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We have derived a time-independent, one-dimensional nonlinear Schrodinger equation for the 
stationary state configurations of supercoiled DNA. The effect of DNA self-contact has been 
included analytically. For the cases of non-self-contact and periodic boundary conditions, 
closed-form solutions have been obtained which describe the stationary state configurations of 
supercoiled DNA. 

I. INTRODUCTION 

The mathematics of elastic rods has been studied for 
over two centuries since the days of Daniel Bernoulli and 
Euler in the 1730’s.’ In 1859 Kirchhoff discovered that the 
equations that describe the thin elastic rod in equilibrium are 
mathematically identical to those used to describe the dy- 
namics of the heavy top.2 The problem of the heavy symmet- 
ric top (now known as the Lagrange top) was solved exactly 
by Lagrange in 1788.3 

Although it was very successful, Kirchhoff’s analogy 
only solved the initial value problem of the thin symmetric 
rod in equilibrium, but not the boundary value problem 
where the Cartesian coordinates are specified at both ends 
and the direction of the force in the rod is unknown. Besides 
the boundary value problem, stability and bifurcation prob- 
lems have been and continue to be of considerable interest to 
many people. The literature of elasticity theory has also 
moved on to more sophisticated integrable (or nonintegrable) 
models that describe effects of shear and compression as 
well as bend and twist etc.4 

Because the thin elastic rod is often used as a model for 
the DNA molecule, there has been a recent resurgence of 
interest in applying the theory for the Kirchhoff elastic rod to 
the phenomenon of DNA supercoiling.5*6T7,8*9*‘o In particular, 
the mathematics of closed DNA molecules with a linking 
number deficit or excess, ALk, has become important. Ac- 
cording to the rules of topology, such a linking number defi- 
cit or excess must manifest itself as a combination of writhe 
of the axis of the DNA duplex helix as a space curve, Wr, 
and twist excess or deficit of the DNA duplex helix, ATw. In 
viva, DNA is always found with an average linking number 
deficit of -0.05 turns per turn of DNA duplex helix. This 
linking number deficit is very important in reducing the num- 
ber of configurational states allowed to DNA in nature, re- 
sulting in a substantial reduction of the volume occupied by 
the genetic carrier in vivo. 8(b) The low entropic state is nev- 
ertheless capable of conformational transitions which are 
suspected of being important in gene regulation and cell 
cycle dynamics. It is thus essential that an appropriate math- 
ematics be developed to model the high linking number deli- 
tit states of DNA. 

A variety of techniques has been used to model these 
systems, including Monte Carlo calculations,” finite element 
analysis, 9(a), 9(b) Euler angle method. 5-7 The former two, 

while providing numerical solutions, lack parametric closed 
solutions for most of the interesting physical properties. 
Little physical insight and expendability are provided by 
these techniques. 

Euler angle method provides a method for writing down 
differential equations describing such systems. These equa- 
tions are usually highly nonlinear, in terms of Euler angles 
[&s), &(s), &(s)], and thus closed solutions to these equa- 
tions have been elusive. In this manuscript, we demonstrate 
that focusing on curvature K(S) and geometric torsion 7(s), 
as opposed to focusing on the Euler angles [0(s), $(<s), 
&(s)], leads to well known differential equations with known 
solutions for the simplest cases. It is likely that this insight 
will provide a path to the solutions of the more difficult 
problems as well. 

Organization and scope. In Sec. II we begin with a brief 
classical overview of the equilibrium equations of a thin 
elastic rod in a stationary state. We also discuss the two 
approaches that can be used in solving the equilibrium equa- 
tions; the conventional Euler angle approach and the 
curvature-torsion approach. 

In Sec. III we present a derivation of the time- 
independent one-dimensional nonlinear Schriidinger equa- 
tion which can be used to describe the stationary states of the 
supercoiled DNA. The DNA self-contact effect has been in- 
cluded analytically by introducing an extra potential term in 
the equation. 

In Sec. IV we present the closed-form solutions of the 
coordinates of DNA in cylindrical coordinates for the cases 
of non-self-contact. The methods described in Sec. IV also 
provide the closed-form expressions for the configurational 
energies, UBend and UTwist. The more complex cases of 
chains with self-contact will be considered in a future manu- 
script. 

In Sec. V we limit ourselves to the case of toroidal he- 
lices where the closed DNA wraps periodically around a 
torus (doughnut). We also obtain the closed mathematical 
expressions for the writhe number Wr and twist number Tw 
of the toroidal helix. Other special solutions of Sec. IV, e.g., 
the helix-on-a-linear-helix, and the knotted toroidal helix, 
will be considered in manuscripts which will follow this 
work shortly. 
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II. STRATEGY FOR SOLVING THE EQUILIBRIUM 
EQUATIONS 

A. Equilibrium equations 

We treat the DNA duplex as an inextensible and unshear- 
able thin elastic rod with circular cross section, characterized 
by a twist constant, C, a bending constant, A, and a radius of 
cross section, rDNA . Here and elsewhere in this manuscript 
“DNA” and “rod” have the same meaning, as do “centerline 
of the rod” and “axis of DNA.” 

At each point s on the centerline, R(s), of the thin rod, a 
localized Cartesian coordinate frame (rod frame) [e,(s), 
e2( s). e,(s)] is affixed with e,(s) = t(s) (the unit tangent vec- 
tor) and with e,(s) and e2(s) in the directions of principal 
axes of inertia of its cross section. The variable, s, is a con- 
tour parameter analogous to time for the Lagrange (heavy 
symmetric) top. The localized coordinate frame at s+As is 
obtained by an infinitesimal rotation A0 of the coordinate 
frame at s. The deformed state of the axis of the thin rod is 
determined by the curvature vector a(s) = (0, ,02 ,os) 
= lim ( ABlAs), which is analogous to the angular velocity 

h-10 

of the Lagrange top. 
At a given position (say, s=so) along the centerline, 

there is a cross section upon which internal forces are ex- 
erted. One side of the cross section (s<so) acts on the other 
side (s>so) and vice versa. The internal forces are resolvable 
into a force F(s,) and a torque M(s,). At each cross section 
such a force and torque may be found, giving rise to func- 
tions F(s) and M(s) describing a system of stresses on the 
rod. The force, F, is analogous to gravity in the Lagrange top 
problem, whereas the torque, M, is analogous to the angular 
momentum. For a recent complete comparison of the thin 
elastic rod and the Lagrange top, see Table I of Ref. 5(a). 

If F’e’(.~) and M”‘(s) are the externally applied force 
and torque per unit length, then the stationary state condi- 
tions, in the body j?xed frame (or rod frame or material 
frame), are’ ’ 

~(.~)+L~)(s)xF(s)+F(C)(S)=~, (2.la) 

ti(s)+o(s)XM(s)+t(s)XF(s)+M(e)(s)=O, (2.lb) 

where dot means the derivative with respect to contour pa- 
rameter s and t(s) is a unit vector along the centerline. The 
case [F.F”‘,M’e’]=(O,O,O) is analogous to that of a freely 
spinning top. 

Since the force, F, will be shown to directly relate to the 
change of curvature and (geometric) torsion but not to the 
Cartesian coordinates {x,y,z} of the centerline of the rod in 
the space-fixed frame (or lab frame, or inertial frame), F=O 
can be used to describe the centerline of the rod of uniform 
curvature and zero torsion such as a closed circle in the x-y 
plane. F=O can also be used to describe the centerline of the 
rod of uniform curvature and nonzero constant torsion such 
as a linear helix, where the nonzero constant torsion gives 
rise to the linear translation of the centerline of the rod in the 
: direction. We should point out that not all circle and linear 
helix solutions are corresponding to F=O. In Appendix A we 
shall analyze the solutions of constant curvature and constant 
torsion and nonzero twist that associate with FfO. 

For small deformations local of the thin rod, the torque 
M(s) is related to the curvature vector U(S) by linear con- 
stitutive relation (Hooke’s law), 

M(s)=L[+)-do)] , (2.2) 
where I denotes the stiffness tensor of the thin rod and is 
diagonal in the rod frame, namely, I=Ae,e,+Ae2e2+Ce3e3. 
The ~(‘)=w$‘)es is the intrinsic constant curvature vector ex- 
pressed in the rod frame. In other words, the relaxed state of 
DNA is assumed to be straight but is twisted by ~5”’ radian 
per unit length. (The DNA duplex helix contains 10.4 base 
pairs per turn for which 0$‘)=0.178 rad/nm.) 

