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The energy and lifetimes of metastable states (equivalently, the positions and widths of scattering resonances) arc deter- 
mined by the complex poles of the S-matrix, the Sicgert eigenvalues. A variational, basis s%t method proposed by Bardslcy 
and Junker for calculating these complex eigenvalues has been applied to several examples - a cnedimensionalpotential 
resonance and several autoionizii states of He and H- -with encouraging results. The method is seen to converge to the 
correct results as the basis set is increased, and the convergence is seen to be well-behaved. It is also significant that results 
of useful accuracy (e.g., lifetimes to = 10% accuracy) can be obtained with reasonably modest basis sets (= 10 conf@ra- 
tions for He, H-), of a quality that is attainable for systems with more than two electrons. 

I. Introduction 

The ability to compute the energies and lifetimes of 
autoionizing electronic states is an important step in 
describing a number of physical phenomena. Collisional 
ionization and detachment processes, for example, 

A*+-B+A+B++e-, (l-la) 

A+B-+A+B+e-, (l.lb) 

can be described to a very good approximation within 
a Born-Oppenheimer framework. The pciture is that 
atoms (or moiecules) A and B move infmitesimally~ 
slo~$y compared to motion of the electrons and that 
at each interatomic distance’ the electronic state of the 
system, A* - B say, finds itself embedded in a contin- 
uum of electronic states of the type A - B+ + e- to 
which it can autoionize. To describe these processes 
from first principles it is thus necessary to be able to 
compute, for fxed nuclear configurations, both the 
electronic energy of the system and its rate of auto- 
ionization:There is also interest in determining the en- 
ergy and lifetimes of autoionizing states of isolated 
atoms and molecules. 

Most calculations to date for the energies and life- 
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times of autoionizing states have employed various ver- 
sions of the Feshbach projection operator formalism, 
see for example ref. [I] . Very accurate results have 
been obtained, for example, using this approach for 
two electron atoms/ions. For more complicated atomic 
and molecular systems, however, it has only been prac- 
tical to employ an approximate version of this method, 
and difficulties then arise, particularly with iegard to 
determining the autoionizing rate (or width) of the 
metastable state. One difficulty has to do with the am- 
biguity of how the projection operators are defied, 
and another with the approximate golden rule expres- 
sion for the width. The golden rule expression, for ex- 
ample, usually neglects non-resonant scattering proces- 
ses, and it is very difficult to go beyond the lowest order 
theory and incorporate these effects without effectively 
solving the complete quantum mechanical scattering 
problem. 

There has thus been considerable interest recently 
in developing “direct” methods for determining the 
energy and lifetime of metastable states (equivalently, 
the energies and widths of scattering resonances). These 
“direct” methods aim at calculating the complex pole 
of the Greens function, or equivalently, of the S-mat+, 
the real part of which is identified as the energy of the 
metastable state and the imaginary part as its width. 
The character of these “direct” methods is that they do 
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not require that the hamiltonian be partitioned so as 
to identify the (iV - I) electron fragment, i.e., no pro- 
jection operators of the Feshbach variety need be in- 
troduced. Also the width of the state is given directly 
as the imaginary part of the complex energy and thus 
involvesnone of the approximations inherent in golden 
rule expressions. 

One such “direct” approach, the method of rotated 
coordinates, has been used successfully for obtaining 
resonance energies and lifetimes for atomic systems 
[2] _ This approach is particularly well suited to prob- 
lems with spherical symmetry, although some compu- 
tational problems have been discovered for more than 
two-electron systems [3] _ It is also not clear how useful 
it will be for non-spherically symmetric systems, i.e., 
molecules. 

Another “direct” approach, the one which is the 
focus of attention in this paper, is a variational calcula- 
tion of the Siegert eigenvalues of the system [4-61. 
As will be described and illustrated with several exam- 
ples, this approach has a number of desirable features 
that makes it a good candidate for being successfully 
applied to non-trivial examples: (1) the calculation re- 
quires little more than standard quantum chemistry 
technology; (2) thi complex eigenvalue obtained ap- 
pears to be completely stable with respect to increasing 
the size of the basis set (i.e., bigger is better); and (3) 
there are no approximations - such as neglect of non- 
resonant phase shifts, the assumption of resonance in 
a single partial wave, etc., -which are involved: 

This -&ational calculation of Siegert eigenvalues 
has been proposed earlier by Bardsley and Junker [5] 
and applied by them to the 2s2 metastable state of H- 
and by Bain et al. [6] to a model one-dimensional 
problem and to the lowest 2S resonance of He-. Where- 
as their conclusions on this work were somewhat pes- 
simistic about the applicability of the approach to 
more complex electronic systems, the results we have 
obtained (vide infra) for similar problems are qiute 
encouraging, and this is the main point of this paper. 

