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Semiclassical periodic orbit theory is applied to the double-well eigenvalue problem to show how this unified 
approach describes the quite different character of the level splitting (in the case of symmetric wells) and level 
shifts (in the asymmetric case) caused by tunneling. 

I. Introduction 
In molecular phenomena involving double-well potential 

functions (cf. Figure l), level splitting and level shifts 
caused by tunneling through the barrier is well-known. 
Examples include inversion of the ammonia molecule, for 
which the double well is symmetric (cf. Figure la),  and 
proton tunneling between DNA base pairs, for which the 
two wells are unsymmetrical (cf. Figure lb). The purpose 
of this paper is to analyze this phenomenon in terms of 
semiclassical periodic orbit theory1g2 and to point out the 
fundamental differences between the symmetrical and 
unsymmetrical cases. Since periodic orbit theory can also 
be applied to multidimensional systems, it is hoped that 
this analysis may be useful in suggesting how to approach 
the treatment of multidimensional double-well potential 
energy surfaces. 

11. Semiclassical Eigenvalues via Periodic Orbit 
Theory 

The semiclassical eigenvalues of a potential well are 
described in an appealingly intuitive manner by their 
periodic orbits. One makes use of the following quantum 
mechanical relations: 

g(E) trace (E - H)-l = C(E - ( la)  
k 

The eigenvalues (Ek) are thus identified as the poles of the 
function g(E), and the semiclassical approximation enters 
by invoking the usual semiclassical approximation to the 
propagator3 (time evolution operator) in eq lb .  Further 
semiclassical approximations are that the integrals over 
t and x in eq l b  are evaluated via the stationary phase 
approximation, and for one-dimensional systzms this 
 give^^^^^^ (using units such that h = 1) 

g(E) cc C el(@*l/2) (2) 
periodic 

orbits 

where CP E @(E) is the action integral for a periodic tra- 
jectory with energy E 

@(E) = S d t  p ( t )  2 ( t )  = $dx &,E) 

and 1 is the number of classical turning points experienced 
by the trajectory. Uninteresting (for present purposes) 
proportionality constants are for simplicity omitted in eq 
2. The sum is over all periodic orbits, i.e., trajectories that 
begin and end with the same coordinate and momentum. 

‘Camille and Henry Dreyfus Teacher-Scholar. 

To see how eq 2 works, consider first a single potential 
well. A periodic trajectory is one that begins a t  some 
position x with momentum p and returns a t  some later 
time to this position with the same momentum. For a 
simple one-dimensional potential well it is clear that there 
are an infinite number of such trajectories because the 
particle oscillates back and forth in the well forever. If 
$(E)  is the action integral for one pass across the well 

$(E)  = Jx’ dx p(x,E) = Jx’ dx (2k[E - V(X)])’ /~ ( 3 )  
x<  x< 

where x< and x, are the classical turning points, then for 
a periodic orbit that makes k passes back and forth across 
the well one has 

@(E) = 2k $(E)  
1 = 2k 

so that in this case eq 2 gives 

Equation 4 shows that g(E) has poles a t  the values of E 
for which 

e2~16-(*/2)1 = 1 

or 
d ( E )  - (n/2)  = nn 

or 

$(E) = (n  + 1/2h (5) 
where n is any integer. This is the well-known WKB 
eigenvalue relation5 for simple potential wells. 

Equation 2 can also be applied to the double-well po- 
tentials sketched in Figure l, but to include the effects of 
tunneling it is necessary to include complex-valued periodic 
trajectories6 as well as the real ones. Consider a trajectory 
beginning in potential well 1 in Figure 1. In addition to 
the term in eq 4 from the real-valued trajectories that 
oscillate back and forth in well 1, there are complex-valued 
trajectories that tunnel through the barrier; Figure 2 
depicts the simplest such trajectory, for which the con- 
tribution to g(E) is 

(6) e101e-Be2102e-Z(t i /2)e-Bel$le- l (n/2)  = -e-28e2Ld1e2Lm2 

where and $2 are the phase integrals across wells 1 and 
2, and where the various factors are indicated sequentially: 
the particle begins a t  the left-hand turning point, travels 
across well 1, tunnels through the barrier, tunnels across 
well 2 and back, tunnels back through the barrier, and 
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I 

( a )  ( b )  
Figure 1. Sketch of a symmetric (a) and asymmetric (b) double-well 
potential function. 

