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The present study describes a new method for obtaining a more accurate transition state estimate
through interpolation of the reaction pathway. The method can be implemented using the reaction path-
way or during the reparameterization step of the modified-growing string method. The transition state
estimate is obtained by mapping the location of the maximum in energy along the reaction pathway
to a set of coordinates in phase space. This method has been tested on three reactions of increasing com-
plexity, representing a 35.0–77.8% reduction in CPU time for the transition state optimization calculation
compared to using the geometry highest in energy.
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1. Introduction

Identification of transition state structures and energies is an
important step in the determination of rate coefficients for chem-
ical reactions [1–4]. Numerous transition state-finding methods
have been developed for obtaining a transition state estimate
[5–14], which is then optimized using the partitioned rational
function optimization (P-RFO) method [15,16] and eigenvector fol-
lowing (EF) algorithm developed by Baker [16], and modified by
others [17,18]. The computational intensity of transition state opti-
mization calculations results from the need to calculate or update
an approximate or exact Hessian during each optimization step.
Therefore, it is desirable to limit the number of transition state
optimization steps by improving the initial transition state esti-
mate. Minimum-mode finding algorithms [19–21], such as the
improved dimer method developed by Heyden et al. [21], have
been recently used for determining the transition state without
calculating the full Hessian. The improved dimer method performs
analytic force calculations on geometries along the reaction path-
way (RP) close to the transition state estimate; however, this
method still requires long computational times to reach
convergence.

The nudged elastic band (NEB) [9,10], string method [11], and
growing string method (GSM) [12] are transition state-finding
methods that are often successful at providing an estimate of the
transition state geometry along the RP. Unlike the NEB, which re-
quires an initial estimate of the RP, the GSM only requires the reac-
tant and product geometries. Recent improvements to the GSM
ll rights reserved.

l), mhg@cchem.berkeley.edu
have reduced the time to grow the string by a factor of two to three
[22]. In addition, several enhancements of the modified-GSM, such
as the five-point substring strategy, have been shown to provide a
further reduction in the overall computational time required for
growing the string [23]. While the GSM is guaranteed to find one
of the many RPs joining the reactant and product, the RP that is
determined is not necessarily the minimum energy pathway
(MEP), and therefore all converged paths are referred to as RPs in
the present work.

Currently, the transition state estimate obtained from the origi-
nal and modified-GSM consists of the geometry of the node with
the highest energy along the RP [12,21]. This structure is then used
as the initial geometry for a transition state search using the P-RFO
method and EF algorithm. The calculation consists of determining
the initial Hessian, then performing a transition state optimization
by maximizing along the most negative eigenvalue of the Hessian,
while simultaneously minimizing along all others. The difficulty
with this approach is that the geometry of the node with the highest
energy may not correspond closely to the geometry of the transition
state, thereby leading to either long calculation times or a failure to
converge. In more challenging cases, the initial Hessian may have
several negative eigenvalues close in magnitude, which can cause
the EF algorithm to converge to an incorrect transition state. This Let-
ter reports two approaches for interpolating along the RP using the
modified-GSM: (1) using the final converged string and (2) during
each reparameterization step. The proposed approaches are then
tested on three different reactions of increasing complexity.
2. Theory

The final result of a modified-GSM calculation provides a series
of geometries along the RP. However, since the nodes are equally
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spaced in terms of arclength, the geometry of the node that is high-
est in energy does not necessarily correspond to the geometry of
the transition state. By fitting a cubic spline, uðŝÞ, through the en-
ergy of existing nodes as a function of the normalized arclength, ŝ,
the location of the maximum in energy, EmaxðŝTSÞ, can be deter-
mined. Alternatively, the location of Emax can be determined by
searching for the point where the first derivative of uðŝÞ is equal
to zero. In principle, the value of ŝ ¼ ŝTS should be the same as that
where E ¼ Emax and @E

@ŝ ¼ 0; however, this is not true if there are
multiple transition states joining the reactant and product, such
as occurs on the Müller–Brown potential energy surface [24].