Section 2 summarizes the basic ideas of the Siegert 
eigenvalue approach and describes the results of the 
application to a one-dimensional potential resonance. 
Here the interest is in showing that the method con-_ 
verges to the correct result as the size of the basis set 
is increased and also that this convergence is stable, i.e., 
that the result does not deviate from the correct value 
as the basis set is made exceed~~?gly large. Applications 

to some of the well-known a&ionizing states of He 
and H- are described in section 3, and there the interest 
is in &owing that results of accep’table accuracy can be 
obtained with quitemodest variational functions, of a 
quality that one can expect to. attain for molecular elec- 
tronic systems. Section 4 summarizes our conclusions. 

2. Basis set calcuIation of Siegert eigenvalues 

To illustrate the idea of Siegert eigenvahres and the 
variational procedure proposed by Bardsley and Junker 
[5] for calculating them, consider s-wave scattering by 
a potential V(r), for which the Schriidlnger equation is 
(withtz=m=l) 

[- fd’/dr’ + V(r) - $1 Jl,$-) = 0. (2.1) 

The usual scattering boundary condition is that $&-) 
is regular at the origin and for large r has the asymptotic 
form 

tik(r) rr -eeikr f eifir S(k), (2 -2) 

S(k) being the S-matrix, a number of unit modulus for 
real k. One then looks for complex values of k for which 
S(k) has a pole; such an energy E = $c2, a pole of the 
S-matrix, is also a pole of the analytically continued 
Green’s function, and its real part is the energy of the 
metastable state and its imaginary part gives its width 
I?: 

ER =peE, (2.3a) 

I’=-2 ImE. (2.3b) 

From eq. (2.2) one sees that for the particular values 
of k for which S(k) have a pole the asymptotic boundary 
condition for $k(r) is 

G,(r) N-constant X e*, (2.4) 

and this is taken as the boundary condition that defmes 
the Siegert eigenvalues $. One thus looks for a solution 
of the Schriidinger equation that is regular at the origin 
and has only outgoing radial waves for large r. 

Proceeding in the spirit of the-Raleigh-Ritz varia- 
tional:method, one chooses a variational trial function 
ilrt of tire form which+nposes these boundary condi- 
tions: 

g Footnote, see next page. 
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(2.5) 

and the coefficients {c,}, n = 0, . . _,N are determined 
by making the functional Z[$t!, 

ZW,] .= i dr tit(r) 
0 

X [-id”@ + I+-) - ;k2] G,(r), (2.6) 

an extremum. The basis functions {I&,}, n = OJ, _ _ _, 
N - 1 in eq. (2.5) are normal square-integrable func- 
tions that vanish exponentially, say, for larger (e.g., 
Slater orbitals), while O(r) is a function chosen to im- 
pose the boundary condition at large r: 

0(r) = il - e-‘) eikr_ (2.7) 

Varying the coefficients {c,) to extremize the functional 
leads in the standard way to the following secular equa- 
tion for the Siegert eigenvalues 

deWnB,,(k)l = 0, 

n,n’=O,l,... N. (2.8) 

The matrix4$, .(k) is the matrix on (ZZ - $L?) over 
the basis set (inbluding the basis function 0); it is a 
complex symmetric matrix.M,. .(k) depends on k not 
only because it is the matrix of (ZZ - $k2), but also 
because the basis function 0(r) depends on k [cf. eq. 

0.7)1. 
A few practical comments on solving eq. (2.8) for 

the Siegert eigenvalue are in order. 
(1) Given a value fork, the matrix ZZ,, ,(A-) of the 

hamiltonian is constructed and its eigenv&es found. 
One of the eigenvalues,Ei(k) say, is identified as the 

$ This discussion is puly heuristic; the r&orous definition of 
Siegert eigenvzlues (cf. ref. [4]) ismade by invoka the 
boundary condition Q’(R) - ik I)(R) = 0 at thefinfre dis- 
tance r = R, beyond which the potential is required to vanish. 
Problems of physical interest have i&mite range potentials, 
however, and one wishes to avoid introducing arbitrary cut- 
offs and matching surfaces. This approach of Bardsley and 
Junker Seems to be the natural extension of the Siegert idea 
to Xmite range potentials even though not mathematically 
rigorous. We have observed no numericalpathology in the 
method to suggest that this lack of rigor is of any practical 
consequence. 

one of interest, and one must fiid the (complex) value 
of k such that 

E&k) = ;k* . (2.9) 

A straightforward Newton-secant iteration is able to 
fmd the root of eq. (2.9) in only a few iterations. (Note: 
If one writes eq. (2.9) in the form k = [2Ei(k)] II2 and 
uses the iteration kl+l = [2Ei(kl)] 112, 2 = 0,1,2, . . ., 
convergence is not guaranteed; for the example dis- 
cussed below, in fact, it diverges for some basis sets.) 