B. The choice between two approaches: Euler angles 
vs curvature and torsion 

In the absence of an intrinsic constant curvature and ex- 
ternal force and torque, i.e. [c~)‘~),F(~‘(s),M(~‘(s)]=(O,O,O), 
system (2.1) is dynamically equivalent, by Kirchhoff kine- 
matic analog,’ to that describing the motion of a Lagrange 
top.3 The conventional method for solving these equations is 
(1) to express the curvature vector (o,,(L)~,o~) in terms of 
three Euler angles (13,4,@) with respect to the laboratory 
frame; (2) to construct a Lagrangian, Z, and find two con: 
stants of motion (conjugate momenta) by noting that angles 
(A$) are cyclic coordinates (that is, they occur only in their 
derivatives with respect to the contour distance, s); (3) to 
solve for {$,$} in terms of {&,cos 13) from the two constants 
of motion and substitute them into the third integral of mo- 
tion (constant energy), obtaining an equation which involves 
{b,cos 19) only; (4) to solve that equation for u =cos 0 as a 
function of the contour length parameter, s, in terms of el- 
liptical functions and then solve for angles (+,$) in terms 
of U=COS 8; (5) to determine the laboratory position 
of the DNA axis by quadratures; namely, 
X(S)=Js)sin B(s)cos &(s)ds, y(s)=Jhsin 8(s)sin &(s)ds, 
and z(s)=J$os B(s)ds. 

This procedure has been extensively studied by 
Benham’, LeBret,6 and Wadati and Ts~ru.~(~)~~(~). The disad- 
vantage of this conventional approach is that it is very hard 
in general to get analytical expressions for the Cartesian co- 
ordinates [x(s),y(s),z(s)]. Thus it is even harder to relate 
the parameters, which determine the shape of the centerline 
of the rod, to known physical quantities, such as the total 
length L, the bending constant A, the twist constant C, and 
the linking number difference ALk if the rod is closed. In 
addition, this treatment cannot be applied to another class of 
DNA supercoiled structures which involve self-contact and 
which are typified by the plectonemic (interwound) confor- 
mation. Although they have been analyzed by numerical 
simulations, these conformations are very difficult to treat 
analytically. 

In this paper we approach this problem from a different 
direction. There is a fundamental theorem for space curve in 
differential geometry: I2 

A three-dimensional space curve is determined (up to a 
rigid body motion in space) by its curvature K(S) and torsion 
7(s). 

For a thin rod the curvature and torsion of its centerline 
are given byI 
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K(S)= It(s)/ = [64(S)] 2 +[Wz(S)1 2 >o, (2.3a) 83=0, (3.30 

where the quantity X is defined as A= (C/A) = ( I/ 1 + a’), 
and where cr’ is the “Poisson’s ratio” for the DNA molecule. 

(2.3b) 
where n(s) is the unit principal normal vector at s. Therefore 
if we find solutions of w(s)=[w~(s),w2(s),og(s)] as func- 
tions of the contour parameter, s, the centerline is deter- 
mined. The advantage of our approach is that, in the absence 
of external force and torque, we can obtain mathematical 
expressions for the cylindrical coordinates of the centerline 
of the rod and for its total elastic energy in closed form. In 
general this “inverse problem” of curves (to reconstruct a 
curve from its curvature and torsion) is computationally very 
difficult, because infinite series are involved.12 

B. Constants of motion 

III. DERIVATION OF NONLINEAR SCHRijDlNGER 
EQUATION 

A. Introduction of frictionless external forces 

We now consider that the thin elastic rod may have self- 
contact, and that some frictionless forces are exerted which 
help to maintain the stationary configurations. The self- 
contact force will be in the direction perpendicular to the 
tangent direction t(s) . 

It is well known that there are three constants of motion 
for the Lagrange top.3 The Lagrange top can be equivalently 
described by Eq. (3.3) when the self-contact forces NF’ and 
Nf) are set to zero. We shall show that these constants of 
motion also exist for the case in which the force Nf’ is zero, 
but the force Nf’ is not zero. The first constant of motion is 
obvious in view of Eq. (3.3f). It is the scalar product of the 
internal torque M(s) and the unit tangent vector t(s), 

C[ ws- w!,“] = constant=AQ. (3.4) 

Physically this equation says that excess twist is uniformly 
distributed over the centerline of the rod. This leaves us only 
two components of curvature, namely o, and w,,, to be de- 
termined. We can also substitute Eqs. (3.3d) and (3.3e) into 
Eq. (3.3c), finding the second constant of motion 

For convenience we define N=F/A and Nce)=Fce)/A. 
Let b(s) =t(s) Xn(s) be the binormal unit vector at s, 

then we may express the most general self-contact force as 
N(&N~)b+N(dn n ’ (3.1) 

where the force components Nf) and NF) are real and where 
n(s) and b(s) are related to et and e2 via 

wlf+ + w2e2 

b= Jqq ’ 

and 

k (w: + w:) + N3 = constant= 8. (3.5) 

Thus N, is related to wi and w2, and this still leaves us two 
components of the internal force to be determined. 

The scalar product of the internal torque M(s) and the 
internal force N(s) is 

o2el- ole2 

n= Jo:+o: . 
(3.2) 

Since the forces are frictionless, the resulting self-contact 
torques are, of course, taken to be zero, My’=MF)=Mg’ 
= 0. 

We now substitute Eqs. (3.1) and (3.2) into Eq. (2.1) and 
rewrite them in component form, obtaining six first order 
differential equations for six unknowns 

= constant - 
I 

N$@+ds. (3.6) 

This result can be verified by differentiation of Eq. (3.6) and 
substitution of (hi ,GJ,,&+;~, ,I?, ,fis) from Eq. (3.3). 

It is interesting to notice that M(s) *N(s) is still a con- 
stant of motion when the self-contact force is applied only in 
the principal normal direction [i.e., Nr’#O but Nr’=O]. 
However, in this case, the internal force N(s) is a constant 
vector in the laboratory frame only in the region where there 
is no self-contact. 

When self-contact forces Nr’ and Ng’ are both zero, we 
denote the constant of Eq. (3.6) by PN, where N=]N(s)] is 
the length of a constant vector in the laboratory frame. 

C. Complex curvature and nonlinear Schriidinger 
equation 

N,+w2N3-w3N2-I- (3.3a) 

N2fm3N1-wlN3-I- (3.3b) 

I+~+w,N~-w~N,=O, (3.3c) 

~,-w~w~+Aw~[w~-~:‘)]=N~, (3.3d) 

ti2+~,~3-Xq[~3-~~o~]=-N,, (3.3e) 

J. Chem. Phys., Vol. 101, No. 6, 15 September 1994 

A strategy of this paper is to define a complex curvature 
&s) as gs) = oi(s) + I’w2(s) and a complex force .,/I 1s) as 
J.U‘(s)=Nl(s)+iN2(~). From Eqs. (3.3d) and (3.3e), we get 

~+io3.$--iQ[+L4”=0. (3.7a) 

Likewise from Eqs. (3.3a) and (3.3b), we obtain 

&‘+im3M--i( E-$ j~[2)~+[N~J-iN~‘] h =O, 

(3.7b) 

where Eq. (3.5) is used. 
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We can eliminate . I ‘(s) from Eqs. (3.7a) and (3.7b), 
obtaining 

.$+ia&-bg+k 1~/2~-[N~‘+iN~‘] i =O, (3.8) 

where real parameters u and b are defined as 

a=20~~~‘+(2-X)(Q/X). (3.9a) 

b=%+[co;0’]2+(2-h)w~)(Q/h)+(l-;A)(Q/X)2. 
(3.9b) 

We now change the dependent variable 
KS)= q(s)e-iaS’2, and obtain a simplified equation for rl(s) 
as 

ij-cr]+i /~12~-[N~)+iNf)] 6 =O, (3.10) 

where the real parameter c is given by 

c=b-+u2=+fQ2. (3.11) 

Equation (3.10) is a time-independent cubic nonlinear 
Schrodinger equation with an extra potential term. This 
equation is one of the main conclusions of this paper. 

