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Micelle formation of randomly grafted copolymers
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Amphiphilic surfactants, molecules with chemical moieties that interact differently with the
solvating medium, are important for technological applications and ubiquitous in biology.
Understanding how to control surfactant properties is, therefore, of wide-ranging importance. Using
a combination of light scattering experiments and field theory, we demonstrate that the behavior of
polymeric surfactants can be controlled sensitively by manipulating molecular architecture. We find
that branched polymeric amphiphiles can be much better surfactants than traditional linear analogs.
This is indicated by micelle formation in solvents that are very slightly selective for the backbone
of the branched molecule. Our experimental and theoretical findings also suggest that, for a given
chemistry and architectural class, surfactant properties of polymeric amphiphiles are very sensitive
to subtle changes in architectural features. Specifically, we find that choosing a particular branching
density optimizes the propensity for micelle formation. The sensitivity of macromolecular surfactant
properties to molecular architecture can perhaps be profitably exploited in applications wherein only
certain chemical moieties are allowed. The physical origin of this sensitivity is the importance of
conformational entropy penalties associated with the pertinent self-assembly process. This is in
contrast to self-assembly of small molecule systems where conformational entropy is not of such
significance. ©2001 American Institute of Physics.@DOI: 10.1063/1.1395559#
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I. INTRODUCTION

The ability of amphiphilic molecules to form organize
assemblies in solution has important commercial and b
logical consequences.1,2 A variety of products such as dete
gents, emulsifiers, catalysts, and vesicles for drug deliv
rely on this ability. Membranes in plant and animal cells a
composed of self-assembled phospholipid bilayers. S
assembly into these organized motifs is driven by the a
phiphilic character of the molecular building blocks~i.e., dif-
ferent chemical groups in the molecules exhibit differe
solvent affinities!. The simplest organized assembly is a m
celle, which is formed to minimize unfavorable interactio
between the medium and the poorly solvated moieties of
amphiphile. Although a large majority of studies have be
conducted using water as the solvent, the amphiphilic c
acter of molecules can be expressed in a variety of me
such as organic solvents and polymers.1–4 Extensive theoret-
ical and experimental studies of micelles formed by sing
6240021-9606/2001/115(13)/6243/9/$18.00
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tailed and double-tailed amphiphiles@Fig. 1~a!#, including
those of biological importance, have been conducted~e.g.,
Refs. 1–7!. Recent studies have focused on synthetic doub
tailed surfactants~Gemini surfactants! due to their superior
properties~e.g., Ref. 8!. However, most efforts to contro
surfactant properties focus on the proper choice of
chemical structure of the amphiphilic molecule.

This paper concerns macromolecular amphiphiles s
thesized by connecting chemically dissimilar polymer cha
@Figs. 1~b! and 1~c!#. We demonstrate that the surfacta
properties of macromolecules~and hence their ability to self
assemble into functionally interesting motifs! can be con-
trolled with high sensitivity by manipulating molecular a
chitecture without changing the chemical identity of t
amphiphilic moieties. In addition to differences in surfacta
properties between macromolecules in different architect
classes, our findings show that subtle variations within
architectural class also lead to significant effects. This is
to the importance of conformational entropy for se
3 © 2001 American Institute of Physics
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assembly processes of polymers. This notion of choosing
nature of the connections between the amphiphilic moie
to control surfactant properties may prove useful in appli
tions where the choice of chemical structure is restric
~e.g., for concerns related to biocompatibility or toxicity!.

We use light scattering experiments and a field-theor
model to show that randomly grafted copolymers@see Fig.
1~c!# are extremely efficient surfactants. It is worth rema
ing that agrecans, one of the most effective biological s
factants, have a similar architecture.9 We find that, for the
branched macromolecules shown in Fig. 1~c!, a slight affin-
ity of the medium toward the backbone relative to t
branches is sufficient for micelle formation. Such a sm
selectivity is insufficient to induce micelle formation in lin
early connected polymeric amphiphiles such as diblock
polymers@Fig. 1~b!#. In addition, we show that an interme
diate branching density optimizes surfactant properties
to the interplay between molecular architecture and con
mational entropy.