IViX) 
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Figure 2. The simplest complex-valued periodic trajectory that tunnels 
from well 1 to well 2 and back. 

returns to its starting point; there are two turning points 
for this periodic trajectory. 6’ is the imaginary action 
integral (the barrier penetration integral) for one pass 
through the barrier: 

It is easy to see how to incorporate all trajectories of the 
above type, Le., those that tunnel through the barrier and 
back only once. For a trajectory that makes hl extra passes 
back and forth across well 1 before it tunnels, then tunnels 
and makes k 2  extra passes back and forth across well 2 
before it tunnels back through the barrier, and then makes 
k3 extra passes back and forth across well 1 before ter- 
minating at  its orignn, the contribution to g(E) is 
e c ~ s l + 2 k l ~ s l - ~ r / 2 ~ ~ l e - B e z ~ 2 b z - ~ s / 2 ~ + 2 k z ~ ~ z - ~ a / 2 ~ ~ 1 e - B e c ~ ~ l - ~ a / 2 ~ + 2 k 3 ~ ~ 1 ~ 1  = 

-e-2BeZi(~1-(s/2))e21($2-(n/2))e2~k1(~~-(a/Z)) x 
(8)  

The total contribution of such trajectories is obtained by 
summing over kl, h:;, and h3 

which when added to the contribution of the real tra- 
jectories finally gives 

where 

n1 %(E)  = [&(E) - (7r/2)1/7r (loa) 

n2 nz(E)  = [&(E) - (7r/2)1/7r (lob) 

Equation 9 is the final expression from which the results 
of interest are obtained below. 

Consider first the 
symmetric double-well (Figure la )  so that 

(11) 

Symmetric (Degenerate) Case. 

n,(E) = nz(E) n(E)  
and eq 9 becomes 
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The unperturbed (and thus unsplit) eigenvalues are de- 
termined by 

n(E)  = integer 

and let E be close to such an eigenvalue, Eo say. Then 
n(E) rz(E0) + n’(Eo)(E - E,) + ... (13) 

where 
n(Eo) = integer 

so that 
e2ncn(E) - e2azn(Eo)e2ncn‘(Eo)(E-Eo) N 1 + 2~in’(Eo)(E - Eo) 

or 
1 - eznLn(E) N -27rin’(E0)(E - Eo) 

Discarding multiplicative factors, eq 1 2  then becomes 
(14) 

1 “-28 

The semiclassical expression in eq 15 is to be compared 
with the quantum mechanical expression, eq la,  including 
only the two energy levels Eo - AE/2 and Eo + (AE/2), 
where AE is the splitting; Le., for E close to Eo one has 

1 
E -Eo - (AE/2) 

+ 1 
E - Eo + (AE/2) gQM(E) 

expanding this to lowest order in AE gives 

Comparing eq 15 and 16 identifies the semiclassical ex- 
pression for the level splitting as follows: 

This result, which is also obtained by conventional WKB 
methods,’ is valid only for small splittings because periodic 
orbits were included that involved only one tunneling back 
and forth across the well, and also because the above 
expressions have been evaluated only to lowest order in 
AE. By including periodic orbits that  tunnel back and 
forth through the barrier more than once, one obtains 
terms in g(E) proportional to e-4d, e-@, etc., and can thus 
obtain an expression for AI3 which includes such higher 
order terms. 

Asymmetric (Nondegerzerate) Case. Here nl(E) f 
n2(E) and we consider the shift in one of the unperturbed 
eigenvalues, El e.g., of well 1 that is caused by the tun- 
neling. Thus let E be near El,  where 

nl(El) = integer 
so that 
e2acnl(E) e2acnl(El)e2acn~’(E1)(E-E1) 1 + 

27rin,’(E,) ( E  - E,) 
or 

1 - ePaLn@) N -27rin,’(E,)(E - E,) 
Equation 9 then gives (dropping multiplicative factors) 

1 e-2Be2acnz(E1) 
g(E) a - - E - El [-27rin1’(E1)] [ 1 + e2acnz(E1)] ( E  - 

(18) 
If E2 is the eigenvalue of well 2, i.e. 