Let v(s)= K(s)exp[ix(s)], where K(s)~O and x(s) are 
two real functions of s. Then the complex curvature becomes 

S(s)=*(s)exp( i[x(s)-is]]. (3.12) 

The angle between the two unit vectors b(s) and e,(s) is 
nothing but x(s) - (a/2)s. From now on we will assume that 
K(s)>0 and thus function x(s) is well defined. The case of 
K(s) =0 for all s (i.e., rod is linear) will be treated in Appen- 
dix A. The case of K(s[) =0 with 1= 1,2 ,..., <m (i.e., the cen- 
terline of the rod has isolated points of inflexion (zero cur- 
vature)) will be discussed in Appendix B. Substituting into 
the definition of 5(s), we obtain 

WI(S) -Re[t(s)l 
02(s) WS(s)l 

Hence torsion 7(s) is related to i(s) via 

1 
r(s)=w3(s)+i(s)-; =T Q+i(s). 

Thus we can write the complex curvature as 

(3.13) 

(3.14) 

When Q + a =O, the transformation R(s) + t(s) reduces to 
the famous Hasimoto transformation.‘4 The Hasimoto trans- 
formation has been used to transform the localized induction 
equation (LIE) for the position R(s) of a vortex filament into 
the cubic nonlinear Schrodinger equation for t(s) I Q+a =o. 

Now the separation of real part and imaginary part of 
Eq. (3.10) leads to 

(3.15) 

ii- K(r-- ;Q)2-cKt ;K3=N;), (3.16a) 
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K~+~/?(T-&)=N~). (3.16b) 

Thus we have obtained two coupled equations for K(S) and 
7(s) in which the self-contact forces have also been in- 
cluded. 

IV. THE CLOSED-FORM EXPRESSIONS FOR p(s), 
&s), AND z(s) IN THE ABSENCE OF THE SELF- 
CONTACT FORCE 

A. Solutions for K(s), ds), and x(s) 

In the absence of external forces and contacts [i.e., 
Np)=Np)=O], system Eq. (3.3) has three constants of mo- 
tion, namely, Q, 5, P. If we also know the mechanical pa- 
rameter, X, the total length, L, and the strength of the “gravi- 
tation force,” N, then the solutions to system (3.3) are 
uniquely determined. 

Equations (3.16) in this case become the following 
Euler-Lagrange equations: 

%-K(T-@)~-CK+~K~=O, (4.la) 

K~(T-$)=J. (4.1 b) 

A curve with curvature K and torsion r which satisfies 
the Q =0 version of (4.1) is called twist free elastica. The 
classical term twist free elastica (or elastic curve) refers to a 
curve in a plane or in three-dimensional space which has the 
minimum total squared curvature among curves which have 
the same length and which obey first-order boundary condi- 
tions. A curve with curvature K and torsion r satisfying (4.1) 
is then called elastica. 

System (4.1) with Q =0 has been extensively studied by 
Langer and Singer.” They have obtained a closed-form so- 
lution for R(s) = (dlds)R(s) in terms of cylindrical coordi- 
nates [p(s),&s),~(s)]. They have also obtained the con- 
straints that must be satisfied in order to close the rod [i.e., 
R(O)=R(L)]. System (4.1) has also been studied by Langer 
and Singer. l6 They have obtained three first order differential 
equations for [p(s),+(s),z(s)]. The explicit expressions for 
[p(s),&s),z(s)] can be obtained by quadratures but are not 
presented in their paper. 

The true knowledge of the cylindrical coordinates 
[p(s),&s),z(s)] is essential to the study of DNA supercoil- 
ing. Therefore, in the remainder of Sec. IV we will use a 
simple integration procedure to analyze the system (4.1). 
This procedure has been extensively developed by Langer 
and Singer. I5 

Equations (4.1) have a solution of the form 

K2(S)=Cr 1-F sn2(ws]p) ) 1 (4.2a) 

where sn(ws]p) is the Jacobi sinus amplitudinus elliptic 
function,‘7 and where ,u is the modulus of the elliptical func- 
tion and w is a nonzero real parameter. The integration of 
r(s) is given by 
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J 
r(r)dt=+Qs+= II 

and consequently 
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(4.3a) 

Since N,(s) =Re[.K(s)] and N2(s) =Irn[J$, (s)], after 
some calculation we obtain, 

