. R.A.M. was fortunate 
to know him for some three decades, and to see the joy- 
ousness with which he approached his science and his 
interactions with people. In recent years there has been 
an increasing amount of interest in the field of intramo- 
lecular dynamics and the anharmonic motion of vibrations, 
subjects related to one of Henry’s interests-the statistical 
theory of mass spectral decomposition patterns. I t  is a 
pleasure to dedicate this article to his memory. 

Introduction 
Nonlinear dynamics has been the subject of intense 

study in recent years, and semiclassical methods have been 
developed to treat bound and quasibound states of mul- 
tidimensional nonseparable systems.’J Most studies have 
focused on coupled two-oscillator systems. The two 
principal methods used for describing the trajectories in 
two-oscillator systems have been (1) plots of the trajectories 
themselves in various coordinates and (2) plots of Poincar6 
surfaces of section in various coordinates. I t  appeared at 
first that both of these techniques would be difficult to 
extend to three-oscillator systems. The surface of section 

technique has been extended to three-coordinate systems 
for maps3 and for trajectorie~,~ and can similarly be ex- 
tended to four coordinates. In the present paper we extend 
the trajectory plots to three dimensions in a way which 
permits visualization of shapes for use in semiclassical 
quantization and for identification of resonances. 

Examples of three-oscillator systems include nonrotating 
linear and nonrotating nonlinear triatomic molecules, as 
well as a time-independent form of a two-laser driven 
o~cillator.~ Although the 3-D Poincar6 surface of section 
technique4 is useful in studying the dynamics, there is a 
prerequisite for performing the semiclassical quantization: 
suitable paths for evaluation of the phase integrals depend 
on the shape of the trajectories, namely, on the caustics, 
which are, in turn, affected by internal resonances. I t  is 
highly desirable, therefore, to have a meaningful picture 
of the several-dimensional trajectory itself, in particular 
one which depicts the caustics. In this exploratory paper 
a method is devised for this purpose. I t  is described in 
section 11, and several applications are given in section 111. 
The method is expected to be useful for quantization 
methods which use the trajectories themselves. It should 
also be useful for perturbation methods in which one 
tacitly assumes the nature of the caustics, which them- 
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