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For proton transfer reactions, the tunneling contributions to the rates are often much larger than
thermally activated rates at temperatures of interest. A number of separable tunneling corrections
have been proposed that capture the dependence of tunneling rates on barrier height and imaginary
frequency size. However, the effects of reaction pathway curvature and barrier anharmonicity are
more difficult to quantify. The nonseparable semiclassical transition state thH@&@Yy) of
Hernandez and MillefChem. Phys. Lett214, 129 (1993] accounts for curvature and barrier
anharmonicity, but it requires prohibitively expensive cubic and quartic derivatives of the potential
energy surface at the transition state. This paper shows how the reaction path Hamiltonian can be
used to approximate the cubic and quartic derivatives used in nonseparable semiclassical transition
state theory. This enables tunneling corrections that include curvature and barrier anharmonicity
effects with just three frequency calculations as required by a conventional harmonic transition state
theory calculation. The tunneling correction developed here is nonseparable, but can be expressed
as a thermal average to enable efficient Monte Carlo calculations. For the proton exchange reaction
NH,+ CH,< NH;+ CH;, the nonseparable rates are very accurate at temperatures from 300 K up
to about 1000 K where the TST rate itself begins to diverge from the experimental resulZ)0®
American Institute of Physics[DOI: 10.1063/1.1778162

I. INTRODUCTION For example, fully anharmonic SCTST requires cubic and
quartic derivatives of the potential energy at the transition
The availability of fast electronic structure algorithms is state*?° Becauseb initio cubic and quartic potential energy
making it possible to carry out calculations of accurate reaceerivatives must be obtained by finite difference methods,
tion rate constants However, some factors in rate constant anharmonic SCTST becomes prohibitively expensive for re-
calculations remain difficult to quantify. Paper(Ref. 2 actions with as few as ten atoms.
showed how the reaction path HamiltoriaiRPH) can be The method developed here requires the reactant and
constructed and used to generate a correction for the effectgnsition state energies and frequencies and a small portion
of barrier recrossing. This paper shows how a small portiorof the minimum energy path (MEP) near the transition
of the RPH near the transition state can be used to computgate. The RPH curvature coupling elemértsd the poten-
an accurate, nonseparable, semiclassical tunnelingal energy profile from the small portion of the MERef. 3
correctior that accounts for barrier anharmonicity and reac-can be used to obtain anharmonic constants for nonseparable,
tion pathway curvature. anharmonic SCTST. Like the truncated parabolic bafriee
Several tunneling corrections have been develdped.SCTST developed here includes a maximum barrier penetra-
Simple tunneling models include the parabolic bartiethe  tion integral to ensure proper temperature dependence at low
truncated parabolic barrirthe small curvature tunneling temperatures. A general limitation of nonseparable SCTST is
model?~*® and interpolated Eckart-barrier modéls?***>  that an explicit sum over states is required, which converges
More computationally demanding models include fully an-slowly at high temperatures. The sum over states in this pa-
harmonic nonseparable semiclassical transition state theoper has been expressed as a thermal average to enable effi-
(SCTST,* semiclassical initial value representation cient Monte Carlo calculatiorfé.For brevity, this method is
methods;®~*and instanton models that rigorously sum overreferred to as RPH-SCTST throughout this work.
all tunneling paths® Sophisticated tunneling models often  The first section of this paper reviews the parabolic bar-
require a detailed description of the potential energy surfaceier SCTST, truncated parabolic barrier SCTST, and fully
anharmonic SCTST to motivate RPH-SCTST. The second
aAuthor to whom correspondence should be addressed. Electronic mai€Ction develops RPH-SCTST from the reaction path Hamil-
arup@uclink.berkeley.edu tonian. The final section applies RPH-SCTST to the hydro-
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FIG. 1. Truncated parabolic barrier for the BHCH, reaction, shown with  F|G. 2. Nearly half of the barrier penetration integral for the Eckart barrier
the more realistic asymmetric Eckart barrigwefs. 9 and 12 is omitted by the truncated parabolic barrier model at the ground state en-

ergy.