x(s)=----& rI ; ;ws p > 
( Ii 

~~~~(t~r=I:;(t)dt-,*(s)-~s, 

where 

W;slcL)= I,’ 1-x sf2(t,p) 
is a standard function known as the incomplete elliptic inte- 
gral of the third kind.” 

It is well known that the centerline of the rod is solely 
determined, up to a rigid body motion, by its curvature K(S) 
and torsion 7(s). We emphasize that it is the angle [x(s) 
-(a/2)s] that helps to make [~(s),~(s),x(s)-(a/2)s] a 
representation of the thin elastic rod. 

Substitution of Eq. (4.2) into Eq. (4.1) leads to 

cY=4w2u, (4Sa) 

c=w+l--+33), (4Sb) 

J2=16w6v(1-v)(v--CL). (4.5c) 

Since ?>O, J2a0, we must require that Os+vGl and 
w = real number. 

We remark that the case of isolated inflexion points, 
which will be discussed in Appendix B, is corresponding to 
the requirement O<p=v<l. The case of K(s)=0 for all s 
(i.e., rod is linear), which will be discussed in Appendix A, is 
corresponding to the requirement O=p= v. 
Integration of Eq. (4.la) gives rise to the useful relation 

(k)2 J2 CK2 K4 J2 ccr a2 
- +9-y- +j- =B=z-2 fs. 

2 (4.6) 

Substitution of Eq. (4.5) into Eq. (4.6) leads to 

B=2w4[p(2v- l)+v(2-3v)]. (4.7) 
It is known that the elliptical function sn(sl,u) has a real 

period of 4K, where K=K(p) is the complete elliptical in- 
tegral of the first kind.‘* Therefore K(S), r(s), which depend 
on sn2(wsIp), have periods of 2Klw. 

B. Solutions for M(s) and N(s) 

Once the complex curvature g(s) is solved, the internal 
torque M(s) is given by 

M(s)=AK(s)b+AQt. (4.8) 

The complex internal force ..,I ‘(s) = N,(s) + iN2(s) can also 
be solved by using Eq. (3.7a). The result can be expressed in 
terms of known functions K(S), 7(s), and x(s), and their 
derivatives or integrations, namely, 

.,I Is)= K(S) exp 

(4.9) 

N(s)=N,e,-!-N2e2+N3e3 

=[ 8-i K*(S)]t-k(S)n+ K(S)[Q- T(S)@. 

(4.10) 

We also obtain the useful relation 

N2=2B-JQ+& (4.11) 

Since w,N, +~~N~=Re[&s)&‘*(s)], we can substitute 
Eq. (4.9) into Eq. (3.6) and, after some calculation, obtain an 
expression for J in terms of three constants of motion as well 
as N, namely, 

J=QZ-PN. (4.12) 

C. Solutions for p(s), d(s), and Z(s) 

Now we choose cylindrical coordinates R(s) 
={P(s),&s)9z(s)) in the laboratory frame. We shall as- 
sume here that for all s there exists an inequality, cP(s)#O, 
where vector a(s) is defined as 

cP=(N.M)N- IN12M. (4.13) 

It is obvious that a(~)#0 implies (1) N(s)#O and (2) 
M(s)#O and (3) M(s) and N(s) are not parallel or anti- 
parallel to each other. The case of a(s) =0 for all s will be 
considered in Appendix A. The case of @(s,) =0 for isolated 
points sI will be considered in Appendix B. Since vector N is 
a nonzero constant vector in the laboratory with unknown 
direction and unknown norm, we can define the z direction 
unit vector of the lab frame as 

ez= -N/INI. (4.14) 

Since N.M=constant, M defines a rotation along the z di- 
rection. It is obvious that @.N=O Because of a#0 (as we 
assumed in this section), we can define the unit vector in the 
4 direction as 

e,=W1*1. (4.15) 

Finally the unit vector in the p direction can be defined as 

e,,=e+Xe,= -(@XN)/I@xNI. (4.16) 

Since R=pe,+ze,, we can write the unit tangent vector as 

t=iZ=lje,+p$e++ie,. (4.17) 

We note that this expression is different from that of Langer 
and Singer,15 where they have a constant, instead of p, in 
front of $e4 in Eq. (4.17). Taking the dot product of t with 
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(e,, e,, e,) defined above, and setting u(s) = K~(s), we ob- 
tain 

u 

P=2N(v+Q2-P2)“z’ 

PO= 
P(2%-u)-2QN 

~N(v+Q*-P~)“~’ 
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having zero, one, or two critical points in each period of 
p(s). In addition, z(s) and C+(S) differ from periodic func- 
tions by linear functions in s. 

(4.18a) 

(4.18b) 

i=& (v-2%). (4.18~) 

It is interesting to note that when Q is set to zero, the 
expressions of Eq. (4.18) are identical to those given in Ref. 
15, although a different expression for the unit tangent vector 
t has been used. 

We note that the mathematical formulas in Eq. (4.19a)- 
(4.19~) are similar to those obtained by Kida” to describe 
the vortex filament movement without change of form. 

In an effort to visualize the geometric forms represented 
by Eqs. (4.19a)-(4.19c) we introduce the following equa- 
tions: 

We can then solve for p(s), &(s), and Z(S) by integra- 
tion, and the results are 

@ 
p(s)=? 1-G sn2(wslp) , 

1 I 

112 

d(s)=-;s+L-I $:wsp ) WCY’ i Ii 

P2W=a*+Wds), (4.19d) 

4J(s)=azs+Wz(s), (4.19e) 

(4.19a) dS)=~3S+wds), (4.19f) 

where fi(S) (i=1,2,3) are periodic functions of s (with the 

(4.19b) 
same period as that of sn2(wslp)) and with values in the 
range [- l,l]. In Appendix D, we prove that Eqs. (4.19a) to 
(4.19~) are equivalent to Eqs. (4.19d) to (4.19f). Thus we say 
that the general solution (4.19) can be viewed as a helix-on- 
a-linear-helix, i.e., DNA wraps around a rod whose center- 
line is itself a linear helix. The first terms of the cylindrical 
coordinates, { ~,a2s,ass}, describe the linear helix and the 
second terms, (b,f,(s),b~*(s),b3f3(~)}, desct-ibe the 
wrapping of DNA around the rod whose centerline is de- 
scribed by the first terms. 

z(s)=;[--%+2n+l)IS+;E(WS~tL), (4.19c) 

where 

J’=PE-QN+; (Q2-P2), (4.20a) 

d=a+Q’-P2, (4.20b) 

(4.20~) 

The function E(wslp) is the standard incomplete elliptical 
integral of the second kind,‘* defined as 

E(slp)=s-p 
I 

i sn*(tlp)dt. (4.2 1) 

Langer and Singer” have given a partial description of 
the twist free elastica, a curve F traced out by vector 
R(s)l,=,, based on the expression for R(s)~~=~ of Eqs. 
(4.17) and (4.18). We now modify it as little as possible and 
give the following complete description of the elastica, a 
curve r traced out by vector R(s), by virtue of Eqs. (4.2) and 
(4.19). 

The entire elastica r lies between two concentric cylin- 
ders (the inner cylinder possibly degenerating to a line). The 
critical points and periodicity of p(s), K(S), and 7(s) coin- 
cide; the three functions pass in one period from a minimum 
(on the inner cylinder) to a maximum (on the outer cylinder) 
and back to a minimum, with no other critical points. Mean- 
while, the critical points of z(s) and &s) coincide, each 

The radii of the inner and outer cylinders are given by 

pm,=; Ja’( I-$)* pm=; @. (4.22) 

The elliptic function solutions (4.2), (4.3), (4.19), and 
(4.20) for the ~~~~~,~~~~,x~~~,~~~~~~~~~,z~~~l are 
uniquely determined by six parameters (w,,u,v,Q,X,L). This 
is because parameters (E,P,N) can be expressed in terms of 
(c,J,B,Q) [cf. Eqs. (3.11), (4.11), and (4.12)] and then pa- 
rameters (c,J,B) can be expressed in terms of (w,p,v) [cf. 
Eqs. (4.5b), (4.5c), and (4.7)]. The quantity a in Eqs. (4.2), 
(4.3), (4.19), and (4.20) is equal to 4w2v [cf. Eq. (4.5a)]. 

Thus we have, in principal, expressed the curvature- 
torsion solutions (4.2) and (4.3) and cylindrical coordinate 
solutions (4.19) and (4.20) in terms of six parameters 
(w,w,Q,LL). 

D. Euler rotation matrix 

After considerable calculation using Eqs. (4.8), (4. lo), 
(4.13)-(4.16), we obtain a relation between the Frenet frame 
and cylindrical lab frame, namely, 

(n,b,t)=Tt~,p).(e~,e~,e,), (4.23a) 

(e,,e~,e,)=T’(~,p).(n,b,t), (4.23b) 

where Tr is the transpose of T, and the transformation ma- 
trix T(K,~) is given by 
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T(K,P)=& 

k [JQ+(ZC-~Q”)K~-~K~], -Qk KK 

-Pi, -JP+(N- $Q)K~, P-NQ 

NP~, ( $K2- Z’)Np 

(4.24) 

Equations (4.23) and (4.24) are very useful when one wants where 1 is an integer, then we obtain a set of closed knotted 
to plot a thickened DNA molecule, because the surface of the toroidal helix solutions. These knotted toroidal helices can be 
thin elastic rod (DNA) with nonzero roNA (radius of cross characterized by two integers (n,Z). 
section) can be parameterized by (2) If we require 

Sts,s’)=pts)e,ts)+z(s)e, 

+r,,,[n(s)cos(s’)+b(s)sin(s’)], (4.25) 

where s and s’ vary from 0 to L and 0 to 27r, respectively. 
The cylindrical lab frame is related to Cartesian lab 

frame via 

te,,e~,e,)=Vt~).te,,e,,e,), (4.26) 

similarly the rod frame is related to the Frenet frame via 

p(O)=p(L), (4.32a) 

z(L)-z(O)=sL, (4.32b) 

&L)-440)=24 (4.32~) 

where I is an integer, then we obtain a set of helix-on-a- 
linear-helix solutions. The helix-on-a-linear-helix may or 
may not be knotted and can be characterized by two integers 
(n,Z) and one positive number s which satisfies O<SG 1. 

For all curves of these forms, the periodicity of the so- 
lutions assure that [(dPldsP)R(s)],~o=[(dP/dsp)R(s)]S~L, 
where p = 1,2,... . (4.27) 

where 4=&s) is given by Eq. (4.19b) and x=x(s) is given 
by Eq. (4.3b), and where the rotation matrix V(p) is defined 
as 

‘(R)=[ :1i;P/3 it”p 81. (4.28) 

Thus we obtain a closed-form expression for the Euler rota- 
tion matrix & which rotates the space-fixed (or lab) frame 
to the body-fixed (or rod) frame, namely, 

tel,e2,e3)=~.te,,e,,e,), (4.29) 

.&=+-; s-;) .T(K,P)*V(~). (4.30) 

The inverse of Euler matrix is given by 2-l =V( - 4). 
TT(~,p).V(~//2-x+a/2s). 

E. Boundary conditions 

We may now impose different boundary conditions on 
the elliptical function of Eq. (4.19) to obtain different shapes 
of the centerline of a rod in a stationary state. Let n be the 
number of periods of p(s) when s evolves from 0 to L. 

(1) If we require 

P(O)=P(L)y (4.31a) 

z(O)=z(L), (4.31b) 

+tL)-4(0)=2~~, (4.3 lc) 

For both cases above, we may also impose a boundary 
condition on the complex curvature t(s) = K( s)exp{ i[ x( s) 
- (a/2)s]} of Eqs. (3.12) and (4.3b) to obtain a solution of a 
rod with certain winding number of the unit vector e,(s) 
with respect to the unit binormal vector b(s) in the n(s) 
-b(s) plane. If we require 

K(O)= K(L), (4.33a) 

[x(s)-; 4=,[ x(s)-; s]~=~= --2~m, (4.W 

then the unit vector e,(s) winds -m turns with respect to 
b(s), when s varies from 0 to L. We notice that Eq. (4.33a) 
is equivalent to Eqs. (4.31a) and (4.32a) since both g(s) and 
p”(s) are linear functions of sn2( ws I p) . 

V. TOROIDAL HELIX 

In this section we consider the special case of the un- 
knotted toroidal helix by setting I= 2 1. The corresponding 
curve for the centerline of the elastic rod is a simple (unknot- 
ted) toroidal helix, the most elementary solution of a helical 
rod closed at its ends. 