II. EXPERIMENTS

Polybutadien-polystyrene~PB-PS! branched copolymers
were synthesized by a combination of anionic polymeri
tion and silane coupling.10 The resulting polymer consists o
a PB backbone with randomly located tetrafunctional gr
points. The middle of the polystyrene chains is grafted on
the backbone, as shown in Fig. 1~c!. The backbone, the
grafts, and the graft copolymers were characterized by
exclusion chromatography, light scattering, and NMR sp
troscopy measurements. The characterization results
summarized in Table I. The principal difference between
two copolymers is the average number of grafts per molec
~P!. The copolymers are labeled BC-10 and BC-18, wh
the number indicatesP. The same backbone was used
synthesize both polymers, and the graft molecular weig
are approximately 20 kg/mol in both cases.

FIG. 1. Amphiphilic molecules.~a! Small molecule amphiphiles: single
tailed and double tailed surfactants.~b! Linear polymeric amphiphiles:
diblock and triblock copolymers.~c! Branched amphiphiles with a well
solvated backbone and poorly solvated branches.
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Dynamic light scattering~DLS! data from toluene solu-
tions of BC-10 and BC-18 were acquired on an ALV-50
instrument.11 Solutions ranging from 1.0 to 2.5 wt. % poly
mer were examined. Samples were prepared by filter
HPLC grade toluene~Aldrich! from freshly opened bottles
into glass cuvettes that contained the appropriate amoun
the copolymer. The cuvettes containing the polymer so
tions were flame sealed, annealed at 70 °C for about 1 h,
cooled slowly~over a period of 6 h! to room temperature
The light scattering data obtained from the annealed cop
mer solutions during heating and cooling runs were identic

A Nd:YAG solid-state laser~wavelengthl50.532mm!
was used as the source and scattering data were obtain
several scattering anglesu between 30° and 150°. The tim
autocorrelation function of the scattering light intensi
g(t), was measured in the homodyne mode. In dilute so
tions,g(t) is related to the mobility of the scattering entitie
In Fig. 2~a! we showg(t) measured from a 1.5 wt. % solu

FIG. 2. Autocorrelation function of the scattered light,g(t), at selected
temperatures~a! BC-10 solutions,~b! BC-18 solutions.

TABLE I. Characteristics of the branched copolymers.

Sample

Molecular
weight

of PB backbone
~kg/mol!

Molecular
weight

of PS branch
~kg/mol!

Average
number

of branches
per molecule

Total
molecular

weight
~kg/mol!

BC-10 100 19 10 390
BC-18 100 23 18 610
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6245J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Micelle formation of randomly grafted copolymers
tion of BC-10 at selected temperatures foru590°. At tem-
peratures (T)>24.7 °C, the characteristic time for the dec
of the autocorrelation function to the base line@whereg(t)
51# is in the vicinity of 1025 s. This time scale is consisten
with the diffusion time scales of individual BC-10 molecul
in toluene. At 20.8 and 16.2 °C, the characteristic time for
decay of the autocorrelation function is significantly larg
than that obtained at high temperatures@see Fig. 2~b!#. The
characteristic decay time at 16.2 °C is 2 orders of magnit
longer than that obtained at 24.7 °C. This is a classic sig
ture of intermolecular aggregation or micelle formation. T
critical temperature for micelle formation in the 1.5% BC-1
solution is 2362 °C. The qualitative features of DLS da
obtained from 2.0% and 2.5% BC-10 solutions were sim
to the 1.5% solution data shown in Fig. 2~a!. The formation
of micelles was detected at temperatures below a thres
value.

Typical DLS data obtained from BC-18 solutions a
shown in Fig. 2~b!, where we have chosen to display da
obtained from the 2.5% solution. We find characteristic
cay times of 1025 s over the entire experimental temperatu
window. We thus see no evidence of micelle formation
BC-18 solutions.

