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Two methods of treating the exchange kernel appearing in Miller's formulation of reactive scattering are 
investigated, with the most promising being an improvement of the separable expansion used previously. On 
the basis of results for the collinear H + H2 reaction, it appears that calculations within this formalism can 
be tractable for more general bimolecular reactions. 

I. Introduction 
In a recent paper by Garrett and Miller,l the general 

formulation of reactive scattering previously described by 
Miller2 has been applied to the H + H2 collinear reaction. 
Such a formalism, which avoids the us12 of methods which 
must be explicitly matched to each individual problem, has 
been shown to generate reaction probabilities with an 
accuracy comparable to that obtained by these other 
 method^.^ I t  was noted, however, that the calculation has 
a somewhat disquieting feature in that an expansion made 
for the nonseparable exchange interaction term necessi- 
tates the use of a large number of expansion functions in 
order to adequately describe the direct exchange effect. 
Thus one may ask if there is a better but yet still con- 
venient way of handling such a nonseparable exchange 
term. Once such an improved Characterization has been 
obtained, the application of this general reactive scattering 
formalism to other bimolecular collisions should become 
computationally tractable and thereby should provide an 
attractive method for studying more chemically interesting 
processes. 

Two approaches to the improvement of the exchange 
kernel description are presented in detail in section 111. 
The first involves an attempt to solve directly the in- 
tegro-differential equ,ations arising from the theory by an 
iterative procedure. However, for physically realistic 
exchange terms it appears that the magnitude of the kernel 
is sufficiently large that the iteration scheme will not 
converge in its present form. The second approach 
concerns an alternate method for constructing a separable 
expansion of the exchange kernel which allows more 

+Camille and Henry Direyfds Teacher-Sch<Aar, 

knowledge of the interaction to be built into the de- 
scription. As indicated below, we shall show that this 
improved separable approximation does indeed do a very 
good job of reducing the number of basis functions re- 
quired for an adequate characterization of the rear- 
rangement process. 

11. Review of the Theory 
Inasmuch as the details of Miller's formulation of the 

reactive scattering problem are given elsewhere,1,2'we will 
merely note the important features of the formalism here. 
For a collinear reaction of the general form A + BC - AB 
+ C for which the collision energy is such that only the 
ground vibrational states of reactants and products are 
open, one writes the wave function describing scattering 
from the initial channel a0 (ao = a or c) as 
Qao(r,R) = $a(ra) fa-q,(Ra) + $,(r,) fc-oo(RJ + 

CCnxn(r,R) 
n 

where a(A+BC) and c(AB+C) label the two possible as- 
ymptotic arrangements for which (ra,Ra) and (rc,Rc), re- 
spectively, are the appropriate Jacobi coordinates, only two 
of the four coordinates being independent. Initially one 
presumes knowledge both of the wave functions which 
characterize the asymptotic diatomic vibrational states, 
4a(ra) and $,(r,), and also of a finite set of square-integrable 
functions (xnl which describe the effect of the energetically 
closed channels. Then, by application of a variational 
principle, one determines the expansion coefficients { C,) 
and thereby the set of coupled equations to be solved for 
the unknown radial functions, fa,,g(Ra) and fee, (RJ .  

If, however, the discussion is specialized to the k + H2 
exchange reaction, one may take advantage of the sym- 
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metry of the resulting equations and construct a set of 
decoupled equations for the functions f+(R) and f-(R) 
defined by 

f*(R) = fa+q(R) f fc-q,(R) 

Thus, by addition and subtraction of the coupled equa- 
tions, the following independent integro-differential 
equations are obtained: 
c 

J. E. Adams and W. H. Miller 

where 

+ v- vo(r? - 
V,,,(R,R? = %[ -% h' dRn d' 

aR 
1 

In the above equations H is the total Hamiltonian, V is 
the total potential energy, uo(r) is the asymptotic ground 
vibrational potential function for HP, and eo is the vi- 
brational eigenvalue corresponding to Since the 
correlation functions {xn)  are chosen to have a definite 
parity upon the exchange (ra,Ra) - (r&) and furthermore 
since the matrix M does not contain matrix elements which 
connect states of differing parity, the summation in eq 2.1 
retains only the correlation terms of + or - parity. 