gen abstraction reaction NH CH,< NH;+ CH5, and com-
pares the results with those obtained from other semiclassic

ghckart barriet! The specific barrier parameters have been
tunneling theories and experimeAts?

osen to fit the zero point energy and imaginary frequency
of the barrier for the N5+ CH, reaction.
The tunneling correction for the truncated parabolic bar-
rier is®
Il. REVIEW OF SEMICLASSICAL TRANSITION

0,
STATE THEORIES ePVze~ 0 sechi, + f ° d6ePVz% sech 6|, (3)

1
1—‘Auerb.zz
Semiclassical transition state theories are often based

on WKB tunneling probabilities. The probability of trans- WhereVzp is the difference between the zero point energy at
mission through a one-dimensional barrier i§l the saddle point and the reactant minimum, i.e., the energetic

+exd26(E)]\ ", where E is the energy of the incoming reaction threshold. For the truncated harmonic barrier the
packet. The potential energy profis) determines the bar- Maximum barrier penetration integral is given by
rier penetration integrad(E) through the equation

mVzp
wEr= [ ds\uvis ) ® | e N
= S\VZu S)—E|,
NS I puern. IS Well behaved at all temperatures, and it has

wheres is a distance reaction coordinafe,is the reduced P€€n shown that the slope Bfyer, versus 1T is correct in
mass associated with the packgt=1 in mass weighted co- Poth the high and low temperature limftsowever, Ty er
ordinate$, V(s) is the one-dimensional barrier energy, and'dnores _tr_]e effects of reaction path.curvat_ure and barrier an-
s,(E) ands,(E) are the classical turning points that mark harmonicity. The trur)cated parabolic barrier approach tends
the beginning and end of the classically forbidden region{© €xadgerate tunneling rates because the square root depen-
V(s1(E))=V(s,(E))=E. The WKB transmission probabil- dence in the 'barrler penetrgtlon integral accentuates the tails
ity can be used directly in one-dimensional models, or gen®f the potential energy profile that extend beyond the trun-
eralized to multidimensional systems through instanton mod¢@ted parabolic barrier. The omitted portion of the barrier
els or perturbation theories. penetration integrandfor tunneling from the ground state

A commonly used tunneling correction describes the bar€N€rgy is shown as the shaded area in Fig. 2. _
rier as an infinite, one-dimensional parabola having an Miller and Hernandez have developed an anharmonic,

imaginary frequency at the saddle point of magnitage®’ nonseparable SCTST that includes cornercutting, barrier an-

With B=(kT) ! the correction is Earmonicity, and other factofsTheir rate constant is given
Yy
Ham. ™ Sin( Bl wel2) k(T)= 2th J doseck 6, exqd —BE(n”,0)], (5)
R — o0 n#

The harmonic result breaks down feif,<%wg/27.” The
breakdown at temperatures beloly occurs because the Where
Boltzmann distribution, exp{E/kT), grows to infinity faster

2

than the temperaturindependentlecay of the barrier pen- E(n¢’9)zvn#_hm—n#f_ﬁx':': 0_ (6)
etration probability. The divergence can be removed by rein- ™ w?
troducing an energetic minimum, or equivalently, a maxi- E_1 E_1 1 1
mum barrier penetration integral. = , - =

Auerbach and Fermann have developed a separabl\éﬁ Vart kgl hwknk+k'§s:k P Mt )| Mot 5 ()
SCTST for a truncated parabolic barfidraving the imagi- o1
nary frequency of the saddle point. Figure 1 shows a trun._ 4 z Yurel Nt 1 ' @)
cated parabolic barrier and the corresponding asymmetric " Frig AR 2
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The firstF—1 angular frequencies are the transverse fre- Q.=s(1—q-b),

guencies in the RPH at the saddle point. The last frequency 5 (11)
wg 1S the magnitude of the imaginary frequency at the saddle Q=0+ S—b

point. The normal modes establish a rectilinear coordinate k= Gk 2 K

system Q’QF.):(Ql’”"QFfl’QF) in which e_acth 'eD"  \wherek#F. A treatment of the more general case with non-
resents the displacement from the saddle point along the coL