Once ŝTS is determined, the geometry at this point can be esti-
mated by interpolating between the two closest geometries. In
Fig. 1, node L is the closest node to the left of Emax and node R is
the closest node to the right of Emax. In the original and modified-
GSM, the geometry of node R would be used as the transition state
estimate, since it is higher in energy than node L, even though it is
not the point highest in energy along the spline. Each of the nodes L
and R has an associated normalized arclength (ŝL; ŝR), energy
(EL; ER), and set of coordinates (nL; nR). If the arclength between
node R and EmaxðŝTSÞ, defined as fR, is smaller than the arclength be-
tween node L and EmaxðŝTSÞ, defined as fL (i.e. fR < fL as it is in Fig. 1),
L:

R:
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Fig. 1. Location of the interpolated transition state (TS) estimate along the
converged string. The node closest to the left (L) and the right (R) of the TS
estimate are shown. Each node has a normalized arclength (ŝ), energy (E), and set of
coordinates (n).
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Fig. 2. A flow sheet for determining the interpolated transition state geometry during the
to determine where Emax is located (alternatively, the first derivative of the spline cou
determining the interpolated transition state geometry during each reparameterization
then the interpolated transition state geometry (nTS) can be deter-
mined from Eq. (1). However, if fL 6 fR, then nTS can be determined
from Eq. (2).

nTS ¼ nR þ
ŝTS � ŝR

ŝR � ŝL
� ðnR � nLÞ if f R < fL ð1Þ

nTS ¼ nL þ
ŝTS � ŝL

ŝR � ŝL
� ðnR � nLÞ if f L 6 fR ð2Þ

The difference ŝR � ŝL is equal to the spacing between nodes. In gen-
eral, Eqs. (1) and (2) can be written as Eq. (3) by using either node L
or R, where fL;R is the fractional interpolation distance (0 < fL;R < 1)
and hR�L ¼ ðnR � nLÞ is the step size.

nTS ¼ nL;R þ fL;R � hR�L ð3Þ

The calculational approach for determining nTS after the last repa-
rameterization step in the GSM is shown in Fig. 2. The geometry
nTS is then used as the starting geometry in a transition state search
calculation. This approach is similar to that described by Jin [25], in
which interpolation of points along the RP was found to give a bet-
ter transition state estimate than using the forces at these points, as
had been previously suggested [10]. However, in the work of Jin
[25] only analytic potential energy surfaces that are functions of
two variables were tested, the LEPSH potential [26] and the Mül-
ler–Brown potential [24]. The difference in the present study is that
the location of Emax at ŝTS is mapped to a set of coordinates nTS for
reactions involving many degrees of freedom.

Alternatively, the interpolation approach is implemented dur-
ing each reparameterization step in the modified-GSM once the
reactant and product string segments are joined. The string is rep-
arameterized after each evolution step for a fully-joined string
based on the location of the point estimated to have the maximum
energy along the RP. The geometry of the interpolated transition
state estimate is determined in the same manner described above,
and shown in Fig. 2. The advantage of determining the interpolated
transition state estimate during each reparameterization step is
Emax
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that it ensures that a node is placed at the maximum in energy
along the fitted cubic spline. Ideally, in this approach the transition
state estimate in the final converged string should only have one
negative eigenvalue of the Hessian, thereby minimizing (or, in
the limit of very tight convergence, eliminating) the time to per-
form a transition state search calculation.