Inasmuch as the term which describes the closed- 
channel effects is explicitly separable and hence is in- 
herently easier to handle, we shall restrict our discussion 
which follows to a consideration of the nature of the 
open-channel exchange effect. Thus, instead of examining 
eq 2.1 as a whole, our study is based on the equation 

f L z  d2 + Vo(R) - E, f*(R) = [ -Gs I 
which includes only the energetically open channels. 

111. Treatment of the Exchange Kernel 
a. Iterative Solution. As has been previously indicated,' 

there is an obvious analogy between these scattering 
equations and the conventional Hartree-Fock expansions 
of electronic structure theory. One is tempted, therefore, 
to try to solve the equations via an iteration scheme 
analogous to an SCF calculation: 

where n counts the iterations. 

differential equation, i.e. 
If fo(R) is the regular solution of the homogeneous 

h2 d2 + Vo(R) - E o  fo(R) = 0 (3.2) 

then the iterative process is begun by taking f*(O)(R) fo(R), 
substituting the zeroth order solution into the right-hand 
side of eq 3.1, integrating this inhomogeneous equation to 
determine f*(l)(R), then repeating the cycle until f,(")(R) 
= f*("-l)(R) to the accuracy desired. Note also that such 
an operation is equivalent to summing a Born ~ e r i e s ; ~  for 
example, a single iteration yields the solution obtained via 
the usual distorted-wave Born approximation. 

The difficulty with such an approach lies, of course, in 
the convergence properties of eq 3.1. To get an idea of the 
conditions under which a solution may be obtained by 
iteration, consider a simple separable approximation to the 
exchange kernel 

where g(R) might, for example, be a Gaussian centered 
about the maximum of Vex. For this case, eq 2.2 then 
reduces to 

Vex(R,R? = A g(R) g(R? 

c - 
h2 d2 + Vo(R) - E o  f,(R) = r A  g(R)(glf,) (3.3) J 

which is known to be solvable in a closed form 

f*(R) = fo(R) f Gog.A(glfo)(l A(glGolg))-' 
where Go is the Green's function corresponding to eq 3.2. 
Once the solution is in this form, one can identify the 
convergence criterion by noting that the second term on 
the right has the form of the sum of a geometric series, for 
which the convergence properties are well known.5 Thus 
one sees that an iterative solution will be obtainable if and 
only if 

IA(glGolg)l < 1 (3.4) 

Unfortunately, our calculations have shown that eq 3.4 
will not generally be satisfied for realistic fits of the se- 
parable form to the actual V,,(R,R? at collision energies 
for which the reaction probabilities are nonnegligible. 
Consequently, one finds that inclusion of the rearrange- 
ment effects produces a significant additional phase shift, 
making fo(R) a poor approximation to f,(R). The higher 
terms in the Born series will, therefore, make a significant 
contribution to the scattering, so that a distorted-wave 
Born approximation is clearly insufficient. 

One also notices that the analogy between this devel- 
opment and Hartree-Fock theory is not as close as might 
be hoped. In practice the exchange kernel, although 
manifestly nonlocal, is confined to a relatively small region 
of space (R,R'= [1,5] bohr radius) and as such does not 
produce the average potential field which is characteristic 
of electron exchange. Therefore one should not be too 
surprised that an SCF-like approach to equations de- 
scribing molecular rearrangement is not particularly 
successful. 

b. Separable Expansion of Vex. Garrett and Miller,l 
in the initial complete application of the exchange kernel 
formalism, made a separable approximation to Vex, namely 

Vex(R,R? = Cu,(R)(u,lVexluj)u,(R? (3.5) 
1 , j  

where {u,) is a convenient basis set. Since their calculation 
was converged with respect to an increase in the number 
of basis functions, eq 3.5 represents an essentially exact 
treatment of the direct exchange contribution. In addition, 
the use of a separable expansion greatly facilitates com- 
putation in that all of the inhomogeneous terms in eq 2.1 
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TABLE I: Open-Channel Reaction Probabilities for Collinear H t H, 
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width parameter,b f l z  

{Ui  )cl,b 24.0 20.0 16.0 12.0 7.0 4.0 1.0 

2 
4 
6 
8 

10 
12 
14 
16 
18 
20 

0.0001 
0.00132 
0.2 6 13 
0.1055 
0.1O:Lo 
0.0 96 6 
0.11‘7 6 
0.11 4 0 
0.1 1 3 7 
0.11 3 7 