(2) The reader will note that the matrix eIements 
ZZ, , .(k) with N or II’ = N will in gener.al exist only if 
Im k > 0; this is because the basis function e(r) is not 
square-integrable otherwise. The value of k which satis- 
fies eq. (2.9), however, has Im k < 0. There are two 
ways one can proceed: (a) If the matrix elements 
Hn, ,,(k) are simple algebraic functions of k, then one 
can’use these same algebraic expressions for Im k < 0. 
For example, the integral 

Z(k) = 1 dr eib, 
0 

(2.10) 

is clearly finite only if Im k > 0, and it then has the 
value 

Z(k) = i/k. (2.11) 

Eq. (2.11) is finite and meaningful, however, also for 
Im k < 0; it is the (unique) analytic continuation of 
Z(k), defined by eq. (2.10) for Im k > 0, to the region 
Im k < 0. In an analogous manner one can obtain 
H,, ,I(k) for all k, and thusEi(k) for all k. (b) If the 
ma&x elementsHn. ,,(k) cannot be evaluated analyti- 
cally - i.e., the inteirals can only be evaluated by nu- 
merical quadrature - then one can compute H,, n(k), 
and thus E&k), only for Im k > 0. Values of E&k) for 
Im k > 0 can be. used, however, to generate a rational 
fraction for Ei(k) which provides the analytic continua- 
tion to the region Im k < 0 where the root of eq. (2.9) 
lies. 

In both methods (a) and (b) above one is analytically 
continuing the eigenvalue Ei(k) to the region Im k < 0, 
and if both methods are appIicable they must be equiv- 
alent. For the example described below ‘hey were both 
tried and did give the same results. If method (a) is ap- 
plicable - i.e., if one has algebraic expressions for the 
matrix elements H,, .(k) - then it is easier to use since 
it allows one to com’pute Ei(k) for Im k < 0 directly. 
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Table 1 
_ - 

Resonance posltmn and width &es 
tial V(r) = 2 lz 

= ER - $ir) for the poten- 
e* from the calculation discussed in section 2. 

N is the number of square-b&grabble basis functions (cf. eq. 
(2.13). with & = 2) used in the espansion of the wavefunction 
[cf. eq. (ES)] 

____ 
-N ER I? 

5 3.40822 0.004812 

10 3.42706 0.022380 

15 3.42641 0.025596 

20 3.42641 0.025591 

25 3.42638 0.025586 

30 3.42638 0.025553 

35 3.42639 0.025548 

40 3.42639 0.025548 

45 3.42639 0.025549 

50 3.42639 0.025549 

60 3.42639 0.025549 

70 3.42639 0.025549 

As an example, we have applied this procedure to 
the potential 

V(r) = V r* e+ 0 ’ (2.12) 

which was considered by Bain et al. [6] . Their “meth- 
od B” should be equivalent to the calculation we have 
described, but these authors found that their calcula- 
tion did not appear to converge to the correct complex 
eigenvalue with increasing size of basis set, and they 
were unable to explain this behavior_ We observed no 
such lack of convergence_ 

Table 1 shows our results for the complex eigen- 
value (for V. = 7.5) as a function of the size of the 
basis set, which was chosen as 

~q&(r) =cY~J”[(u + I)@ + 2)]-‘J2 

X r t~$w-) e-l*, (2.13) 

n=O,..., N - 1, where Lf) is the generalized Laguerre 
polynomial [7] t together with 0(r) given by eq. (2.7). 

i For these basis functions the kinetic energy matrix ekments 
can be evaluated analytically, and all other integrals may be* 
evaluated by stable recursion formulas or related to fiiite 
hypergeometric series with all positive terms which can be 
summed without round-off error. 

The real and imaginary parts of the Siegert eigenvalue 
are seen to converge to the exact value quoted in ref. 
[6] as the size of the basis set is increased. One also 
sees that this convergence is stable; i.e., the complex 
eigenvalue does not diverge from the correct value as 
the basis is increased far beyond that necessary for 
practical convergence_ Similar behavior was seen for 
other values of V. for which the resonance was both 
very narrow and very broad. 