. . 820 . ero Coriolis coupling is outlined in the Appendix. The Co-
responqllng e_zlgenvect T The spectros_coplc CO”St?‘”ﬁw iolis couplingsB result in transitions among the transverse
are deflne_d In terms of the saddle point frequen_mes, .the_fuﬁnodes, but are not expected to be as important for tunneling
set of cubic d_erlvz_mves and a subset of the quartic denvatlveas the curvature couplinds Equation(11) can be inverted
of the potential with respect to the coordinat€s Q) at the locallv to obtai

. . " y to obtain
saddle point® The spectroscopic constants at the transition
state perturbatively account for the effects of reaction path  gx=Qx— 3s%by,
curvature, barrier anharmonicity, rovibrational coupling, and 3
- . B 8(1-Q-b)

transverse mode anharmonicity. Complete expressions for g=(p.p) 1/3( QF+(—+QF2:
the spectroscopic constants at the transition state are given in 270-b
a separate paper by Hernandez and Mfer. 8(1-Q-b)3 1/211/3

The reaction coordinate anharmoniciggg, is usually + QF—(—+Q§) )
negativé® which ensures a finite rate constant at all tempera- 27ob
tures, even without an imposed maximum barrier penetration From Eq.(12), the cubic and quartic force constants can
integral. Equation5) does allow tunneling from below the be evaluated as functions of RPH parameters. The force con-
reaction threshold which may result in incorrect low tem-stants given here reflect the assumption of constant trans-
perature behavior. Anharmonic SCTST could be improvedrerse frequencies near the saddle pai€?(s)/ds=0. The
by enforcing a maximum possible barrier penetration intefesulting cubic and necessary quartic derivatives with respect
gral, and developing a feasible scheme for computing thé¢o the Q,Qg) variables are
spectroscopic constants in E@6)—(8).

) 1/2} 13 (12

frr=— Sb(wE+3wp),

fere=V5(0),

IIl. SCTST FROM THE REACTION PATH HAMILTONIAN
fucer= — 2b2 (5w + 12w)), (13

RPH-SCTST uses the RPH curvature coupling elements F-1
at the saddle poinb(0), and the pgotential energy along the  f____=V{(0)+120%2+6 >, blw?,
MEP near the saddle poinY/y(s).” The RPH coordinates, k=1
(q,s), are identical to the@,Qg) coordinate system of an-
harmonic SCTST at the saddle poffifor points away from
the saddle point,d,s) =(Q,Qg) =0, the coordinate systems Here a subscripk+F on f indicates a derivative of the po-
diverge due to path curvature and twisting of the transverstential with respect to the transverse coordin@g at the
modes. The equation linking the coordinate systems is saddle point, and a subscriptindicates a derivative with

respect toQg, the reaction coordinate, at the saddle point.

Q Many of the derivatives are zero because the Coriolis cou-

=la(s)~a(0) ]+ L(s)q, ©) plings in B were assumed to be zero. These derivatives can

Qr
_ . _ then be used to calculate the spectroscopic conétafuts
where the matrix of vectors[L(s),a’(s)], is comprised of  gnharmonic SCTST.

transverse eigenvectors of the projected Hessian,

L4(s),....Lg_4(s), and the path tangent at an arclength Xik= X'k =0,

along the MEP as prescribed by the reaction path Hamil- _ ( 52, F-1 fﬁFF(8w|2:+3wE))
FFFF - )

fr™ T = Fram= Fir= Frir= fria™ Fin = 0.

L

tonian. L is the eigenvector matrix at the saddle point,

XFF™

[L(0),a'(0)]. Taylor expanding the right side of E¢P) in s 1602 3w 1 wi(doi+tol)
arounds=0, and introducing the identity dsL ", gives (14)
2f%
~[Q , S ) Lo kFF
L QF}=L(O)q+a (0)s+ ELLTa (0)+--- I XkF ORr frkert —w§+4w§ .
+sLLTL"(0)g+: - The rovibrational ternf§ have been neglected for this

hydrogen exchange reaction because they contribute less
q than 3 cm* to the anharmonic constants. Rather than use the
s anharmonic constants directly in E&), we integrate only to
the reaction threshold energy as done for the truncated para-
In the last approximation the RPH coupling constants at thdolic barrier. This is equivalent to defining the state-
saddle point are abbreviated lasb(0) andB=B(0). When  dependent maximum barrier penetration integral so that the
B=0, the change of variables becomes energy equals the reactant energy in stater equivalently

B b/2
-b O

~L

1+s . (10
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TABLE |. Energy relative to reactants in kcal/mol. Zero point corrections
are not included. The QCISD)/6-311+G(2df,2p results are from Yiet al.