The intensity-weighted distributions of mobilities,G(t)
were obtained by solving the following integral equation:

g~ t !5BFaS E
0

`

dS 1

t DG~t!exp~2t/t! D 2

11G ~1!

usingCONTIN.12 The location of the peaks in the distributio
function,G(t), allow calculation of diffusion coefficients o
the species in solution,D51/(tck

2), wheretc is the charac-
teristic decay time of the species andk54p sin(u/2)/l. The
hydrodynamic size of the species,Rh was then estimated
from the Stokes–Einstein relationship,

D5
kBT

6phRh
, ~2!

wherekB is the Boltzmann constant,T is the absolute tem
perature, andh is the solvent viscosity. All of the BC-18
solutions exhibited a singletc corresponding toRh values
between 0.003mm and 0.004mm. These values are compa
rable toRh values of PS and PB homopolymers of simil
molecular weights in toluene. We thus conclude that
BC-18 polymer is molecularly dispersed in toluene in t
entire concentration and temperature window. We show
temperature dependence ofRh obtained from the 2.5%
BC-18 solution in Fig. 3~hatched squares!. Also shown in
Fig. 3 is the temperature dependence ofRh obtained from
BC-10 solutions. The presence of aggregates withRh

50.3mm is evident at lower temperatures~below 35 °C!
while free molecules are detected at high temperatu
~above 35 °C!. In the temperature range between 24 a
35 °C, the micelles and free chains are seen to coexist w
at temperatures below 24 °C only micelles are detected.

The presence of aggregates was also studied by s
light scattering~SLS! measurements conducted on the sa
samples, using the same ALV-5000 instrument. In Fig. 4~a!
we show thek-dependence of the static scattering intens
Downloaded 14 Jan 2003 to 128.32.198.56. Redistribution subject to A
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I (k), for the 1.5% BC-10 solution. At high temperatures w
see scattering intensities in the range of 1024 cm21. At lower
temperatures~20.3 and 16.6 °C! we find intensities ranging
from 1023 to 1022 cm21. In contrast, theI (k) data from
BC-18 solutions in the 1024 cm21 range at all concentration
and temperatures, are shown in Fig. 4~b!. The SLS measure
ments confirm the presence of micelles in BC-10 solutio

FIG. 3. Temperature dependence of the hydrodynamic radius in BC-10
BC-18 solutions. Hatched squares, BC-18, 2.5%; circles, BC-10, 1.
squares, BC-10, 1.5%; diamonds, BC-10; 2.0%; triangles, BC-10, 2.5%.
hollow symbols represent the individual molecules while the solid symb
represent the micelles.

FIG. 4. Static light scattering profiles,I (q), at selected temperatures~a!
BC-10 solutions.~b! BC-18 solutions. Due to the large changes inI (q) with
temperature, the BC-10 data are shown on a log scale.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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for T,20 °C. At the lowest accessiblek (k58 mm21!, I
increases by a factor of about 300 when the temperatur
changed from 24.6 °C~where the solution is composed o
free chains! to 15.6 °C~where the solution is composed o
micelles!. The average number of chains per micelle is giv
by the ratioI in the limit k→0. Such extrapolations can onl
be done with accuracy ifkRg,1 ~Zimm scattering!. Using
the measured value ofRh'0.5mm ~Fig. 3! as an approxi-
mate measure ofRg , we conclude that Zimm scatterin
would be observed in thek,2 mm21 regime. It is thus clear
that an accurate measure of the aggregation number o
micelles cannot be obtained from the data in Fig. 4. T
factor of 300 that we have observed in the lowk limit rep-
resents a lower limit for the aggregation number of the m
celles. The large values ofRh and the steep dependence
static light scattering intensity from micelles onk @15.6 °C
data in Fig. 4~a!# suggest that the micelles are nonspheric

Most researchers~e.g., Refs. 13 and 14! consider toluene
to be a common solvent for PB and PS chains. Micelle f
mation of branched PS-PB molecules in toluene is there
surprising. Recent studies suggest that toluene is a slig
better solvent for polybutadiene than polystyrene.15–17 The
micelles under consideration should thus consist of a cor
polystyrene branches surrounded by a solvated corona
dominantly made up of polybutadiene loops.