The modified-GSM was used with the substring strategy to
determine the RP joining the reactant and product states for all
reactions examined in this work. All low-level string calculations
were performed at HF/STO-3G and consisted of eleven nodes. The
two nodes to the left and to the right of the node with the highest
energy in the final low-level string comprised the five-node sub-
string. All high-level substring calculations were refined at
B3LYP/6-31G*. The LANL2DZ basis sets were used for the transition
metals V and Rh. The default convergence criteria were used for
the modified-GSM/substring strategy [22,23], in which the SCF
convergence was set to 10�7 and the threshold value was set to
10�10 for all QM force (gradient) calculations. QChem 3.0 [27]
was used to perform all energy and force evaluations during the
modified-GSM calculations. All transition state estimates were
optimized in QChem 3.0 after performing an initial Hessian calcu-
lation. The convergence criteria used in each transition state search
were the same as those used previously for the QM force calcula-
tions. The final converged transition state in each example was
determined using the P-RFO method and EF algorithm, and was
verified to have only one imaginary frequency. All calculations
were performed using a 2.2 GHz Xeon processor with up to 2 GB
of memory.
3. Results and discussion

Three reactions of increasing complexity were examined, as
shown in Fig. 3: alanine dipeptide isomerization [28], H-abstrac-
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Fig. 3. The three reactions studied are: (a) alanine dipeptide isomerization (C5 ? C7AX), (
activation in toluene on Rh(CO)2(TFA)3.
tion in methanol oxidation on VOx/SiO2 catalysts [29], and C–H
bond activation in toluene over Rh complexes [30]. The time to
perform the transition state search using the geometry of the node
with the highest energy (nR in Fig. 1) was compared with different
calculation methods/strategies (the original GSM, the modified-
GSM, and the modified-GSM/substring strategy) and with the
two interpolation approaches using the interpolated transition
state geometries nTS obtained from the modified-GSM/substring
strategy. The results were also compared with the time to deter-
mine the transition state using the improved dimer method [21],
in cases where it converged. The total CPU time to perform a tran-
sition state search calculation is equal to the CPU time to calculate
the initial Hessian plus the CPU time to optimize the transition
state estimate.
3.1. Alanine dipeptide isomerization

The isomerization of alanine dipeptide from the reactant (C5)
to the product (C7AX), shown in Fig. 3a, is a well-studied example
for transition state-finding methods [31]. In previous calculational
approaches using the GSM, the time to grow the string varied
greatly depending on the method and strategy used, but the time
to perform the transition state search remained relatively con-
stant, as can be seen in Table 1. Using the interpolated transition
state geometry, nTS, from the final string, fL;R ¼ 0:1634 for this
example, and the total time required for the transition state
search calculation was 29.3 min. Calculation of the initial Hessian
took 10.3 min and the transition state optimization took 19.0 min
(10.3 + 19.0 = 29.3 min). Only 14 optimization cycles were re-
quired to converge to the final transition state structure. This
approach represents a 12.4% reduction in computational time re-
quired for the transition state optimization calculation compared
to using the geometry of the node highest in energy from the
N ON O
C7AX

Si V CSi V C

H O C FH O C F

b) H-abstraction in methanol oxidation on isolated VOx/SiO2 sites, and (c) C–H bond



Table 1
CPU time for determining the final transition state using different transition state-finding methods/strategies for alanine dipeptide isomerization (see Fig. 3a). The times to
calculate the initial Hessian and perform the transition state optimization are shown in parenthesis.

Calculation method and strategy CPU time to grow stringd

(h)
CPU time for TS searche (Hessian/TS opt)
(min)

Total CPU timef

(h)

GSMa,b 129 35 130
Modified-GSMb 45 36 46
Modified-GSM

Substring strategyc
15 32 (10.3 min/21.7 min) 16

Modified-GSM
Substring strategy
Interpolated TS estimate determined only at end

15 (93 B3LYP grads.) 29.3 (10.3 min/19.0 min) 16

Modified-GSM
Substring strategy
Reparameterized using interpolated TS estimate

15 (93 B3LYP grads.) 24.4 (10.3 min/14.1 min) 16

a Ref. [12].
b Ref. [22].
c Ref. [23].
d CPU time to grow string = No. QM gradients � CPU time/QM gradient.
e CPU time for TS search = CPU time to calculate initial Hessian + CPU time to perform TS optimization.
f Total CPU time = CPU time to grow string + CPU time for TS search.
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modified-GSM/substring strategy. The transition state search cal-
culation using the interpolated geometry was also compared to
that using the improved dimer method [21], which avoids calcu-
lation of the Hessian and only performs QM force calculations.
The two geometries comprising the dimer were the node highest
in energy along the converged string and an adjacent node. It was
found that using the interpolated geometry as the transition state
estimate converged more rapidly than the improved dimer meth-
od, which required 41.5 min.