nz(E2) = integer 
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that  is closest to El ,  then 
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e2nidE1) ~2ni~z(Ez)e2ni~z’(En)(Ei-E2) 1 + 
2rin2’(E2)(E1 - E,) 

or 
1 - e2ninz(E1) N -2rinz’(Ez)(E1 - E,) 

so that eq 18 becomes 
1 
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e-28 

(E  - EJ2[2rinl’(E1)] [2rin,’(E,)](E, - E,) (19)  

The quantum mechanical approximation to g(E), taking 
into account only the energy level El + S, i.e., for E near 
El ,  is 

1 

which, expanded to lowest order in AE, is 

Comparing eq 19 and 20 leads to the semiclassical ex- 
pression for the level shift 

111. Discussion 
Equations 17 and 21 give the semiclassical results for 

the splitting of degenerate levels and shift in nondegen- 
erate levels, respectively, caused by tunneling between the 
wells. Considering e-@ << 1, the most interesting and 
obvious difference between the symmetric and asymmetric 
cases is that the perturbation of the levels in the symmetric 
is much greater than that in the asymmetric case, as has 
been noted bef~re .~”  The symmetry of the two wells allows 
the particle to “hop” from one well to the other much 
faster than it would ordinarily be able to tunnel. 

Another interesting comparison to the quantum me- 
chanical situation is possible by considering the quantum 
mechanical energy levels to come from a 2 X 2 matrix Hb1 

with Hll = El and Hzz = E2 being the unperturbed levels. 
In the degenerate case El = E2 Eo and the eigenvalues 
of the matrix are 

(22)  E = Eo f Hi2 

so that 
AE/2 = Hi2 

comparing with the semiclassical expression, eq 17, 
identifies the “exchange interaction” H12 as 

h w  
2T 

H12 = -e-O 

where h w  = l/n’(Eo). For the asymmetric case, El # Ez,  
the eigenvalue close to El is given to lowest order in H12 
by second-order perturbation theory 

Flgure 3. A potential function giving rise to metastable levels (or 
equivalently scattering resonances). 

V ( x )  

Figure 4. Sketch of a typical potential barrier, indicating (via broken 
lines) how it can be distorted into a double-well potential. 

and comparing this to the semiclassical expression, eq 21, 
leads to the identification 

where h q  = l /n l ’ (El ) ,  ha2 = l / n i ( E z ) .  In both cases, 
therefore, one obtains essentially the same identification, 
eq 23 and 25, for the semiclassical approximation to the 
exchange interaction. 

Another interesting comparison is to the level width of 
a metastable state in a potential as sketched in Figure 3. 
The width r of the level is given semiclassically by7a,c 

r = e-20/[2~n’(E)]  (26)  
where m ( E )  = 4(E)  is the action integral over the bound 
well. The level width is thus seen to be much more closely 
related to the asymmetric, nondegenerate energy level shift 
than it is to the level splitting in the symmetric, degenerate 
case. 

As a final point, the probability P for tunneling through 
a potential barrier is5 

whether the barrier is symmetric or asymmetric. (This 
quantity appears commonly, for example, in considering 
quantum effects to reaction rate constants.) There have 
been attempts to determine P by distorting the barrier 
problem into a double-well problem, as indicating in Figure 
4, and then identifying P by 

P a A E  
where AI3 is the splitting (in the symmetric well case) or 
level shift (in the asymmetric case). From the discussion 
above it is clear that this identification is correct only in 
the asymmetric case; i.e., the rate of tunneling through a 
barrier, even a symmetric one, is much slower than the rate 
of hopping back and forth in a symmetric double-well 
potential. 

In concluding, we note that there is considerable interest 
now in trying to extend semiclassical eigenvalue methods 
to multidimensional systems, and much progress has been 
made recently for multidimensional potential energy 
surfaces that possess a single It is hoped that this 
periodic orbit picture of dealing with double-well potentials 
may be of use in extending multidimensional periodic orbit 
methods to treat multidimensional double-well potential 
energy surfaces. 
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The classical molecular dynamics of a chemically accurate model potential for the 3B1 methylene radical are 
investigated. Natural stretch vibration modes are studied individually at a full range of energies. These modes 
represent the molecule’s own “most separable” degrees of freedom. The combined stretch dynamics are studied 
near the zero-point energy. A procedure for obtaining unbiased Monte Carlo initial conditions for mixed-stretch 
dynamics is outlined. The relation of these classical dynamics to  semiclassical quantum numbers is discussed. 
A pair of local bond modes are discovered in the classical solutions. 