Although there may still be unanswered mathema- 
tical questions about the nature of the convergence of 
such a calculation, our experience is that it is a very 
stable, well-behaved procedure. 

In concluding this section we note the minor modi- 
fication that is necessary to the above formulation if 
the outgoing particle expehences an attractive Coulomb 
potential, as for the case of autoionization of a neutral 
species. Eq. (2.4) is modified to be the asymptotic form 
of an outgoing Coulomb wave, (see, for example, ref. 

PI 1, 
f$&) c exp c[kr f k-’ h-@r)] ), 

a: j/k eikr (2.14) 

One thus simply replaces 0 (r) of eq. (2.7) by 

e(r) = (1 _ e-r>2 +Jk e& (2.15) 

for the case of s-waves. (The extra power of the cut-off 
function [l - exp(-r)] is required to insure that e(r) 
+ 0 as r + 0 at least as fast as r.) It is convenient that 
B(r) still has the form of a sum of Slater orbitals so that 
in atomic problems one can use standard integral for- 
mulae developed for such basis sets. 

3. Calculation of atomic resonances and results 

This section presents the results for the 2 ‘S reso- 
nance in H- and the 2 ‘S and 2 ‘P autoionizing states 
of helium. The trial function in all three cases is a linear 
combination of two-electron singlet configurations, 
4, of the form 

- MUP(2) -P(l) N2)] I (3.1) 

where $J is a one-electron orbital, and a! and p are spin 
functions. The bound one-electron orbitals are simple 
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normalized Siater functions 

Gj(r) =N, r”-’ em;’ YI,.(F) , (3.2) 

with the exception that the 2s orbital is a linear com- 
bination of two Slater functions which reproduces the 
hydrogenic 2s orbital. The exact form of the Siegert 
orbital depends on the resonance under consideration. 
The following forms were used: 

for H-(2 ’ S): 

0(f) = (e”/r) (1 - e’) Yoo(f), 

for He(2 ‘S): 

(3.3) 

0(r) =(Jkeik’/r)(l - e-‘)2 YOO(q, 

for He(2 ‘P): 

(3 -4) 

e(r) =(Geikr/r)(l - e-r)3 Y,,(~. (3.5) 

The “cut-off function” , [l - exp(-r)] , insures that 
the Siegert orbital limits properly both as r + 0 and as 
r+ 00. Only one configuration involving the Siegert or- 
bital was employed, i.e., the configuration correspond- 
ing to a combination of the Siegert orbital with the 
ground state of the remaining one-electron target 
[H(k) or He+(k)] _ 

Using this configurational basis, the variational cal- 
culation to fmd the resonant eigenvalue Ej(k) was per- 
formed using a modification of the atomic configura- 
tion interaction program written by Schaefer 8. Eq. 
(2.9) was then solved by a Newton-secant iteration. At 
first, Ej(k) was computed directly for each iteration 
of the search. Later, the calculation was modified so 

* H.F. Schaefer, Ph.D. Thesis, Stanford University, 1969. 

Table 2 
Accurate atomic calculations 

as to compute Ej(k) at a small number of real k points 

in the region of the correct resonance momentum. The 
resulting set of eigenvalues was then fit to a low order 
rational fraction, which was then continued to find the 
solution to eq. (2.9). This procedure resulted in a sig- 
nificant savings in time with no apparent loss of accuracy_ 

As a test of both the method and the computation, 
large scale calculations were performed on the three 
atomic resonances listed above. The basis sets and re- 
sults for these calculations are given in table 2, where 
the results are also compared to reliable ones obtained 
from projection operator techniques. In general, the 
agreement is quite good in both the positions and the 
widths. The small discrepancy in the position of 
He(2 *P) resonance is probably due to residual corre- _* 
lational effects not handled by the basis set. It can also 
be noted that the disagreement in the width is larger 
for the Coulomb resonances than for the plane-wave 
case. This may indicate that the method depends on 
how rapidly the eigenfunction reaches its asymptotic 

form. 
Since basis sets large enough to be of comparable 

accuracy for systems with more than two electrons are 

not feasible, we next studied the accuracy of results 
from small basis sets. The results for the best choices 

of small basis sets are presented in table 3, along with 
the large scale results for comparison. For the S reso- 
nances, the positions are quite stable even down to 5 
configurations, while the widths remain within 10% of 
the accurate value down to 12 configurations. For the 
P resonance, removal of d functions causes a sharp change 
in the position, due to the loss of p-d correlation. Ex- 
cept for this (constant) correlation, the position is again 
stable down to 5 configurations, and the width also 