The interpolated transition state can also be determined during
each reparameterization step, rather than only after the final string
has been defined. Using this approach, there was no change in time
for growing the string, since both cases required 15 h and 93 QM
gradient calculations using B3LYP/6-31G*. However, the time re-
quired for the transition state search calculation was reduced to
24.4 min, with 14.1 min devoted to the transition state optimiza-
tion, consisting of only eight optimization cycles. This represents
a 35.0% reduction in computational time required for the transition
state optimization calculation compared to using the node highest
in energy from the modified-GSM/substring strategy. As a conse-
quence, the fraction of time required to calculate the initial Hessian
increased from 32.2% to 42.2% of the total CPU time for the transi-
tion state search.

The dihedral angles / (C–N–Ca–C) and w (N–Ca–C–N) were
/ ¼ 113:6� and w ¼ �132:0� for the converged transition state
found using the interpolated geometry in the final string, and
/ ¼ 115:1� and w ¼ �131:4� for the converged transition state
found using the interpolated geometry in each reparameterization
step. These values agree well with the geometry determined from
the modified-GSM/substring strategy without using the interpo-
lated geometry, for which / ¼ 118:3� and w ¼ �133:4� [23], and
the results of the dimer method, for which / ¼ 117:7� and
w ¼ �132:1�. The imaginary frequency corresponding to the transi-
tion state in the five cases in Table 1 differ by only 4.4 cm�1 and the
activation energies are all the same, 7.5 kcal/mol, in good agree-
ment with the value of 7.22 kcal/mol determined by Perczel et al.
[28] Thus, the transition state geometries determined from all
methods/strategies are virtually identical.

It should also be noted that even though the fractional interpo-
lation distance fL;R is small in this example, the slight change in the
initial geometry used to initiate the search for the transition state
still offers a significant reduction in computational time. This
reduction occurs because the geometry of the interpolated transi-
tion state estimate is more closely related to the final converged
transition state, as determined by comparing the root mean square
(RMS) difference between the starting transition state estimate
and the tightly-converged, high-level transition state (B3LYP/6-
311++G**, SCF convergence = 10�8, threshold value = 10�11). Using
the modified-GSM/substring strategy, the RMS difference for the
node highest in energy and the interpolated transition state deter-
mined from the final string is 0.098 Å and 0.092 Å, respectively,
compared to the tightly-converged, high-level transition state;
however, if the interpolated transition state is estimated during
each reparameterization step, then the RMS difference is only
0.072 Å.
3.2. H-abstraction in methanol oxidation

The abstraction of a hydrogen atom from an adsorbed methox-
ide group to a vanadyl oxygen atom, V@O, during methanol oxida-
tion on isolated VOx/SiO2 sites is shown in Fig. 3b. This reaction has
been previously studied by Goodrow et al. to understand the cata-
lytic reaction mechanism [29], and has been used to assess the
improvement of the modified-GSM relative to the original GSM
[22]. Depending on the method and strategy used, the time to grow
the string varied from 1085 h using the original GSM to 180 h using
the modified-GSM/substring strategy, as shown in Table 2. Unlike
the case of alanine dipeptide isomerization, the time required for
the transition state search varied greatly, from 140 h to 76 h
depending on the calculational approach. For this example, the
geometry nTS obtained from the final string corresponds to
fL;R ¼ 0:3433, and the total time to determine the transition state
required 66.0 h. Calculation of the initial Hessian took 14 h and
the transition state optimization took 52 h. This represents a
16.1% reduction in computational time required for the transition
state optimization calculation compared to using the node highest
in energy from the modified-GSM/substring strategy. The interpo-
lation approach was also compared with the improved dimer
method using the node highest in energy and an adjacent node
in the converged string; however, the dimer method calculation
was stopped after 200 h because it had not yet converged to a tran-
sition state structure. The improvement achieved using the ap-
proach reported here is due to the superior geometry of the
interpolated transition state estimate, which differs significantly
from the geometry of the highest energy node on the converged
string. As a consequence, the number of optimization steps re-
quired to find the transition state search is reduced considerably.