0.0000 
0.0441 
0.1501 
0.1026 
0.1016 
0.1365 
0.1143 
0.1137 
0.1137 
0.1137 

0.0008 
0.1407 
0.1163 
0.1029 
0.0958 
0.1149 
0.1138 
0.1137 
0.1137 
0.1137 

0.0130 
0.7078 
0.1064 
0.1043 
0.1159 
0.1138 
0.1137 
0.1140 
0.1137 
0.1137 

0.0938 
0.1294 
0.1082 
0.1147 
0.1137 
0.1137 
0.1137 
0.1137 
0.1137 
0.1137 

0.1736 
0.1139 
0.1124 
0.1137 
0.1137 
0.1137 
0.1144 
0.1137 
0.1141 
0.1139 

0.0006 
0.1134 
0.1138 
0.1154 
0.1171 
0.1120 
0.0790 
0.1266 
0.0818 
0.1033 

a The number of functions { u i }  used in the inner projection expansion of eq 3.6. The functions { u i ( R ) }  are given by 
ui(R) = f11’2@i[f l (R - RO)], with R ,  = 2.1a0, where @i(x) are the standard harmonic oscillator eigenfunctions of ref 7 (for 
h =  m =  w = 1). 

are then separable. Consequently one can obtain a solution 
for f,(R) in a closed form. However, as mentioned pre- 
viously, this “outer” expansion of the kernel requires that 
a large number of functions be included if convengence is 
to be achieved, and hence this particular approach would 
likely prove to be unwieldy for systems larger than H + 
H2. 

In order to make these calculations more generally 
applicable, we have investigated a second separable ap- 
proximation, an “inner” expansion defined by 

where denotes the (ij) matrix element of the 
matrix inverse of the matrix ( uil Ve,lu,). Note that now 
the expansion vectors are {Vexuil rather than {uJ, and 
accordingly more knowledge of the exchange is built di- 
rectly into the development. 

To  see the consequences of improving the approximation 
for Vex, consider another very simple model for the ex- 
change 

VeX(R,R? = A6(R - Ro)6(R’- Ro) 

a model which is localized (in the extreme) a t  R = R’ = 
Ro; note that the actual kernel for H + H2 in ref 1 is 
qualitatively of this form. Applying eq 3.5 one obtains the 
outer expansion 

Vex(R,R? = ACu,(R)ui(Ro)uj(R?u,(Ro) 
i ,j 

On the other hand, using the idner expansion, eq 3.6 

A6(R - Ro)6(R’- Ro) 

identically, regardless of the form taken for {ui] or of the 
number of functions used. Clearly, unless a rather large 
number of expansion functions are retained, these two 
expressions will differ significantly. One is therefore 
encouraged that this inner expansion may substantially 
improve the characterization of the kernel and in doing 
so decrease the size of the basis set required for an accurate 
solution. 

IV. Results and Disscussion 
Our calculations of the H + H2 collinear reaction 

probability were performed on the Porter-Karplus6 po- 
tential surface a t  a collision energy of 0.4898 eV. Except 

for the way in which Vex was handled, there was little 
difference between these computations and those previ- 
ously reported,l although we have restricted our present 
study to the direct exchange contribution since the indirect 
exchange via the closed channels already seemed well 
characterized. 

In order to obtain the best separable description of Vex 
while a t  the same time minimizing the number of basis 
functions needed in eq 3.6, a search was made for the 
optimum choice of parameters for the {uJ. These functions, 
taken to be harmonic oscillator wave  function^,^ contain 
two free parameters: the point about which the functions 
are centered, Ro, and a quantity related inversely to the 
“width” of the functions, 0. The results of this search are 
shown in Table I, where we list the open-channel reaction 
probability for various values of p2; in all cases Ro was 
chosen to be the point a t  which the exchange kernel has 
a maximum. It is evident that the number of functions 
required for a converged expansion is strongly dependent 
upon the choice for 0. In contrast, calculations using the 
outer expansion show convergence which is virtually in- 
dependent of the function width. This difference in the 
behavior of the two descriptions suggests that whereas the 
outer expansion is sufficiently poor that many basis 
functions must be included regardless of the details of the 
functional forms, the inner expansion, by providing more 
flexibility in fitting a specific form of the exchange kernel, 
requires that the basis functions be “tuned” in order that 
the f i t  be optimized. Thus, for large values of p, one is 
obliged to use many functions just to span the coordinate 
space over which the rearrangement is most likely to occur 
simply because the spanning functions are themselves too 
localized. On the other hand, for very small p, the 
functions become so spread out that they have a sub- 
stantial amplitude in the region of the repulsive wall of 
the potential, a region which is poorly described in general. 
Therefore one expects the optimum choice for to appear 
in an intermediate region, this expectation being borne out 
by the tabulated results. 