It is clear from the literature that PS-PB diblock copol
mers do not form micelles in toluene.18,19 Thus, the first
question we seek to answer is why do branched molec
form micelles in slightly selective solvents? In architectu
ally simple macromolecular amphiphiles, such as diblock
polymers, the tendency for micelle formation is enhanced
increasing molecular weight of the poorly solvated block20

Our observations show that this is not the case for branc
macromolecules; BC-18 has a higher molecular weight co
pared to BC-10, but does not form micelles under conditio
wherein the latter does. We now discuss a field-theor
analysis and physical arguments that provide the under
nings of our observations by addressing these issues,
show that molecular architecture is key for micelle formati
in branched macromolecular surfactants.

III. THEORY

Consider a mixture ofNC randomly grafted copolyme
chains~RGCs! andNS solvent molecules. Generalizing idea
developed by us recently to study microphase ordering
molten RGCs,21,22 we can write down a theory which de
scribes this situation. We first write down a microscop
Hamiltonian, which includes connectivity reflecting the pol
mer architecture, intersegment interactions, and segme
solvent interactions. The intersegment and segment–sol
interactions explicitly depend upon the chemical identity
the segments~i.e., whether they belong to a branch or to t
backbone!. This microscopic Hamiltonian is then rewritten
terms of the following macroscopic order parameter fiel
rPS(r ), rPB(r ), andrS(r ) which denote the densities of PS
PB, and solvent molecules, respectively. Each RGC chai
solution has a different sequence of branch point location
proper quenched average over the fluctuations in bra
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point locations is performed using the replica method.23 In so
doing, we assume that the branch points are distributed w
a mean value ofP per chain and that the fluctuations in th
positions of the branch points exhibit short-range corre
tions. These mathematical steps allow us to develop a L
dau free energy functional up to quartic order. For o
present purpose, we concern ourselves with the free en
functional up to quadratic order only. Detailed derivation
the free energy functional is provided in the Appendix. He
we simply write down the quadratic term of the free ener
functional that we obtain. We denote it byF, and it is

F

V
5

1

2 E dqr~q!TG2~q!r~q!, ~3!

wherer(q)T5(rA(q),rB(q),rS(q)),

G2~q!5F MAA~q! MAB~q! 0

MBA~q! MBB~q! 0

0 0 NS

G21

1F xAA xAB xAS

xBA xBB xBS

xSA xSB xSS

G , ~4!

and

MAA5NCN2g2S Nq2b2

6 D ,

MAB5MBA5NCMNPg1S Mq2b2

6 Dg2S Nq2b2

6 D ,

MBB5NCFPM2g2S Mq2b2

6 D1M2P~P21!

3g1
2S Mq2b2

6 Dg2S Nq2b2

6 D G ,
g1~x!5

12exp~2x!

x
,

g2~x!5
2

x2 @exp~2x!1x21#. ~5!

Hereb is the statistical segment length~which we have taken
to be the same for both PS and PB blocks for simplicity!, M
andN are the number of statistical segments in each bra
and the backbone, respectively. In the equations aboveA
denotes the PB segments andB the PS segments.x i j denotes
the Flory interaction parameter between thei- andj-type spe-
cies. We note in passing that in the absence of the solvenG2

is a 232 matrix, which has been obtained before.21,24 As
noted in these references, the matrixG2 is different for ran-
domly grafted copolymers compared to uniform comb po
mers. The effect of this randomness is even more p
nounced in the quartic terms of the free energy function
Thus, we expect that CMC characteristics in a strong se
gation limit theory, and the stability limit of the homoge
neous phase to be strongly influenced by the quenched
domness embodied in the sequence of branch points. S
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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manifestations of these differences between random and
form grafting for molten polymers have recently been d
scribed in Refs. 21, 24, 25.