Table 2
CPU time for determining the final transition state using different transition state-finding methods/strategies for H-abstraction in methanol oxidation on VOx/SiO2 (see Fig. 3b).
The times to calculate the initial Hessian and perform the transition state optimization are shown in parenthesis.

Calculation method and strategy CPU time to grow stringd

(h)
CPU time for TS searche (Hessian/TS opt)
(h)

Total CPU timef

(h)

GSMa,b 1085 140 1225
Modified-GSMb 566 134 700
Modified-GSM

Substring strategyc
180 76 (14 h/62 h) 256

Modified-GSM
Substring strategy
Interpolated TS estimate determined only at end

180 (75 B3LYP grads.) 66.0 (14 h/52 h) 246

Modified-GSM
Substring strategy
Reparameterized using interpolated TS estimate

120 (39 B3LYP grads.) 54.2 (14 h/40.2 h) 170

a Ref. [29].
b Ref. [22].
c Ref. [23].
d CPU time to grow string = No. QM gradients � CPU time/QM gradient.
e CPU time for TS search = CPU time to calculate initial Hessian + CPU time to perform TS optimization.
f Total CPU time = CPU time to grow string + CPU time for TS search.
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A modified-GSM/substring calculation was also performed
using a three-node substring. This reduced the total time to grow
the string from 180 h (using a five-node substring) to 111.1 h,
and reduced the number of calculated QM gradients from 75 to
34 using B3LYP/6-31G*/LANL2DZ. Unlike the case of the five-node
substring, where the time required for the transition state search
calculation decreased from 76 h to 66.0 h when the interpolation
approach was used, the reduction in time for the case of a three-
node substring decreased only slightly from 88.3 h to 83.6 h. While
the interpolation approach did reduce the time compared to that
required using the geometry of the highest energy node, it was
not as successful in the case of a three-node substring because it
contained less information about the potential energy surface.
Nonetheless, the total CPU time using the interpolation approach
with the three-node substring was 194.7 h compared to 246 h for
the five-node substring.

Alternatively, if the interpolated transition state is determined
during each reparameterization step in the modified-GSM using
the five-node substring strategy, then the time to grow the string
and perform the transition state search calculation are both re-
duced. The CPU time required to grow the string is reduced from
180 h to 120 h when the interpolated transition state estimate is
included as a node along the substring after each reparameteriza-
tion step. The 33.3% reduction in time to grow the string is because
of the decrease from 75 to 39 QM gradients using B3LYP/6-31G*/
LANL2DZ as the high level of theory. This large reduction is
achieved because the interpolated transition state estimate deter-
mined during each reparameterization step closely resembles the
final transition state structure, thereby leading to fast convergence
of the string calculation. In addition, the transition state search
only required 54.2 h, with 40.2 h devoted to the transition state
optimization. This represents a 35.2% reduction in computational
time required for the transition state optimization calculation
compared to using only the modified-GSM/substring strategy, even
though the fraction of time spent calculating the initial Hessian in-
creased from 18.4% to 25.8% of the total CPU time for the transition
state search.