A. Closure of the rod 

When p(s) is a constant, the centerline of the rod is 
either a circle or a linear helix. Both of the cases will be 
considered in Appendix A. Thus we assume here that p(s) is 
not a constant. The boundary conditions (4.3 1) and (4.33) are 
equivalent to 

wL=2nK, n = nonzero integer, (5. la) 
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-1 
, (5.lb) 

= integer, (5. Id) 

where sign(x) = 1 for x>O, sign(x)=-1 for x<O, and 
sign(x) =0 for x =O. Symbol E=E(K]p) is the complete 
elliptical integral of the second kind,‘* and 
II(x)=II(x;K]~) is the complete elliptical integral of the 
third kind.‘* In deriving Eq. (5.1), the following identities 
have been used: 

E(nKIp)=nE, 

rI(x;nKlp.)=nrI(x), 

where IZ is an integer. 

(5.2a) 

(5.2b) , 

B. Wr, Tw, Lk of the toroidal DNA duplex helix 

Let roNA denote the radius of the DNA circular cross 
section and let v(s) denote an arbitrary unit vector field per- 
pendicular to the unit tangent vector t(s) of the centerline of 
the DNA. It is well known that for two closed space curves 
r, traced out by vector R(s), and TV, traced out by vector 
R(s) + rDNA v(s) (with rDNA <L), the Cilug&eanu relation- 
ship applies2’ 

Lk(r,,r)=wr(r)+Tw(r,,r), (5.3) 
where Wr(T) is the writhe of curve r, Lk(l?, ,r) is the linking 
number of curves TV and r, and Tw(T,,r) is the twist of 
curve TV with respect to curve r. In the rest of this subsec- 
tion we will show that when v(s) =e,(s), the linking number 
Lk(lY,,.T) is related to the two integers n and m that we 
introduced in the boundary conditions (5.1). 

First we set v(s) =n(s), and the relation (5.3) takes the 
formZO 

sL(r)=wr(r)+& I 
L 

T(S)&. 
0 

This is because Lk(T,,lJ is usually called the self-linking 
number, denoted by a special symbol SL(l?), and the twist of 
the curve Ta with respect to the curve lY becomes 
(1/2T#po)ds. 

In Sec. IV A we have, in principle, expressed the 
curvature-torsion solutions (4.2) and (4.3) and cylindrical co- 
ordinate solutions (4.19) and (4.20) in terms of six param- 
eters (w,,GJJ,Q,U). 

From Eqs. (5.1) and (5.10), we know that if the param- 
eters (n,ALk,X,L) are given, then the parameters (w,p,v,Q) 
are completely determined. 

The calculation of the self-linking number SL(T) is rela- 
tively straightforward. If one projects the curve r into the 
x-y plane, then SL(T) is simply one-half the number of 
inflection points, or SL(T) is the number of self-crossings 
counted in an appropriate way.2o(a),2* For an n-turn toroidal 
helix, SL(IJ =n . Hence we obtain 

Furthermore we shall show that the parameters (,u,v) as 
well as the shape of the toroidal helix are uniquely deter- 
mined by the parameters (n,ALk,X). The total length L only 
changes the scale of the whole figure of DNA. It also puts an 
upper physical limit on IALkl. 

Wr(r)=n-& OL~(~)d6. I 
We then set v(s)=e,(s), and the twist of the curve Tel 

with respect to the curve r is given by 

We begin with defining five dimensionless quantities as 
follows [cf. Eqs. (4.5), (4.7), (5.lc)]: 

(5.5) (Y=allw~*=4v, (5.11a) 

c”=c/]w~*=(-l-#u+33), (5.11b) 

J=Jlln~1~=4 sign(J)[v( 1- v)(v-p)]l’*, (Xllc) 

J. Chem. Phys., Vol. 101, No. 6, 15 September 1994 

Y. Shi and J. E. Hearst: DNA supercoiling 5193 

L 
m(r,,,rj=~ (tX,el)-del=k 

I 29-r r I 
q(s)ds. 

0 

(5.6) 
Substitution of Eqs. (4.3b) and (5.ld) into Eq. (5.6) leads to 

m(r,,,r)=m+& I 
L 

T(S)&. (5.7) 
0 

Substitution of v(s) =e,(s) and Eqs. (5.5) and (5.7) into Eq. 
(5.3) leads to 

Lk(r,,,r)=n+m. (5.8) 

Thus we conclude that boundary conditions (5.1) guarantee 
the integer linking number condition (5.8) in the case of the 
toroidal helix. 

We remark that White and Bauer have obtained formulas 
identical to Eqs. (5.7) and (5.8) for toroidal helices generated 
by trigonometry functions.*’ 

For a closed DNA with its initial state a circle of radius 
Ro=L/2r, we know that Wro=O and 
Lk,,=Tw,=m, = ( l/2 rr)o$‘)L =duplex helix turns. Since the 
same quantities for the final state of DNA satisfy Eq. (5.3), 
we obtain 

ALk=Wr+ATw=n+Am, 

where ALk=Lk-Lk, and 

(5.9a) 

ATw=Tw-Two=& [os-op)]L= & QL. (5.9b) 

The quantity Am now means the excess (or deficit) winding 
number of the curve Tel with respect to the curve r viewed 
in the Frenet frame (n,b,t). 

By using Eqs. (3.9a) and (5.ld), (5.7), and (5.9a), we can 
express Amln as 

ALk-n Am 1 =-.--.- =---.. 
n n 

C. Final assembly procedure 
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/?=B+v[~=~[P(~v- l)+v(2-3v)], (5.11d) 

i=z/lwl+l+V+;). (5.11e) 

Using Eqs. (5.10b), (5.10e), and (3.11) we can define 

Q=Q/lwl=2 sign(Q) 2 ~-I-~-v-l 
i 1 

I/2 

. (5.11f) 

Other dimensionless quantities can be expressed in terms of 
these quantities and parameters /L and v [cf. Eqs. (4.1 l), 
(4.12), WO)l, 

Thus, when parameters ,G and 6 vary independently from 0 
to 1, the parameter p varies from 0 to &, and the parameter 
v varies dependently from ,u to I/,&U). In other words, Eqs. 
(5.16) map a square in the /i-C plane onto the triangle in the 
p-v plane. 

i?=N/~w~*=(2l&.?Q+~)“*, 

P=P/Iwl=(&?-.7)/i, 

(5.12a) 

(5.12b) 

(5.12~) 

Substituting Eq. (5.16) into Eq. (5.14), we can express 
(ALk,n) as functions of &,V) and [sign(J),sign( Q), 
sign(Z) ,A]. For each combination of [sign(J) ,sign( Q) , 
sign(l),X], Eqs. (5.14a) and (5.14b) represent two curves in 
the b-C plane for each integer pair (ALk,n). These two 
curves may or may not intersect. The parameters /.i and fi are 
determined when two curves intersect, say, at (,$ , Ci), where 
i is an index for the points of intersection. Once (ALk,n) and 
(,$ , Gi) are determined and the total length L is given, the 
parameter w is determined by Eq. (5.la). The quantities 
(,u,v,J,c&,Q,P,N) are similarly determined by Eqs. (5.16) 
(5.11), and (5.12). The excess twist is given ATw 
=(1/27r)(QL/X) and the writhe is given by Wr=ALk-ATw. 
Finally, the bending energy, twist energy, and total elastic 
energy can be expressed as (5.12d) 

For convenience we also define 

g=J/aIwI=J/4v, (5.13a) 

g”‘=J’/cu’lwl=.7’p’/4pv. (5.13b) 

Substituting of Eqs. (5.11), (5.12), and (5.13) into Eqs. (5.lb) 
and (5.10), we obtain 

Inl-Lsi~f) [ PK-28’11j 9, (5.14a) 

ALk-n Am 
~ Inl 

(5.14b) 

Equations (5.14a) and (5.14b) can be thought of as two im- 
plicit equations for parameters p and v when (n,ALk,X) are 
given. One may also notice the similarity between the quan- 
tities in the square brackets in Eqs. (5.14a) and (5.14b). 

The lower limit for parameter v is ~~in(~CL)=~ [cf. the 
condition below (4.5c)]. The upper limit for parameter v is 
given by 

E(P) 
vnlax(P)=2 jq-jq +P- 1. (5.15) 

This is because the quantity Q in Eq. (5.11f) is real. One can 
verify that O~v,,,,(,u)~l. When IZ,,(~)=V,,,&), we ob- 
tain, for parameter /.L, the upper limit k,, which satisfies 
2E(,+,,,)=K(,u,,,,), or &,=0.826 11. Therefore the pos- 
sible values for parameters p and v are confined in a triangle 
in the ,u-v plane, which is determined by two straight lines 
p=O, and P=V and a curve V(~)=~-l+2E(~)/K(~). 

Now it is convenient for us to trade the dependent pa- 
rameters ,u and v for two independent new parameters ,G and 
V, via 

(1) We choose A= CIA = 1, and we assume that the 
DNA duplex helix contains 500 duplex turns for which the 
total length L is equal to 1768 nm (=0.34 run/base pair 
X 10.4 base pair/tumX500 turn) and the radius of the DNA 
duplex helix is 1 nm. We also assume that the linking num- 
ber deficiency a=ALk/Lb= -0.05. Thus ALk=SOOX( 
-0.05)= -25. 

(2) There are four possible sign combinations for 
[sign(J) ,sign( Q)], namely, (2, +) and (2, T). For each com- 
bination of [sign( J),sign( Q)], since In I >O, we find numeri- 
cally from Eq. (5.14a) that sign(l) is determined. For sim- 
plicity we consider here only the first two cases, i.e., (a) 
sign(J) =sign( Q) =sign( I) = 1, which will result in Wr>O, 
ATw>O, and n>ALk=Wr+ATw>O; (b) the mirror image of 
(a), i.e., sign(J) =sign( Q) =sign( I) = - 1, which will result in 
WKO, ATw<O, and n<ALk=Wr+ATw<O. Because we 
have already set ALk=-25, only case (b) needs to be con- 
sidered. P=PPrnax~ (5.16a) 

-W&n,) _  1  v 1 fwQhnax) 
(5.16b) 
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(3) For case (b) we find out in the /Z-V plane that 
curve ALk= -25 intersects with curves n =-26, -27, 
-28,..., at points {pi ,%i}, which are tabulated in Table I. 

A L 
u Bend= y 

I 
K2(s)ds = t%AL, 

0 
(5.17a) 

c L 
UTwist= y 

I 
o [W3-~~o),2ds=~ Q2AL, (5.17b) 

u Total = UBend+ UTwist ’ 

This completes the toroidal helix solution. 

(5.17c) 

D. Numerical examples 

In this subsection we shall show briefly some numerical 
examples of the toroidal helix. This numerical calculation 
has been carried out using the software program 
MATHEMATICA*~ which has built in all the elliptic functions 
and elliptic integrals. 
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TABLE I. Numerical values calculated follow the procedure outlined in part D of Sec. V. 

0.237728 
(0.196391) 
0.389888 

(0.322092) 
0.447447 

(0.369642) 

0.634879 
(0.703180) 
0.890290 

(0.911720) 
0.972044 

(0.961709) 

n ALk TwlALk WrlALk uTofal~UCircle ~Tw&JTotal uBrnd~UTotd 

-26 -25 0.592563 0.407437 1.07503 0.326101 0.673899 

-30 -25 0.355639 0.644361 1.41733 0.089095 0.9 10905 

-40 -25 0.233539 0.766461 2.50487 0.02 1739 0.978261 

(4) We then calculate and tabulate in Table I the fol- 
lowing quantities for case (b): UT,,tal/Uc~cle, UTwist/UTotal, 
7JBend/UTo~~, Tw/ALk, WrfALk. The energy UCircle is the to- 
tal elastic energy of the thin rod whose axis is a circle with 
radius 2&L and twist ATw=ALk=-25. It is given explic- 
itly by Eq. (5.17). 

(5) We make three plots (Figs. 1,2,3) for n = -26, 

n = -30, and n = -40 to show the basic features of the tor- 
oidal helices generated by the elliptic function solutions. 

We notice immediately, from Figs. 1-3, a distinctive fea- 
ture. The cross section of the torus on which the DNA is 
wound is nearly but not precisely a circle. 

VI. CONCLUSIONS 
The general solutions to the time independent nonlinear 

Schrijdinger equation [Eq. (3. IO)] represent the stationary 

8 

4 

-8 

(b) 

FIG. 1. x-p plot and p-z plot for case (b) with ALk=-25 and n=-26. FIG. 2. x-y plot and p-r plot for case (b) with ALk= -25 and n = -30. 
The units of (.r,y.:.p} are nanometers. The formulas for {p,~$,z} (with The units of {x,y,z,p} are nanometers. The formulas for {P.&Z} (with 