This free energy functional can be employed to study
stability limit of the disordered state~free chains in solution
with no segregation of the PS and PB blocks from each o
or from the solvent!, and the nature of the unstable conce
tration fluctuations at the point of instability. These conce
tration fluctuations are signatures of the state which result
the homogeneous state becomes unstable. The stability
is obtained by finding the condition whereinG2 is no longer
positive definite. The eigenvector that belongs to the sma
eigenvalue ofG2 at the stability limit tells us the nature o
the concentration fluctuations. We use Eqs.~3!–~5! to obtain
the stability limit and pertinent eigenvectors.

In order to understand the qualitative behavior, we stu
the simplest model that contains the essential physics. S
cifically, we take the solvent molecules to be chemica
identical to the segments that constitute the backbone of
RGCs.~Due to this and other simplifications,26 no quantita-
tive inferences are to be drawn from the theoretical resu!
We fix temperature,M, andN, and compute the concentra
tion of RGC chains (Csl) required for the disordered phase
become unstable. We computeCsl as a function ofP for
various values of temperature. For all values ofP and tem-
perature, at the stability limit, we find that the eigenvect
associated with the unstable mode correspond to conce
tion fluctuations which are such that the solvent molecu
and the backbone segments segregate from the segment
comprise the branches. This is illustrated in Fig. 5 for p
ticular values ofN, M, andP. Separation of backbone seg
ments and solvent molecules from branch segments is a p
way that is necessary for micelle formation. Thus, the
concentration fluctuations may announce the impending
mation of micelles as the homogeneous state becomes
stable. Therefore, we may viewCsl to be directly related to
the critical micelle concentration~but not equal to it!.

Figure 6 shows that the variation ofCsl with P is non-

FIG. 5. The eigenvector which belongs to the smallest eigenvalue
function ofx for N52138,M5285, andP520. The ordinate measures th
amplitude of the concentration fluctuations of each species. The amplit
are normalized by enforcing the sum of their squares to equal unity.
vertical line indicates the stability limit.
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monotonic. WhenP is small it becomes easier to form m
celles upon increasing the number of branches, and abov
optimal value ofP the opposite is true. Another feature of th
results displayed in Fig. 6 is worth noting. As the solve
becomes less selective for the RGC’s backbone, in the re
whereP is small, the magnitude of the slope of the curve th
describes the variation ofCsl with P becomes larger.

The results displayed in Fig. 6 explain our experimen
findings. It is harder to form micelles with BC-18 (P518)
compared to BC-10 (P510) because these experiments a
pear to correspond to the regime wherein increasingP makes
it harder to form micelles. The finding that it is easier to for
micelles with RGCs~with the number of branches in a ce
tain range! rather than their chemical analogs with simpl
architectures is also made clear. Consider our theoretical
dictions in the limit ofP51. This is a very simple architec
ture that is close to a linear system~diblock copolymer!. As
we see, it is much harder to form micelles in this case co
pared to several RGCs~i.e., those with larger values ofP!.
This trend does not continue beyond a threshold value oP
as indicated by both our theory and experiments. The n
monotonic dependence ofCsl on P also suggests that, for
given choice of monomers, we can obtain optimal surfact
properties of grafted copolymers by manipulating t
branching density.