O (Ref. 28.

¥ Products
1 CCSOT)/6-311++G** 15.39 —-1.74
QCISD(T)/6-311+G(2df/2p 14.93 —2.26
Experimental estimate 15.19.8 -1.14

FIG. 3. Saddle point geometry at CCADV/6-311+ +G** level. The central
proton is 1.27 A from the nitrogen nucleus and 1.31 A from the carbon

nucleus. The angle formed by these atoms is 169.8°. To obtain the curvature and barrier anharmonicity, 13
points were computed along the steepest descent path at the
CCSOT)/6-311G* level?’ The points included the saddle
point, s=0, and six points in each channel at distances of
=0.008, 0.016, 0.032, 0.064, 0.096, and 0.E&muU?)
along the steepest descent path from the saddle point. A start-
02 ing Hessian with one imaginary frequency was obtained at
—fixpr— =0, (15)  the B3LYP/6-311G* level to initiate the steepest descent
™ path. The SR1 formufd was used to update the Hessian at

wheredw is the difference between tlih frequency at the €ach point to approximately follow the quadratic steepest
saddle point and thkth frequency in the reactant basin, and descent patf’ Values ofwZ, fsss, andfssss, Were obtained
Dr=wp+ (ISF Yxe2). from a best fit quartic polynomial of the CC$D/6-311G™

With these definitions, the RPH-SCTST rate constant bee€nergies along this portion of the steepest descent path. The
saddle point was reoptimized at the B3LYP/6-3HG**
level to obtain transverse frequencies for use in the rate
calculations. Frequencies of reactants and products were
also computed for re-optimized structures at the
B3LYP/6-311++G** level. Table | shows the classical and
zero point energies of the transition state and the products
with respect to the reactant energies.

Table Il shows the saddle point frequencies, the curva-

ture coupling components, the spectroscopic constggts
secht 9> : (16 and thesw frequencies of Eqg15) and(16). The curvature
coupling elements have units o&d*amu *?). The com-

The thermal averages are taken with respect to the Hamiputed frequencies at the transition state are similar to values
tonian, =N . Because the entire MEP is not computed,reported by Yiet al*° except for the smallest transverse fre-
theF — 1 largest frequencies ordered from largest to smallesguency of 148 cm. The corresponding frequency obtained
at the minimum are assumed to correspond to the real fre-
guencies at the transition state. For a bimolecular reactant,

the last five frequencies are zero, forcing an explicit SumrABLE II. Transition state frequencies, RPH curvature coupling elements,
over the corresponding degrees of freedom spectroscopic constants, and difference between transition state and reactant
’ frequencies. The table also shows the imaginary frequency and the barrier

anharmonicity,yge .