System Basis Best result Comparison value 

-f& (au) r @V) ER (au) r WV 

H-(2 ‘S) 1 ls4p3d/72 confgs. -0.14876 0.0469 -0.14878 a) 0.0472 a) 

He(2 ‘S) lOsSp3d/67 conf%s. -0.77767 0.126 -0.77804 b, 0.125 b) 

He(2 ‘P) 6s9p3dlf/76 coat&s. -0.69181 0.0403 -0.69316 ‘1 0.037 c) 

a) Ref. [9]. b, Ref. [lo]. c) Ref. [ll]. 
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iable 3 
Small basis atomic dcuhtions 

System 

H-(2 IS) 

He(2 ’ S) 

Basis 

72 configs. 

Is-6s,Zp/23 confis. 

ls-ss,2p/17 confiis. 

ls-4s,2p/12 confgs. 

ls-3s/2p/8 confgs. 

ls-2s,2p/5 confgs. 

67 confgs. 

ls,2s + 1s’ - 6s’,2p/38 configs. 

ls,2s + lb - Ss’,2p/30 configs. 
lS,2S + Is’ - 4s’,2p/23 confgs. 

Is&.+ 1s’ - 3s’,2p/17 configs. 

152s + 1s’ - 2s’,2p/12 confgs. 

ls,2s + ls’,2p/8 confgs. 

Is,2s,2p/5 confgs. 

ER (au) r (eV) 

-0.14876 010469 

-0.14177 0.0522 

-0.14776 0.0528 

-0.14598 0.0493 

-0.14551 0.0542 

-0.14315 0.035 1 

-0.71767 0.126 

-0.11644 0.151 

-0.77642 0.151 
-0.77639 0.151 

-0.77635 0.150 

-0.77621 0.149 

-0.77348 0.143 

-0.71443 0.188 

He(2 ‘P) 76 confgs. -0.69181 0.0403 

1s,2s,2p f 2p’ - 6p’/8 confgs. -0.65833 0.0337 

1s,zs,2p f 2p’ - 5p’/7 confgs. -0.65833 0.0333 

ls,2s,2p + 2p’,4p’/6 conf%s. -0.65834 0.0332 

Is,2s,2p + 2p’ - 3p’/5 confgs. -0.65833 0.0341 

ls,2s,2p f 2p’/4 confgs. -0.65635 0.0894 

remains within 20% of the accurate value down to 5 
configurations. These results suggest that this method 
can be practically applied to larger systems while still 
maintaining a useful degree of accuracy_ 

Some comments on the choices of bound basis sets 
giving the best small-scale results are in order. For the 
H-(2 IS) resonance, reasonable results were obtained 
by including just the 2s2 and 2p2 configurations needed 
to describe the bound state, along with a series of IWS 
configurations, where ns represents a diffuse Rydberg- 
Iie orbital (n = 3,4,5,6). The configurations involving 
the diffuse orbitafs seem to be necessary to represent 
the background continuum_ However, in order to ob- 
tam the good results for the width presented in table 
3, it was also found necessary to include ah s-s pairs, 
i.e., to perform a full CI, among the bound s orbitals. 
This procedure probably corrects, to some extent, for 
the limited choice of s functions_ For the He(2 IS) re- 
sonance, good small-scale results were obtained only 

when the orbital basis used for H-was augmented with 
diffuse 1s and 2s functions. This is probably due to the 
increased nuclear charge of helium_ Again, a full CI 
among the s orbitals was required_ For the He(2 ‘P) 
resonance, just the 2s2p configuration was used to de- 
scribe the bound state, augmented by a series of lsnp 
configurations to represent the background continuum. 
J.n this case a full CI among all s-p type configurations 
was not required. 

4. Concluding remarks 

The variational calculation of Siegert eigenvalues ap- 
pears to be a practical approach to determining the en- 
ergies and lifetimes of autoionizing electronic states. 
The examples in the previous section show that useful 
results can be obtained in those cases with quite modest 
basis sets (% 10 configurations or less). 
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The advantages of this approach are than (1) it is 
‘direct”, involving no extraneous approximations; 
within the limits of the basis set it is exact. (2) It ap- 
pears to be completely stable with respect to increasing 
the size of the basis set. It requires no “stabilization” 
arguments [ 121 and is free from the ambiguity in the 
coordinate rotation method of having to look for “sta- 
bility” with respect to the angle of rotation. (3) The 
computational technology is that of conventional 
quantum chemistry. The only added complication is 
having to include the “Siegert orbital” 0(r) in the basis 
set. 

Work is in progress applying this approach to mo- 
lecular autoionizing systems. 
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