The physical reasons that underlie our experimental
theoretical findings are simple. As has been pointed out
many authors~e.g., Ref. 20!, the equilibrium between a
phase with micelles and free chains and the disordered p
with no micelles depends in an important way on the fr
energy per copolymer chain in a micelle. In our case, mice
formation is driven by the energetic advantage associa
with protecting the branches from the solvent. Entropic p
alties oppose micelle formation, and are different for po
mers with different architectures. Simple geometric arg
ments allow us to understand our theoretical a
experimental findings concerning the variation of surfa
tancy with polymer architecture in terms of these entro
penalties. Each micelle consists of a core made up of s
ments belonging to RGC branches and a solvated coron

a

es
e

FIG. 6. Field-theoretic prediction ofCsl , the concentration at the stability
limit, as a function ofP for fixed values ofN andM. Results are shown for
two values ofx ~i.e., temperature!.
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backbone segments. The architecture of RGCs necess
that the PB segments that make up the corona be arra
such that the sections of PB segments between branch p
form loops that return to the surface of the core made up
PS segments. The entropic penalties for micelle forma
are associated with packing the core with branch segm
and forming the loops that make up the corona. These
tropy penalties depend upon the number of branches in
ferent ways.

When P is small, the loops of polybutadiene that mu
form the corona are long~average length isN/P! and they
need to protect a relatively small core. Loop entropy pen
ties are thus relatively small, and the entropic penalty
forming a micelle is dominated by that associated with pa
ing the core. In this regime, increasingP reduces the entropic
penalty for micelle formation. This is because as the num
of branches increases the number of PS segments per co
mer chain increases, and it becomes easier to pack the
since each branch has to deform less. AsP increases, the
average loop length is smaller and the PB segments nee
cover a larger area to protect the core~i.e., the average dis
tance between loop ends is larger!. The entropic penalty as
sociated with arranging the polybutadiene loops becom
larger asP increases because the average loop length
creases and the average distance between loop ends g
Beyond a threshold value ofP, the entropic penalty for form-
ing the micelle is dominated by that required to form t
loops that make up the corona. Thus, in this regime, it
comes harder to form micelles asP increases. These simpl
arguments explain our main findings. A ‘‘strong segregat
limit’’ theory20,27 may provide insight into the field-theoreti
prediction thatCsl decreases more strongly withP ~in the
small P regime! as the solvent becomes less selective, a
may also allow the development of scaling relationsh
which can guide the choice of architecture for obtaining
sired surfactant properties. We hope to report on these is
in the future. Our results also indicate the need for m
extensive experiments on a series of RGCs with differ
architectures~e.g., fixedM andN but varyingP over a wide
range! in slightly selective solvents. It is also necessary
explore the self-assembly of the RGCs as a function of
vent selectivity. This will provide a bridge between th
present work and more traditional studies of the interfac
properties RGCs.28,29

IV. CONCLUSION

Controlling the way in which molecular building block
can self-assemble in solution is important for many appli
tions. Our most significant finding is that manipulating m
lecular architecture is a sensitive way to tune surfactant p
erties of macromolecules. Unlike small molecules,
behavior of macromolecules is often dominated by conf
mational entropy contributions, and this makes molecular
chitecture a sensitive ‘‘knob’’ for controlling surfactant pro
erties of polymers. Our specific findings~and future efforts!
regarding micelle formation by RGCs may be of some s
nificance to biology. The remarkable surfactancy of phosp
lipids, which are double-tailed in architecture, is we
understood.6 There are however, a plethora of biological su
Downloaded 14 Jan 2003 to 128.32.198.56. Redistribution subject to A
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factants that are macromolecules with more than t
branches~e.g., agrecans9! where the role of molecular archi
tecture remains to be elucidated. We have found t
branched copolymers are good model systems for stud
the relationships between surfactancy and molecular ar
tecture. Insight into these relationships should prove to
useful for applications.
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APPENDIX

The system we consider containsNCRGC chains. Each
chain has a backbone withN monomers of A-type, andP
branches, each withM monomers of B-type. The number o
solvent molecules isNS . For this system, the partition func
tion is

Z5 HP i 51
NC P j 51

P Pm51
NS E Dr i~n!Dr i j ~s!Drm

3P0@r i~n!#P0@r i j ~s!#d@r i j ~0!2r ~t i j !#J exp@2E#,

~A1!

where we usekBT as a unit for energy~kB is the Boltzmann
constant,T is temperature!. r i(n), r i j (s), and rm are the
positions of thenth monomer on the backbone of thei th
chain, thesth monomer on thej th branch of thei th chain,
and themth molecule of the solvent, respectively.P0@r i(n)#
andP0@r i j (s)# ensure the connectivity of the backbones a
the branches, i.e., explicitly,

P0@r i~n!#5CN expF2
3

2b2 E
0

N

dnS ]r i~n!