,r=p cos (b. y =p sin 4) are given in (4.19). whereas the parameters in (4.19) x =p cos 4, y =p sin 4) are given in (4.19). whereas the parameters in (4.19) 
are given by ~=0.1963905819072072703, v=0.7031800288366102951, are given by p=O.3220917166769272469, v=O.9117199962990057799, 
H‘ = -0.0488436 155096409 128, 6=0.002873825655686050973, M’= -0.05871161702072084989, Z’=O.O05121383231333127587, 
Q = -0.05273806974858254291, N=0.000572237609647528995, and Q=-0.03165189594266029524, N=0.001181427026875719739, and 
P =0.00005633 167005893 197082. P=0.01?06307621122853660. 
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FIG. 3. x-y plot and p-z plot for case (b) with ALk=-25 and n= -40. 
The units of {x,p,z.p} are nanometers. The formulas for {p,qS,z} (with 
x =p cos d, p =p sin 4) are given in (4.19), whereas the parameters in (4.19) 
are.given by ~=0.36964218030052302093, v=O.96170883093623592605, 
w=-0.07964163029218922464. ~=0.009720401308497395265, 
Q=-0.02078496223560181204, N=0.002495952822853953127, and 
P=O.O3859016748475215724. 

states of the elastic rod with twist. Closed end boundary 
conditions without intersegmental contact of the DNA have 
led to toroidal stationary states, examples of which have 
been presented here. While these solutions are of consider- 
able historical importance, they are not of immediate import 
to the representation of DNA, since plectonemic superhelical 
structures of the elastic rod are known to have lower energies 
than the corresponding toroidal forms.20(d)*8(a) The plectone- 
mic structures can also be determined from Eq. (3.10) and 
will be the topic of a subsequent manuscript. 

DNA is a double helical polymer with a cross-sectional 
diameter of approximately two nanometers. In the case of 
small plasmid and viral genomes, DNA molecules have natu- 
ral circular lengths of the order of microns. In higher cells, 
DNA molecules are linear and have lengths of the order of 
centimeters. In all cases the DNA is highly condensed in 
viva. For example, the centimeter lengths of DNA in higher 
cells are compacted into single chromatids with typical cy- 
lindrical dimensions of a micron in diameter and several mi- 
crons in length. 

There are several coiled structures which have been 
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x(s) 

identified to be essential in the compaction process. First, 
there is a fiber, 11 nanometers in diameter, which consists of 
a linear chain of nucleosomes, protein core units around 
which DNA molecules are helically wrapped. Second, this 11 
nanometer fiber itself wraps into a helical structure consist- 
ing of six nucleosomes per turn, with an overall diameter of 
30 nm. This 30 nm fiber is the most prevalent structure ob- 
served by electron microscopy in the interphase nucleus. 
From the point of view of the DNA, the 11 nm fiber is a 
linear single helix which describes the position of the duplex 
cylindrical axis of the DNA. Such a linear helix can be rep- 
resented by periodic boundary conditions applied to the ends 
of the helix. 

The DNA molecule in the 30 nm fiber has the form of a 
helix-on-a-linear-helix, again with periodic boundary condi- 
tions. Both the linear helix and the helix-on-a-linear-helix are 
solutions to Eq. (3.10). In fact, with appropriate boundary 
conditions, Eqs. (4.2) readily represent the curvature and the 
torsion of such structures. While these structures are not the 
most stable structures accessible to free DNA, it is clear that, 
in the presence of external forces such as those exerted by 
the proteins in the 11 nm fibers, they can become stable. 
Thus, the mathematical modeling of such structures reduces 
to judicious choices of NF) and Np) of Eq. (3.10), followed 
by the subsequent solution of the differential equation. 

We thus consider Eq. (3.10) to be the route to the math- 
ematical representation of all interesting DNA structures, 
subject to the constraint of the in vivo linking number deficit. 
In this respect, the fundamental generality provided by Eq. 
(3.10), the nonlinear Schrtidinger equation including external 
forces, has great potential. 

Upon determination of the static solutions of Eq. (3.10) 
with certain choices of NF) and Nf’, the natural next step is 
the inclusion of time dependence. The solutions to the time- 
dependent equation will provide representation of local tran- 
sitions from the chromatin 30 nm structure to the plectone- 
mic DNA structure, perhaps free of protein cores. Such 
transitions may be at the heart of gene regulation. We expect 
that this mathematical model will play an important role in 
understanding the energetics and dynamics of such transi- 
tions. 
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APPENDIX A 

In this Appendix, we consider all the special cylindrical 
coordinate solutions that are associated with the condition 
[cf. Eq. (4.13)] 

@(s)=[N(s).M(s)]N(s)-IN(s)12M(s)=0 (Al) 

and therefore cannot be directly obtained by using the inte- 
gration procedure of Part C of Sec. IV. Although these spe- 
cial solutions might be obtained from the general solutions 
after the limit Qp( s) +O is carefully taken, it is much easier to 
obtain them directly from the vector field expressions for 
N(s) and M(s). For convenience, we copy them from Sec. 
IV of the main text [Eqs. (4.10) and (4.8)] as follows: 

N(s)=[%-&2(s)]t-K(~)n+~(~)[Q-~(s)]b, (A2) 

M(s)=AK(s)b+AQt. (A3) 

There are three cases where a)(s) =0: (1) M(s) =O; (2) N(s) 
=O; (3) N(s) and M(s) are nonzero and are parallel or anti- 
parallel to each other. We now consider them separately. 

Case (1) M(s)=O. We obtain, from (A3), that K=Q=O. 
Comparison of this result with (4.2a) leads to v=p=O. Thus 
the centerline of the rod becomes a straight line along the z 
axis, and the rod has no twist. 

Case (2) N(s) =O. We obtain, from (Al) to (A3), that 
K = $%, 7=Q. Comparison of this result with (4.2a) leads 
to v>p=O. It is well known that the linear helix is the only 
curve which has both constant curvature and constant tor- 
sion. Thus we can immediately write down the cylindrical 
coordinates for the linear helix 

ds)=a, &s)=bs, z(s)=cs. (A4) 

If we require that s be the arclength parameter and that the 
curvature K and torsion 7 of the centerline of the rod satisfy 
K = $%, r=Q., then we can readily obtain 
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tF-+rY’=g-Q ;, Q+Q’=Q-;. (A7) 

Since the curvature in this case is a constant, we obtain from 
(4.2a) that @p=O. When Q’=O, we obtain 
{a,b,c}={(2~-2Q2)-1’2,+(2Z’-2Q2)1’2,0}. The centerline 
of the rod becomes a planar circle in the x-y plane and the 
rod now has twist Q=NIP. When g=O, we obtain {a,b,c} 
={O,O,t l} (where we need to take the Q’-0 limit, because 
otherwise b is undetermined). The centerline of the rod be- 
comes a straight line along the z axis, and the rod has twist 
Q=NIP. 

We now consider the case of the planar circle with twist 
in detail, because the total elastic energy for this case will be 
used as a comparison in Part D of Sec. V of the main text. 

For a planar circle in the n-y plane with N in the z 
direction, we always have N.t=N,=O. If the circumference 
of the circle is L, then we obtain the curvature ~=2rrlL, and 
we also obtain from (3.5) that &?=2/2. Comparison of this 
result with (4.2a) leads to p=O and a=g. Since the writhe 
number Wr for a circle is zero, we obtain from (5.9a) that 
ALk= ATw. Consequently we have Q =2&ALklL from 
(5.9b). Since 7=0, we obtain from (4.2b) that J= - ~~Q/‘ii!. 

Substitution of both (3.11) and of all of the results indicated 
in this paragraph into (4.6), (4.11), and (4.12) leads to 

P=sign(ALk)2rrlL (43) 
and 

N=4rr2XIALkllL2. 

The total elastic energy is given by 

UT~,=A(~T~/L)( 1 +XIALk12)EUCiple. 

APPENDIX B 

(A9) 

(AlO) 

J2% 
‘=2%+Q2 ’ b=?dm, 

t-W 

In this Appendix we will discuss the case of K(S& =0 
with I=1 2 , ,...,<m [i.e., the centerline of the rod has isolated 
points of inflexion (zero curvature)]. 

As we remarked before, the case of isolated inflexion 
points corresponds to the requirement O<p= vs 1. By set- 
ting Y=P in (4.2), (4.5), and (4.7) we obtain 

When Q=O, we obtain {a,b,c}={(2Z);3-“2,+(2~1’2,0}, and 
the centerline of the rod becomes a planar circle in the x-y 
plane, and the rod has no twist. When %;=O, we obtain 
{a,b,c}={O,O,Z 1) ( w h ere we need to take the Q-0 limit, 
because otherwise b is undetermined), and the centerline of 
the rod becomes a straight line along the z axis, and the rod 
has no twist. 

Case (3) N(s) and M(s) are nonzero and are parallel or 
anti-parallel to each other. We obtain, from (Al), (A2), and 
(A3), that 

PN li=o; PNK(Q-T)=N~K, 

(-46) 

K~(s)=~w~~ cn2(wsl,u), ~=i Q, 031) 

c=w2(-lf2&, J=O, B=2w4p(l -p). (B2) 
As a consequence we set J=O in (3.11), (4.11), and (4.12) 

kY=c+ $Q”, N2=2B+@, PN=Q%: (B3) 
There are only three independent real parameters in (Bl); 
namely {w,p,q} where q=Q/lwl. Equations (B2) and (B3) 
merely serve the purpose of defining parameters 
{c,B,&V,P} in terms of {w,p,q}. 

When p= 1, (B 1) becomes 

where we have used IN/EN and N.M=A PN. The centerline 
of the rod also takes the form of a linear helix of (A4) with 
parameters given also by (A5) but with the following re- 
placements 

K(s)=~w sech(ws), ?-=iwq, (w>O). (B4) 

By setting f=O in Hasimoto’s single soliton solution to the 
localized induction equation for the motion of vortex 
filament,23 we readily obtain the Cartesian coordinate solu- 
tion of (B4) (up to a rigid body motion): 
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8 
z(s)=s- 

w(4+q2) 
tanh(ws), 

X(S)+iy(s)=p(s)exp[i~(s)l, (B5) 

8 
p(s)= wc4+q2J sechtws), 4(s)=! ws. 

When O<,uu<l, we obtain, from (B2) and (B3), that 
N>O, since B&*>O. We also obtain, from (Al)-(A3), that 

~~(.3)~2=N4((M(.3)~2-A2~2)=A2N4(~2(~)+Q2-~2). 

@a 

Comparison of (C3) with (Cl) gives us 

~*(s)=A-*N-~~@(s)/*. (C4) 

We now want to express G of (C2) in terms of four 
independent parameters {w , p, v,q} 

We eliminate P in (C2) by substituting (4.12), (4.11), 
(3.11), (4.7), (4.5b) into (C2). For convenience we replace 
the parameter p throughout with 

f.L=v-w -6J2[16v(1-v)]-1, (C5) 

which is merely another version of (4.5~). After much calcu- 
lation we obtain 

Substitution of (Bl)-(B3) into (B6) leads to 