It should be noted that the final transition state structures are
identical for all calculation methods and strategies shown in Ta-
ble 2. The relevant bonds lengths in the transition state are r(C–
H) = 1.62 Å and r(O–H) = 1.11 Å, and these values vary by only
0.01 Å for all calculational approaches. The imaginary frequency
corresponding to the transition state varies by less than 1.2 cm�1.
The activation energies are all approximately 40.9 kcal/mol, and
vary by less than 1 kcal/mol. Also, the RMS difference for the node
highest in energy and the interpolated transition state determined
from the final string when using the modified-GSM/substring
strategy is 0.366 Å and 0.302 Å, respectively, compared to the
tightly-converged, high-level transition state; however, if the
interpolated transition state is estimated during each reparameter-
ization step, then the RMS difference is only 0.030 Å. Thus, the
improvement seen in this example is similar to that seen previ-
ously for alanine dipeptide.

3.3. C–H bond activation in toluene

The C–H bond activation step in the oxidative carbonylation of
toluene to p-toluic acid is catalyzed by Rh(CO)2(TFA)3, a complex
consisting of a Rh3+ cation coordinated to two CO molecules and
three trifluoracetate (TFA) anions [30]. This reaction is shown in
Fig. 3c, and represents a challenging case for transition state-find-
ing methods because of the many degrees of freedom, particularly
since the TFA ligands undergo rotation from the reactant to the
product state. The transition state could only be found using the
modified-GSM and substring strategy, as can be seen in Table 3.
The transition state search calculation required 112 h, but only
74.5 h when using the interpolated transition state estimate from
the final string as the initial geometry. Calculation of the initial
Hessian took 20.7 h and the transition state optimization took
53.8 h. This represents a 41.1% reduction in computational time
compared to not using the interpolation approach, even though
fL;R ¼ 0:0745 in this case. A small value of fL;R suggests that the
interpolated geometry is only slightly different than the geometry
of the highest energy node and would likely have little effect on the
computational time. However, the results for this reaction, and for
alanine dipeptide, indicate that the computational time is very sen-
sitive to small perturbations in the transition state geometry, as
evidenced by the variance in the RMS differences. The time re-
quired to perform the transition state optimization in this reaction
(53.8 h) is approximately the same as that required for the H-
abstraction example described previously (52 h), even though the
present example contains seven additional atoms (34 compared
to 41, respectively). An attempt was made to compare the interpo-
lation approach with the improved dimer method using the node
highest in energy and an adjacent node in the converged string;
however, the dimer method calculation was stopped after 200 h
because it had not yet converged to a transition state structure.

If the interpolated transition state is determined during each
reparameterization step, rather than only from the final string
using the five-node substring strategy, then the time required to



Table 3
CPU time for determining the final transition state using different transition state-finding methods/strategies for C–H bond activation in toluene on Rh(CO)2(TFA)3 (see Fig. 3c).
The times to calculate the initial Hessian and perform the transition state optimization are shown in parenthesis.

Calculation method and strategy CPU time to grow stringd

(h)
CPU time for TS searche (Hessian/TS opt)
(h)

Total CPU timef

(h)

GSMa,b – – >1800 did not converge
Modified-GSMb – – >1800 did not converge
Modified-GSM

Substring strategyc
300 112 (20.7 h/91.3 h) 412

Modified-GSM
Substring strategy
Interpolated TS estimate determined only at end

300 (75 B3LYP grads.) 74.5 (20.7 h/53.8 h) 375

Modified-GSM
Substring strategy
Reparameterized using interpolated TS estimate

251 (57 B3LYP grads.) 41.0 (20.7 h/20.3 h) 290

a Ref. [30].
b Ref. [22].
c Ref. [23].
d CPU time to grow string = No. QM gradients � CPU time/QM gradient.
e CPU time for TS search = CPU time to calculate initial Hessian + CPU time to perform TS optimization.
f Total CPU time = CPU time to grow string + CPU time for TS search.
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grow the string and perform the transition state search calculation
are both decreased. The CPU time required to grow the string is re-
duced from 300 h to 251 h when the interpolated transition state
estimate is included as a node along the substring after each repa-
rameterization step. The 16.3% reduction in time to grow the string
results from a decrease from 75 to 57 in the number of QM gradi-
ents required using B3LYP/6-31G*/LANL2DZ as the high level of
theory implemented for refinement of the substring. In this case,
the transition state search only required 41.0 h, with 20.3 h de-
voted to the transition state optimization, consisting of only 44
optimization cycles. This represents a 77.8% reduction in computa-
tional time required for the transition state optimization calcula-
tion compared to using only the modified-GSM/substring
strategy, although the fraction of time spent calculating the initial
Hessian increased from 18.5% to 50.5% of the total CPU time for the
transition state search. In this example, the time to calculate the
initial analytic Hessian is equal to the time required for the entire
transition state optimization.