I. Introduction 
In his first paper on Monte Carlo trajectory calculations,l 

Don Bunker noted the failure of highly vibrationally 
excited anharmonic, and even harmonic, molecular models 
to yield sinusoidally varying normal coordinates or con- 
served normal-modle energies. One consequence of this 
failure was the impropriety of the use of angle variables, 
conjugate to the normal-mode actions in the properly 
random-phase trajectory initialization required for a Monte 
Carlo study. Instead a less rigorous and less efficient 
rejection technique’ had to be employed. As the com- 
plexity of his models increased beyond triatomic, Bunker 
and his co-workers developed four more phase sampling 
techniques,2 each more ingenious than the last, but with 
his keenly developed sense of the random, he was satisfied 
with none of them.28 Even for vibrations near zero-point 
energies (ZPE), Bunker and Chapman3 found the nor- 
mal-mode description of anharmonic polyatomic (CH,) 
dynamics to be inexact, though not so flawed that in- 
termode energy transfer rates competed seriously with 
bimolecular collision interaction times (0.1-0.2 ps). For 
energies as low as 0,04 ZPE, Chapman and Bunker3 re- 
ported normal-mode failure in the form of systematic 
energy exchange between methyl radical’s degenerate 
asymmetric bend normal modes. These low energy failures 
have been found in rigorously harmonic force models as 
well.4 Again the implication for classical polyatomic 
dynamics is that neither reactant initialization nor product 
internal mode energy analysis may be trusted to nor- 
mal-mode procedures even at  low vibration energies where 
quadratic terms dominate the molecular potential. 

Bunker compared his near-dissociatively energized 
triatomic dynamics’ to those investigated by Fermi, Pasta, 
and Ulam.5 The problem addressed by Fermi et al. was 
the planar dynamics of a chain with anharmonically 
bonded links. Instead of the anticipated random nor- 
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mal-mode energy scrambling, the chain was observed to 
cycle through a particular sequence of configurations for 
the entire observation period. The dynamics were locked 
into a repetitive pattern which excluded an energetically 
available class of incredibly large measure; thus the phase 
space of the chain appeared to be metrically decomposable, 
i.e., significant portions of phase space were dynamically 
inaccessible to given trajectories. This behavior was in 
direct violation of the spirit of the ergodic hypothesis, 
hence vaguely suspect. Bunker noted no such behavior 
in his dissociative, anharmonic molecular models. “Unless 
one believes that at some value of (total energy) lower than 
that used (in his unimolecular decomposition studies) there 
suddenly appear uninteresting anharmonic molecules”, 
Bunker concluded,’ “in the molecular problem all points 
can reach an arbitrarily small volume of phase space and 
... (the Fermi, Pasta, and Ulam) phenomenon is absent”. 
In his study, “interesting” molecules dissociated, and while 
a large majority of sufficiently energized harmonic mol- 
ecules were often “uninteresting” on the time scale of his 
trajectories (0.8-1.6 ps), all of the anharmonic molecules 
were “interesting”. 

Bunker’s study’ and that of Fermi et al.5 clearly lay on 
opposite sides of what has become known as the “ergodic 
limit”, a critical energy below which the majority of tra- 
jectories are dynamically constrained such that their 
motion is “regular”, “quasi-periodic”, or metrically de- 
composable, i.e., Fermi-Pasta-Ulam-like. Above this 
energy, critical for the suddeness of the ergodic onset, the 
dominant dynamic behavior is consistent with metric 
indecomposability; virtually all trajectories can reach an 
arbitrarily small volume of phase space. This is the 
character of Bunker’s dissociating anharmonic mo1ecules.l 

The existence of the ergodic limit for a large class of 
Hamiltonian problems, including molecular vibration, has 
been established both theoretically6 and numerically.’ No 
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