~~~s)~~~A~N4(Q~-P~)=A~N~Q~(2B)>0. (B7) 
Therefore the cylindrical coordinate solution to (Bl) is still 
given by (4.19) with v=,x. Equations (B2), (B3), (4.5a), and 
(4.20) merely serve the purpose of defining parameters 
{c,B,~,N,P,a,J’,a’,~‘} in terms of three independent pa- 
rameters, {w,p,q}. 

We note that when T= fQ is set to zero and w is set to 1 
in (Bl), the curve of (4.2) reduces to a famous planar curve 
with curvature 2(s) = 4,~ cn*( s 1~) known as Euler’s elas- 
tica with inflexion points. The expressions of its Cartesian 
coordinates can be readily found in Love’s monograph. *(‘) 
When we set 1= v>,~u>O, and w = 1 in (4.2), (4.5), and (4.7), 
we obtain 2(s)=4 dn*(sl,~) and F~Q. If we further set 
7= fQ =O, then the curve of (4.2) reduces to a famous planar 
curve with curvature ~?s)=4dn*(s],~) known as Euler’s 
elastica without inflexion points; its Cartesian coordinates 
expressions can also be readily found in Love’s 
monograph.2(c) 

j=4-11wl-3J=sgn(J)Jv(l-v)(v-~), (C7) 