The geometry of the final transition state determined using
each of the approaches listed in Table 3 are in good agreement,
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Fig. 4. Total CPU time for determining the final transition state, comprised of the time
optimization. A summary of the results from the three different reactions in Fig. 3 are s
interpolation during the reparameterization step of the modified-GSM.
with r(C–H) = 1.30 Å, r(O–H) = 1.35 Å, and r(Rh–C) = 2.21 Å. The
variances in these three bond lengths between different ap-
proaches are less than 0.02 Å. The imaginary frequency corre-
sponding to the transition state varies by less than 2% and the
activation energy differs by less than 2 kcal/mol, compared to that
reported previously by Zheng and Bell [30]. Lastly, the RMS differ-
ence for the node highest in energy and the interpolated transition
state determined from the final string when using the modified-
GSM/substring strategy is 0.200 Å and 0.116 Å, respectively,
compared to the tightly-converged, high-level transition state;
however, if the interpolated transition state is estimated during
each reparameterization step, then the RMS difference is only
0.031 Å.
4. Conclusions

A method for determining the geometry of a transition state
estimate from a calculation using the modified-GSM/substring
strategy has been described. Interpolation along the RP from a con-
C-H Activationstraction
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for determining the initial Hessian and the time for performing the transition state
hown, which highlight the effectiveness of estimating the transition state through
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verged string is used to obtain a more accurate transition state
estimate that converges more rapidly compared to using the geom-
etry of the node with the highest energy. The improvement is be-
cause the interpolated transition state geometry is more closely
related to the final transition state than the geometry of the high-
est energy node, as determined by calculating the RMS differences.
The geometry of the highest energy node can often be reactant-like
or product-like, and hence not a very accurate transition state esti-
mate. The proposed interpolation approach has been tested on
three reaction systems, with reductions in CPU time for the transi-
tion state optimization calculation ranging from 12.4% to 41.1%.

When the interpolated transition state is estimated during each
reparameterization step and used in a five-node substring calcula-
tion, a further reduction in the time required for the transition
state optimization is observed in all three examples. The reduction
in CPU time for performing the transition state optimization using
this approach ranges from 35.0% to 77.8%, based on the time re-
quired using only the modified-GSM/substring strategy. Based on
the results shown here, this procedure is significantly preferred,
particularly since it yields the best directly usable transition state
estimate without any further refinement.

In each example, the time required to calculate the initial Hes-
sian remained constant whether or not the interpolation approach
was used, but the time for the transition state optimization was
greatly reduced, as summarized in Fig. 4. The reduction in time is
similar for alanine dipeptide isomerization and H-abstraction in
methanol oxidation, but quite substantial for C–H bond activation
in toluene. The geometry and energy of the final transition state are
in good agreement with previous calculations, indicating that the
reduction in computational time does not compromise the accu-
racy of the final result. Thus, a more accurate transition state esti-
mate can be obtained through interpolation along the string during
each reparameterization step, or from the final converged string,
thereby minimizing the time required for a transition state optimi-
zation. Calculating the initial Hessian has now become a large frac-
tion of the total CPU time for the transition state search,
representing over 50% in the case of C–H bond activation in tolu-
ene. A productive avenue for future work would be to construct
an approximate Hessian based on the gradient of previously calcu-
lated points on the potential energy surface, rather than determin-
ing the analytic Hessian, and would be particularly helpful for
larger systems.
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