F-1 o F-1
Vit >, ﬁéwknk—?o(ﬁtu,:ﬂ DRIED
k=1 k

comeskrpy.scrst Krstl rpH-scTst Where
F-1

1
I'rprscrst=2 < EXF{ Bt kzl SwyNg+ BV = b

sech60>

2
77_2

1 fo _ 0
+§ fﬁwdﬁex ,BﬁwF;-FIBﬁXFF

Fo1
+Bhi— X XNk
=l

IV. EXAMPLE: NH ,+CH,<CH;+NH, K o €M) b@n)  ipe(emd  dwy(omd)
The proton exchange reaction between,Gid NH, is 1 3495.7 —0.009 0.01 45.6
a good test reaction for several reasons. Accurate experimenz 3398.3 0.034 0.07 41.3
tal data are available over a wide range of temperatures ex3 3189.6 0.007 0.00 55.0
tending well below the limit of harmonic SCTST.% The gég%é 70(')08321 06084 _7‘(1)8"10
reaction is a prototypical high curvature, “heavy-light- ¢ 1562 3 0.005 0.00 14627
heavy” reactioR® where a light proton is transferred between 7 1484.3 0.007 0.00 —-74.0
relatively bulky NH, and CH groups. The imaginary fre- 8 14423 0.017 -0.01 —115.0
quency at the transition state is nearly 240@m=*, so the  ° 1416.3 0.011 —0.01 —92.8
parabolic barrier is narrow compared to the anharmonic bar%g ﬁgi'g g'égg :(1).22 B 1_7i'56
rier. Finally, the electronic structures of all involved species;» 853.1 0061 027 4832
are sufficiently simple to allovab initio calculations of high 13 781.2 —0.004 0.00 781.2
quality and accuracy. 14 560.2 0.347 —12.27 560.2
The reactants (NiHand CH,), products (NH and CHy), 15 3914 —0.013 -0.02 3914

o 2 o 16 370.0 -0.078 —0.90 370.0
and the transition stateshown in Fig. 3 were optimized at 1478 —0014 —021 1478

7
the CCSIT)/6-311++G** level. Absolute energies of all ¢ 1973.5() —267.19()
stationary points were taken from these calculations.
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12 - TST rate. The CVT/SCT correction results in an overesti-

11 4 \ mate of the rate at low temperatures and an excessively

i6 4 curved Arrhenius plot, much like Auerbach’s SCTST. Note
? that the SCT correction was calculated using a slightly
2 1 smaller barrier of 14.93 kcal/mol and a slightly larger imagi-
§ 8 1 nary frequency of 2121f cm™! as compared to this study.
g 7+ o Expts.21B e Nevertheless, RPH-SCTST most accurately describes the
= 6| © CvI/scT®28 Bt temperature dependence of the hydrogen abstraction rate.
8 | —Classical TST " N

5 - —— Harmonic SCTST 6 N

4 | - Auerbach SCTST8 N

— —RPHSCTST V. CONCLUSIONS
3 T T T
0.0 1.0 1ooo;<rr2'° 3.0 The semiclassical rate theory presented here, RPH-

SCTST, is qualitatively correct in the low and high tempera-
FIG. 4. Arrhenius plot showing the rate constants from various theoreticatyre limits. The new correction captures the effects of curva-
methods(Refs. 6, 8, 9, and 1land experimental measuremefiRefs. 21— : ‘L : :
23). The CVT/SCT transmission coefficient obtained byefual. (Ref. 28 ture anq barrier an_harmon|0|ty with just thre? frequency
was multiplied by the TST rate from this work to generate a CVT/SCT rateC@lculations as required by a standard harmonic TST calcu-
for comparison. lation. The results of this paper show that the effect of barrier
anharmonicity can result in calculated rates that are much
smaller than rates predicted by truncated harmonic SCTST.
Comparison to experimental data for the hydrogen abstrac-

_ - . i i + = + -

cm L. The frequencies of Yiet al. result in rate constants tion rea_ctlon N'.d .CH4 NH3 CHs suggests that R'_DH

SCTST is quantitatively reliable at low temperatures. Finally,

that are only slightly different than the rates reported here. : . :
. the nonseparable correction has been written in the form of a
The rate constants that result from a number of semiclas;

sical transition state theories are shown in Fig. 4. The SCTS‘ﬁhermal average to enable the use of efficient Monte Carlo
sampling techniques for computation.

rates all approach the classical TST rate in the high tempera-
ture limit. Note that classical harmonic TST performs poorly
at temperatures above 1000 K. As a result, all of the SCTST

rates overestimate the rate by nearly two orders of magnitud@CKNOWLEDGMENTS
at 2000 K. A possible explanation is that the harmonic mod-

els of the transition state and the reactants are inadequate gf <o\ H. Miller and Professor Attila Szabo. The au-
high temperatl_Jres where vibratior_1al|y excitegl energy IeVel?ﬁhors are also grateful to Professor Martin Head-Gordon who
become heavily populated. Barrier recrossing could als%rovided Q-Chem 2.1Ref. 31 for this work. The authors