]n D 2G ,
~A2!

P0@r i j ~s!#5CM expF2
3

2b2 E
0

M

dsS ]r i j ~s!

]s D 2G ,
whereCN andCM are normalization constants, andb is the
statistical segment length for both monomer A and B. T
d-function in Eq. ~A1! ensures the connectivity of th
branches to specific points on the backbone.t i j are the po-
sitions of the branch points (j 51 to P! on the backbone
of the i th chain. The distribution oft i j is random, and we
shall perform a quenched average over this distributio23

Let us introduce coarse-grained macroscopic densities
different species, rA(r )5( i 51

NC *dnd @r2r i(n)#, rB(r )

5( i 51
NC ( j 51

P *dsd@r2r i j (s)#, and rS(r )5(m51
NS d@r2rm#.

We also define the volume to beV5NC(N1PM)1NS so
that the total density of all species equals 1~phenomenology
of a lattice model!. E5E(rA ,rB ,rS) is the interaction en-
ergy, and it has the form

E5
V

2 E drr~r !TDr~r !, ~A3!
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whereDi j 5x i j are Flory interaction parameters between
i- and j-type species.rT5(rA ,rB ,rS). We now define the
entropy to be

S5 ln~R!5 lnHP i 51
NC P j 51

P Pm51
NS E Dr i~n!Dr i j ~s!Drm

3P0@r i~n!#P0@r i j ~s!#d@r i j ~0!2r ~t i j !#J , ~A4!

such thatZ5exp@S2E#. Thus, the quenched average need
performed on the entropy only, and we use the replica tr
to compute this average,

^S&5 lim
s→0

^Rs&21

s
. ~A5!

Here the average is taken over the quenched distributio
t i j . These considerations lead to

^Rs&5 K Pa51
s P i 51

NC P j 51
P Pm51

NS E Dr i
a~n!Dr i j

a~s!

3Drm
a P0@r i

a~n!#P0@r i j
a~s!#d@r i j

a~0!2ra~t i j !# L .

~A6!

We now use a mean field theory30 to calculatê Rs&, i.e., we
evaluate the pertinent functional integrals using the sad
point approximation to obtain the effective free energy. T
quenched average over the disordered sequence is also
culated during the process.

First, we introduce the identity

15Pa51
s E Dra~r !dFrA

a~r !2(
i 51

NC E dnd@r2r i
a~n!#G

3dFrB
a~r !2(

i 51

NC

(
j 51

P E dsd@r2r i j
a~s!#G

3dFrS
a~r !2 (

m51

NS

d@r2rm
a #G

5Pa51
s E Dra~r !Dga~r !expH i E dr @ga~r !•ra~r !#

2 i F(
i 51

NC E dngA
a~r i

a~n!!

1(
i 51

NC

(
j 51

P E dsgB
a~r i j

a~s!!1 (
m51

NS

gS
a~rm

a !G J . ~A7!

Here gT5(gA ,gB ,gS) are fields conjugated torT

5(rA ,rB ,rS). Substituting the above identity into Eq.~A6!
obtains
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^Rs&5Pa51
s E Dra~r !Dga~r ! expH i E drga~r !•ra~r !J

3 K P i 51
NC P j 51

P Pm51
NS E Dr i

a~n!Dr i j
a~s!Drm

a P@r i
a~n!#

3P@r i j
a~s!#exp$2 igS

a~rm
a !%d@r i j

a~0!2ra~t i j !# L ,

~A8!

where

P@r i
a~n!#5P0@r i

a~n!#expH 2 i E dngA
a~r i

a~n!!J ,

~A9!