c~=2[v(l-v)~~~(1-/.+(l-v)]. ((33) 
The exact lower bound of l@(s)l* is always nonnegative, 
since G in (C6) is always nonnegative. Finally we notice 
from (C6)-(C8) that the roots of (C6) can be simply ex- 
pressed as 

q=c,/j=2 sgn(J)( v-p)-I’*[ &iTJ 

APPENDIX C 

In this Appendix we will discuss the case of 
@(sJ~l@(.s,)l=O with 1=1,2,...,<~ [i.e., the real vector 
function a(s) defined in (4.13) of the main text has isolated 
points of zeroes]. Our goals here are (1) to express the exact 
lower bound of j@(s)/* f m terms of four independent param- 
eters {w,p,v,q} where q=Q/lw]; and (2) to find out the 
conditions that four independent parameters {w , ,u, v,q} 
should satisfy when the exact lower bound of l@(s)/* takes 
the minimum value, zero. Here we need only to consider the 
case of O<,u< v< 1. Therefore N>O (cf. Appendix A). 

From (B6) and (4.2), and (4.5a), we can express the 
exact lower bound of l@(s)]* as 

(~(s)~*=A2N4{4w2[v-p sn*(ws]p)]+Q*-P*} 

‘tm1. (C9) 

In principle, the cylindrical coordinate solution, when 
I~lr(s)l* has isolated points of zero, is still given by (4.19). 
However, only three independent parameters, say, {w,p,v}, 
are now involved, and the parameter Q= lwlq is determined 
in terms of {w,,u,v} [cf. Eq. (CS)]. In practice, care must be 
taken as one tries to numerically evaluate the cylindrical co- 
ordinates using (4.19), because when I@(s) I* goes to zero, 
Eq. (4.19b) contains a term of zero times infinity. 

In the remainder of this appendix, we prove that (4.19b) 
remains finite and valid in the limit of ]@(s)l*+O. From 
(4.22), (C2)-(C6) we obtain 

a’ 1-L ,N-*W6G 
( 1 V 

(Cl@ 

Likewise we obtain from (4.20), (4.5a), and (C2) that 

a’=4w*(G+p). (Cl 1) 

Thus we have 

~A2N2w6G+D(s)f& (Cl) 

where dimensionless G is defined as 

G=w-~N*{~w*(~-~)+Q*-P*}. (C2) 
We want to point out (as suggested by Maddocks) that 

p*(s) of (4.19) and l@(s)]* share the same exact lower 
bound. Furthermore, from (4.19a), (4.20), and (4.5a), we can 
rewrite p*(s) as 

i 1 
1-G =f w4N-*G(G+p)-l. (C12) 

From Eq. (C12), when G-+0+ (i.e., G approaches zero from 
above), the ratio ,u’/v--+ l-. Therefore, II(,~‘lv;ws~,u)--+~ in 
this limit. We now write II(x;ws]~) as the product of a 
singular part (when x+1- and O<~u<x~l) and a regular 
pEd4 

wwlP)= ~*b,PcL)[U x,s,lu)-4m(x,~u>n(sl~)l, 
(Cl3) 

p*(s)=N-*{4w*[v-,u sn*(wslp)]+Q*-P*}. (C3) 

8*(x,p)=[x( 1 -X)-‘(x-&‘I”? (C14) 

The expressions for m(x,,u) and n(sl,u), as given explicitly 
in Ref. 24, are very complicated. Here we only write down 
their limiting forms; namely, 
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x-1- 
+ 

h(x,s.pFL),‘ntx,p) - 0 . 05) 

It should be pointed out that X(x,s,,u) and m(x,p) ap- 
proaches zero slower than l/S,(x,~) approaches zero when 
x--+ I- (otherwise II(x; w.sI CL) would no longer diverge). 

We now deal with the coefficient of II(,u’/v;wsI~) in 
(4.19b); namely, J’lwa’. Eliminating P, ?Y in (4.2Oc), as we 
did in deriving (C6), we obtain 

J’=& IMpv-3 (l-~)-~(v--)-‘[jq-2v(l-v)] 

X(jq-c+)(jq-C-J. 06) 

Substitution of (Cl 1) and (C16) into J’lwa’ leads to 

is the periodic version of the elliptic integral of the second 
kind, ~(xlp). The parameter & is determined from 
wwa~lPu)l,=~3 = 0, with one of its values given explic- 
itly by 

53(PU)=mG44~ (W 

sin*[ S(p)]=; [ 1 -EK-‘I, (Da 

which satisfies max, Z(xlp) = lZ( Oslo) 1. 
The function Y(p;xlp) is defined similarly as 

6’7) 

J' 
- a(G+p))-'G. wa’ (Cl71 

Substituting x=p’Iv, and (C12) into (J’lwcu)&, we obtain 

&, 6, $ ,,u "(G+p)-'G[(G+p)G-']1'2 ( i 
=(G+p)-“*. (Cl81 

Combining (Cl3), (Cl5), and (Cl8), we finally obtain 

p’Iv-+ 1 -oc-io+ 

k 0. 

i.e., it is the periodic version of the elliptic integral of the 
third kind, ~~I(p;xlp). The p arameter l2 is similarly deter- 
mined from (dldx)Y(~~‘lv;xl~~)I~=~~ = 0, with one of its 
values given explicitly by 

52(P)=~(~.(rU)IPL)~ P3) 

sin*[U(p)]=: [ 1 ---Kn-l[$j]. (D9) 

which satisfies max, Y(~‘lv;~~~)=~Y(,~‘lv;5~~~)~. 
In (D4) to (D9), the symbol K= K(p) is the complete 

elliptical integral of the first kind; E=E(K~~) is the 

09) complete elliptical integral of the second kind; 
rI(x)=II(x;~lp) is the complete elliptical integral of the 
third kind; and F(&u) is the incomplete elliptic integral of 
the first kind, defined asI The cylindrical coordinate solution of (4.19a) and (4.19b) in 

this case takes the following simplified form: 

/L'lv--+l- 

P2W - 41v~,uN-~ cn2(w4pu), 
c(‘/Y-+l- p 

cp(s) ---s. 2 Km 

In this limit, there is no change in z(s) of (4.19~). 

APPENDIX D 

In this Appendix we define functions fi(s) (i= 1,2,3) 
which are used in Sec. IV. Functions fi(s) (i=1,2,3) are 
periodic functions of s [with the same period as that of 
sn’(\vslp)], having values in range [-l,l] and defined ex- 
plicitly as 

f,(s)= l-2 sn2(wslp), CD*) 

/2(s)+ ;w# /I4 $4 CD21 

fz(s)=Z(~~slP) / lZ(53111.)1. (D3) 

The function Z(xI,u), known as the Jacobi’s zeta 
function,‘* defined as 

Z(xIp)=E(xl/L)-X f , (D4) 

sin e=sn x, cos B=cn X, and F(Blp)=X. (DlO) 

In deriving (D5) and (D8), the following identities have been 
used: 

E(nKIp)=nE, (D**) 

rI(x;nKIp)=nrI(x), (D12) 
where n is an integer. 
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