Iower the rtgtetcgnstgnt ?Lh'gh tetmpefrlaturgs. 'Il'ht|s poss'tbh'“t(z/ould like to thank Professor Wan-Zhen Liang for valuable
was Investigated using the reactive Tiux simuiation methot, ;q;q1ance with Q-Chem. The authors acknowledge British

desc.ribed in Paper |. The dynamic corrections were smallIDetroIeum for support. One of the authdBsP) acknowl-
ranging from 0.7 at 2000 K to 0.9 at 666.7 K using aedges NSF for fellowship support.

B3LYP/6-3114+G** reaction path Hamiltonian. Recross-
ing is not sufficient to account for the discrepancy between
predicted and measured rates at high temperatures. We note,
however, that the reactive flux simulation method used her&PPENDIX: FORCE CONSTANTS

cannot capture recrossing for tunneling trajectories. Simulta?/!'TH CORIOLIS COUPLING

neous description of dynamic recrossing and nonseparable The RPH potential is easily differentiated with respect to

tunneling requires a more rigorous treatment such as a pafhe (g,s) variables, and Eq(10) can be differentiated to

integral calculation of the qux-qux_ correlation function. obtain derivatives of theqs) coordinates with respect to the
At low temperatures, the various SCTST rates behaveq Q) coordinates. Thus a straightforward application of

very differently. Harmonic SCTST breaks down at 454 K, the chain rule gives the following expression for the cubic
154° above the lowest temperature experimental data of Degyce constants:

missy and Leclaux® The SCTST rate of Auerbach and Fer- . .
mann can be computed at all temperatures. However, Auer- sV _ TV 9m 99n 99y ﬂ
bach’s SCTST overestimates the true rate at all temperatures. dQ;dQ;dQy  d0nd4,ddp IQ; dQ; IQy Iy
The Arrhenius plot for Auerbach’s SCTST rate also has far

by Yu et al. at the QCISIT)/6-311G™ level was only 50

The authors are grateful for useful discussions with

; A PV (30m  an
more upward curvature than the experimental data. The % _m
RPH-SCTST rates match the experimental data very well for dQidQjdQx  Idmdan | IQ; IQj9Qx
temperatures between 300 and 500 K. Additionally, the 9 52 P 52
Arrhenius plot for the RPH-SCTST rate appears to have cur- + %m n + Zm fn ) (A1)
dQj dQidQy  dQx dQ;dQ;

vature similar to the low temperature experimental data.
For comparison, the small curvature tunneling correctiorHere we have used Einstein notation and defigped s. The
obtained by Yuet al° has also been applied to our classical same approach applies to the quadratic force constants.
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The force constants in Eq13) followed from the as-
sumption of zero Coriolis couplindg3=0. By repeated dif-

Peters, Bell, and Chakraborty

only requires first and second derivatives qfs). Similarly,
evaluation of the quartic force constants only requires first,

ferentiation of Eq.(10) we can obtain force constants that second, and third derivatives ofy,s).
include Coriolis effects. For notational convenience, we

make the following definitions:

a o
J J
B b2 Q Qe
M=_p o | e
Js Js
dQ dQr
(A2)
A Js Js B 5:"'
Pl Qe ]’ & 5;(F'

Differentiating Eq.(10) with respect to Q,Qg) gives the
equations

I=(I+sM)A+M[2 oAp. (A3)

These are trivially solved to give the first derivativesAasl|
at the saddle point,g(s) =0. A second differentiation gives

A T
= —M(Se+ece])

70, (A4)
at the saddle point. The third derivatives at the saddle poinb
are given by
A 2 dA IA
IQuQu M { dQkdQy/ i 5kFt9Qk' i 5k/Ff9_Qk
9? IAF
i ( dQxdQy 2 oe;+Q(,o(f9_Qk)
+g0 ﬁ) . (A5)
Qs

Note that in the force constant expressi¢asy., Eq.(Al1)]
the highest derivative ofq,s) with respect to Q,Qg) is
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