The primary point of this paper, as seen in Table I, is 
that the inner expansion provides a much more efficient 
representation of the exchange kernel. For the optimum 
choice of P, for example, a converged reaction probability 
accurate to three significant figures is obtained with only 
8 basis functions via the inner expansion, whereas 25 basis 
functions are required to achieve this accuracy with the 
outer expansion. 

Overall this improved expansion of the exchange kernel 
provides a significant reduction in the magnitude of the 
computational problem which is associated with Miller’s 
reactive scattering formalism. Such a reduction, hopefully, 
has made the extension of this method to higher di- 
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mensions or to more chemically interesting collision 
partners much more feasible. 
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Rather than viewing semiempirical a-electron theories in terms of a parametrized Hartree-Fock level theory, 
or in terms of valence space matrix elements of an effective many-electron a Hamiltonian, we consider a 
Huckel-like theory arising in the context of the theory of the one-electron field theoretic Green’s function. The 
one-electron Green’s function allows exact evaluation of many of the electronic properties of a molecular species 
and its neighboring positive and negative ions. Among these are the ionization potential, electron affinity, 
first-order reduced density matrix, total electronic energy, and the electronic spectra of the neighboring ions. 
As these quantities are given in terms of the one-body operator Z,(E), an orbital-like one-body parametrization 
is easily set up. For planar systems the u and a one-body spaces formally decouple, allowing an exact a-electron 
theory to be developed. Parametrization of polyenes and alternate hydrocarbons is discussed, as are limitations 
on the transferability of parameters. The possibility of expressing the total electronic energy as a sum of 
orbital-like energies is discussed, and it is seen that the Huckel-like parameters must be modified if this is to 
be done in a reasonable manner. 

I. Introduction well for individual properties within classes of similar 
While the Huckel theory may be derived on purely 

heuristic grounds, both it and the more elaborate T -  

electron theories, such as that of Pariser-Parr-Pople (PPP, 
hereafter), are usually discussed in terms of one-electron 
orbital pictures in the SCF approximation, and in terms 
of a static o-a separability assumpti0n.l Parameters in 
these models are often2 obtained by analysis of experi- 
mental data, and thus are presumed to provide more 
information than is contained in the exact solution of the 
Hartree-Fock theoretical framework that generated them. 
For the Huckel model in particular, the origin and in- 
terpretation of this additional information is vague, and 
as a result parameters are dependent on which experi- 
mental data are used to obtain them.l However, these 
semiempirical a-electron models do work extraordinarily 

molecules, and certainly form the basis of much of the 
quantum mechanical intuition of many chemists. One 
would thus like to understand both the origins and suc- 
cesses of these models: within a general theoretical 
framework, so that the nature of the approximations 
involved can be studied and evaluated. 

An approach to this problem is to define an effective a 
Hamiltonian that allows the a electrons to correlate with 
one another explicitly, and with the o-core implicitly. 
Linderberg and Ohm3 have given a derivation of a 
PPP-like 7r Hamiltonian starting from the full, second 
quantized Hamiltonian, and following the Lykos-Parr4 
analysis of U-T separability, obtaining an approximate 
effective x Hamiltonian. H a r r i ~ , ~  again within the 
framework of second quantization, has derived a more 
general effective a Hamiltonian, showing how approximate 
core polarization and seli-consistent screening may be built 
into the model. Terms that allow for ‘‘nOnconSerVation’’ 
of x electrons are omitted. Freed,6 Westhaus et Iwata 
and Freed,* and others; have carried this one step further. 
Using a cluster ana1ysis,l0 these authors have obtained an 
effective a Hamiltonian and ab initio values of the ‘‘true” 
semiempirical parameters. This work has recently been 

(Based in part on J. D. Doll, Thesis, Harvard University, Cambridge, 
Mass., 1971 (unpublished). 
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