P@r i j
a~s!#5P0@r i j

a~s!#expH 2 i E dsgB
a~r i j

a~s!!J .

The part which has to be averaged over the quenc
distribution of branch points is

^Q
s
&5 K Pa51

s P i 51
NC P j 51

P Pm51
NS E Dr i

a~n!Dr i j
a~s!

3Drm
a P@r i

a~n!#P@r i j
a~s!#

3exp$2 igS
a~rm

a !%d@r i j
a~0!2ra~t i j !# L

5 K HP i 51
NC P j 51

P Pm51
NS E Dr i~n!Dr i j ~s!

3DrmP@r i~n!#P@r i j ~s!#

3exp$2 igS~rm!%d@r i j ~0!2r ~t i j !#J sL . ~A10!

We now use a perturbation method and expand^Q&
in cumulants by powers of the conjugated fieldsgA , gB ,
andgS ,

Q5Q01Q11Q21Q31Q41¯ , ~A11!

whereQn is to thenth power of the conjugated fields.Q0 is
the unperturbed case, and it is easy to obtainQ05VNC1NS.
The linear termQ1 is zero because of conservation of th
total number of molecules of each species. The first n
trivial term is Q2 . After transforming the fields and propa
gators into Fourier space, we obtain

Q252
VNC1NS21

2 E dqgT~q!M ~q!g~q!, ~A12!

wheregT5(gA ,gB ,gS) andM is a 333 matrix,
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M115NCN2g2S Nq2b2

6 D ,

M225NCFPM2g2S Mq2b2

6 D
1P~P21!M2g1S Mq2b2

6 D 2

g2S Nq2b2

6 D G ,
~A13!

M125M215NCNPMg1S Mq2b2

6 Dg2S Nq2b2

6 D ,

M135M315M235M3250,

M335NS ,

here g1(y)5@12exp(2y)#/y and g2(y)5(2/y2)@y
1exp(2y)21#. g2(y) is the so-called Debye function.

From this, we obtain the expression of^Qs&,

K S Q

VNC1NSD sL
511

1

V (
a51

s H 2
1

2 E dqagT~qa!M ~qa!g~qa!J 1¯ .

~A14!

Now we have

^Ra@r,g#&5Pa51
s E Dra~q!Dga~q!expH i E dqga~q!

•ra~2q!J ^Qa@g#&. ~A15!

As in the case for systems with ordered architectu
~e.g., DCPs and triblock copolymers!, it is impossible to ob-
tain an analytical formula for the free energy functional
explicitly performing the functional integrations in Eq
~A15!. Thus we evaluate these functional integrals using
saddle point approximation. This yields

^Ra&@rA ,rB ,rS ,gA ,gB ,gS#

'^Rs&s.p.@rA ,rB ,rS ,gAs.p. ,gBs.p. ,gSs.p.#, ~A16!

wheregAs.p.
a (q), gBs.p.

a (q), andgSs.p.
a (q) satisfy

d ln^Rs&@rA ,rB ,rS ,gA ,gB ,gS#

dgA
a~2q!

50,

d ln^Rs&@rA ,rB ,rS ,gA ,gB ,gS#

dgB
a~2q!

50, ~17!

d ln^Rs&@rA ,rB ,rS ,gA ,gB ,gS#

dgS
a~2q!

50.

Solving the above equations by iteration, we obta
^S@r#&5 lims→0@^Rs&s.p.@r#21#/s as a functional ofrA ,
rB , andrS ,

^S@r#&52
V

2 E dqrTM 21r. ~A18!
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Combining this entropy term with the energy term, w
obtain, up to quadratic order, the free energy functional
RGCs in solution,

^F@r#&5
V

2 E dqrT~M 212D !r, ~A19!

whereDi j 5x i j with i, j being components of type A, B or S
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